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Abstract
Survival data with multiple outcomes are frequently encountered in biomedical investigations. An illustrative example

comes from Alzheimer’s Disease Neuroimaging Initiative study where the cognitively normal subjects may clinically pro-

gress to mild cognitive impairment and/or Alzheimer’s disease dementia. Transition time from normal cognition to mild

cognitive impairment and that from mild cognitive impairment to Alzheimer’s disease are expected to be correlated

within subjects and the dependence is often accommodated by the frailty (random effects). Estimation in the frailty

model unavoidably involves multiple integrations which may be intractable and hence leads to severe computational chal-

lenges, especially in the presence of high-dimensional covariates. In this paper, we propose efficient minorization–maxi-

mization algorithms in the frailty model for survival data with multiple outcomes. The alternating direction method of

multipliers is further incorporated for simultaneous variable selection and homogeneity pursuit via regularization and

fusion. Extensive simulation studies are conducted to assess the performance of the proposed algorithms. An application

to the Alzheimer’s Disease Neuroimaging Initiative data is also provided to illustrate their practical utilities.
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Introduction
Survival data with multiple outcomes arise from time-to-occurrence studies when either of the two or more events (failures)
occur for the same subject, or from identical events occurring to related subjects such as family members or classmates.
In these studies, failure times are correlated within the cluster (subject or group), violating the independence of failure
times assumption required in traditional survival analysis. For example, in the Alzheimer’s Disease Neuroimaging
Initiative (ADNI) study, two important outcomes of interest are transition time from normal cognition to mild cognitive
impairment (MCI) and that from MCI to Alzheimer’s disease (AD) dementia, respectively. A primary objective of the
ADNI study is to identify relevant clinical variables and biomarkers that are related to and predictive of these two out-
comes. It is important to note that AD is the most common type of dementia, accounting for 60% to 80% of age-related
dementia cases.1 Roughly more than 5 million Americans are suffering from memory loss and dementia caused by AD,
with a significant increase predicted in the near future if no disease-altering therapeutics are developed. As the therapeutic
intervention is most likely to be beneficial in the early stage of the disease, identification of a biosignature that enables an
earlier and more accurate diagnosis of AD is an important goal for researchers. This led to the development of MCI, which
is a transitional stage between normal aging and the development of AD.2,3 The shared frailty or random effects model has
been widely used to model correlated failure time data4–7 where the within-subject dependence is accommodated by the
frailty. There are several computational challenges for the estimation of the frailty model for survival data. First, the
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observed likelihood involves multiple integrals which may be intractable and the computationally intensive Laplace
approximation or Monte Carlo simulation method is usually employed. In addition, the most popular method in recent
years is the h-likelihood approach which is capable of handling more complex random effects structures.9,11,10,8 Note
that the power variance family of frailty distributions may have a closed-form Laplace transform which leads to a tractable
likelihood when using a parametric model for the survival time. The EM algorithm can be used to obtain the maximum
likelihood estimates due to the closed-form Laplace transform in the Cox survival model.14,12,13 However, the model para-
meters in frailty models consist of high-dimensional nonparametric components so that their computations are usually
intensive. The existing approaches rely on the EM algorithms which use Newton’s method and involve matrix inversion
and may not perform well in these high-dimensional situations. So the second computational challenge is that the model
parameters include both the parametric component (regression coefficients and the variance of frailty) and the nonparamet-
ric component (the baseline hazard function) and the estimation is often conducted by the profile likelihood method which
is reliable but computationally intensive.17,16,15 Last but not least, the computational complexity is even more severe when
the number of covariates is large and it is important to conduct both variable selection and homogeneity pursuit19,20,18 in
addition to parameter estimation.

To tackle these challenges, in this paper, we leverage the minorization–maximization (MM) method to develop efficient
estimation algorithms in the frailty model for survival data with multiple outcomes. The proposed algorithms exhibit the fol-
lowing advantages. First, the algorithms increase the likelihood at each iteration and reliably converge to the maximum from
well-chosen initial values.21,23,22 Second, unlike existing approaches where parametric and nonparametric components are
treated differently and the nonparametric component is profiled out in the estimation,15,7 our approach adopts a non-profile
method which treats the parametric and nonparametric components in the same way, and directly decomposes a high-
dimensional objective function into separable low-dimensional functions. This leads to its easy and fast numerical implemen-
tation. Third, the algorithms mesh well with regularized estimation in sparse high-dimensional regression models. The
concave penalties with good unbiasedness properties such as the smoothly clipped absolute deviations penalty (SCAD,
Fan and Li24) and the minimax concave penalty (MCP, Zhang et al.25) can be effectively and conveniently incorporated
into the algorithms for regularization and fusion. Besides, we can also consider the LASSO proposed by Tibshirani26 and
the group LASSO proposed by Utazirubanda et al.27 for penalized frailty model. For the Cox frailty models with penalized
regression, Groll et al.28 also proposed a penalization approach to distinguish different types of effects. In addition, Rondeau
et al.11 constructs the package for penalized regression using the general frailty model. However, the existing method men-
tioned above is regularizationmethods without fused penalty. However, our methods based on theMMprinciple can incorp-
orate both the regularization and fusion parts in an effective and convenient way. Finally, as the constructed minorizing
functions after the decomposition are usually concave and the alternating direction method of multipliers (ADMM, Boyd
et al.29) has good convergence properties for such loss functions,29,30we further pair theADMMwith our algorithms to facili-
tate simultaneous variable selection and homogeneity pursuit via regularization and fusion.

The rest of the paper is organized as follows. In the “The frailty model” section, we present the frailty model for survival
data with multiple outcomes. A non-profile MM algorithm that efficiently decomposes the objective function into separable
low-dimensional functions is developed in the “A non-profile MM method” section. In the “Variable selection and homo-
geneity pursuit via regularization and fusion” section, the ADMM is further incorporated into the algorithm for regularized
and fused estimation. The “Simulations” section presents simulation studies to assess the finite sample performance of the
proposed methods. The “An application to the ADNI data” section illustrates the proposed methods using the ADNI data.
Some concluding remarks and discussions are given in the “Discussion” section.

The frailty model
Assume that there are n subjects with J outcomes of interest in the study. Let Tij be the survival time, Cij the censoring time,
and Xij a q-dimensional vector of covariates for the jth outcome of the ith subject, i = 1, . . . , n; j = 1, . . . , J . The censor-
ing time C is assumed to be independent of T , given the covariates X . Define tij = min (Tij, Cij) and Iij = I(Tij ≤ Cij),
where I(·) denotes the indicator function. The observed data are hence Yobs = {tij, Iij, Xij; i = 1, . . . , n, j = 1, . . . , J}.
Let ωi, i = 1, . . . , n, be the subject-specific frailty terms which are independent and identically distributed
with the density function f (ωi|θ) and the domain W. The (shared) frailty model postulates that given the frailty ωi,
Tij, j = 1, . . . , J are independent. Furthermore, conditional on ωi, the hazard function of the event time Tij at time t is

λij(t|Xij, ωi) = ωiλ0j(t) exp {X
⊤
ijβ}, (1)

where β is an unknown vector of regression coefficients and λ0j(·) is the baseline hazard function of the jth outcome.

Let Λ0j(t) =
�t
0λ0j(u)du, j = 1, . . . , J denote the baseline cumulative hazard functions and define Λ0 = (Λ01, . . . , Λ0J ).
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The model parameters consist of three parts, i.e. θ, β and Λ0. For ease of expression, write α = (θ, β, Λ0).
The observed likelihood function takes the form

L(α|Yobs) =
∏n
i=1

∫
W

f (ωi|θ)
∏J
j=1

[
λ0j(tij)ωi exp (X

⊤
ijβ)

]Iijexp[− Λ0j(tij)ωi exp (X
⊤
ijβ)

]
dωi. (2)

In general, the Laplace transform of the frailty’s distribution is intractable and hence (2) does not exhibit an explicit form.
To avoid the computationally intensive Laplace approximation or Monte Carlo simulation methods for directly optimizing
the objective function (2), we use the MM principle to construct a sequence of minorization functions and optimize them
and this strategy results in an algorithm that is numerically much more convenient to implement. Unlike existing methods
which are developed for the gamma frailty model where the observed likelihood takes an explicit form,32,16,31 our method
allows (2) to be intractable and also uses a non-profile method which does not require the step that profiles out the non-
parametric component and treats the estimation of parametric and nonparametric components in the same fashion.

Methods

A description of MM principle
We first briefly describe the MM principle. Let ℓ(α|Yobs) be the objective function to be maximized, where α denotes the
unknown vector of parameters, α ∈ Θ, andΘ the parameter space. The MMmethod iterates between the minorization step
and the maximization step until convergence. The minorization step first constructs a surrogate function Q(α|α(k)) such that

Q(α|α(k)) ≤ ℓ(α|Yobs), ∀ α, α(k) ∈ Θ and Q(α(k)|α(k)) = ℓ(α(k)|Yobs), (3)

where α(k) denotes the current estimate of α̂ in the kth iteration. Note that the function Q( · |α(k)) always lies under ℓ( · |Yobs)
and is tangent to it at the point α = α(k). The maximization step then updates α(k) by α(k+1) which maximizes the surrogate
function Q( · |α(k)) instead of ℓ(α|Yobs). Note that

ℓ(α(k+1)|Yobs) ≥ Q(α(k+1)|α(k)) ≥ Q(α(k)|α(k)) = ℓ(α(k)|Yobs).
The MM algorithm increases the objective function at each iteration and possesses the ascent property driving the target
function ℓ(α|Yobs) uphill. The key step in the construction of MM algorithms is how to establish the minorizing function
Q(α|α(k)). In the following subsection, the proposed minorizing function Q(α|α(k)) possesses the good property of param-
eter separation completely. Hence, under some general and verifiable conditions about the target function ℓ(α|Yobs) given in
Vaida,33 the proposed MM method may lead to the satisfactory estimates and the related convergence properties of the
proposed MM algorithm can be established in a similar way as Huang et al.31

A non-profile MM method
By (2), the observed log-likelihood function

ℓ(α|Yobs) =
∑n
i=1

log

∫
W

τi(ωi|α) dωi, (4)

where

τi(ωi|α) = f (ωi|θ)
∏J
j=1

[
λ0j(tij)ωi exp (X

⊤
ijβ)

]Iij exp [− Λ0j(tij)ωi exp (X
⊤
ijβ)

]{ }
.

Define

vi(ωi|α(k)) = τi(ωi|α(k))�
W
τi(ωi|α(k)) dωi

,

where α(k) denotes the estimates of the parameters in the kth iteration. Then (4) can be rewritten as

ℓ(α|Yobs) =
∑n
i=1

log

[∫
W

τi(ωi|α)
vi(ωi|α(k))

· vi(ωi|α(k)) dωi

]
. (5)
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Recall that Jensen’s inequality states

φ

[∫
X

h(x) · g(x) dx
]
≥

∫
X

φ
[
h(x)

] · g(x) dx,
where X is a subset of the real line R, φ(·) is a concave function, h(·) is an arbitrary real-valued function defined on X and
g(·) is a density function defined on X. In (5), vi(ωi|α(k)) is a density function, choosing h(x) as τi(ωi|α)/vi(ωi|α(k)), by
Jensen’s inequality, we construct the following surrogate function for ℓ(α|Yobs),

Q1(α|α(k)) = Q11(θ|α(k))+ Q12(β, Λ0|α(k))+ c1. (6)

In equation (6), the last term c1 = −∑n
i=1

�
W
vi(ωi|α(k)) log [vi(ωi|α(k))]dωi does not depend on parameters to be estimated

which can be treated as a constant in the following minorizing process. And

Q11(θ|α(k)) =
∑n
i=1

∫
W

log [f (ωi|θ)] · vi(ωi|α(k)) dωi, (7)

Q12(β, Λ0|α(k)) =
∑n
i=1

∑J
j=1

[
Iij log (λ0j(tij))+IijX

⊤
ijβ−A(k)

i Λ0j(tij) exp (X
⊤
ijβ)

]
, (8)

with A(k)
i = �

W
ωi · vi(ωi|α(k)) dωi, i = 1, . . . , n. The minorizing function Q1(α|α(k)) separates the parameters θ and (β, Λ0)

into (7) and (8), respectively.
Next, we further separate β and Λ0 in (8). As in Lange and Zhou,34 we use the arithmetic-geometric mean inequality

−
∏n
i=1

xaii ≥ −
∑n
i=1

ai
‖a‖1

x‖a‖1i . (9)

Here xi, ai are nonnegative. Choosing x1 = Λ0j(tij)/Λ(k)
0j (tij) and x2 = exp (X⊤

ijβ)/ exp (X
⊤
ijβ

(k)) in inequality (9), we obtain
the following surrogate function for (8)

Q2(β, Λ0|α(k))

=
∑n
i=1

∑J
j=1

[
Iij log (λ0j(tij))+ IijX

⊤
ijβ−

A(k)
i exp (X⊤

ijβ
(k))

2Λ(k)
0j (tij)

Λ0j(tij)
2 − A(k)

i Λ(k)
0j (tij)

2 exp (X⊤
ijβ

(k))
exp (2X⊤

ijβ)

]
,

=̂Q21(Λ0|α(k))+ Q22(β|α(k))

(10)

where

Q21(Λ0|α(k)) =
∑n
i=1

∑J
j=1

[
Iij log (λ0j(tij))−

A(k)
i exp (X⊤

ijβ
(k))

2Λ(k)
0j (tij)

Λ0j(tij)
2

]
, (11)

and

Q22(β|α(k)) =
∑n
i=1

∑J
j=1

[
IijX

⊤
ijβ−

A(k)
i Λ(k)

0j (tij)

2 exp (X⊤
ijβ

(k))
exp (2X⊤

ijβ)

]
. (12)

Now β andΛ0 are separated in the maximization. To update Λ0, we maximize (11). For ease of computation, we set the first
order derivative of (11) equal to 0, then we have

dΛ̂0j(tij) = Iij∑n
r=1 I(trj ≥ tij)A

(k)
r exp (X⊤

rjβ
(k))

, (13)

To more conveniently update β, we apply Jensen’s inequality to the concave function − exp (·) in Q22(β|α(k)) by rewriting

2X⊤
ijβ =

∑q
p=1

δ pij

[
2δ−1

pijX pij(βp − β(k)p )+ 2X⊤
ijβ

(k)],
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where δ pij = |Xpij|/
∑q

p=1 |Xpij|. The minorizing function for Q22(β|α(k)) is then

Q23(β1, . . . , βq|α(k)) =̂
∑q
p=1

Q23p(βp|α(k)), (14)

where

Q23p(βp|α(k)) =
∑n
i=1

∑J
j=1

{
IijX pijβp −

δ pijA
(k)
i Λ(k)

0j (tij) exp
[
2δ−1

pijX pij(βp − β(k)p )+2X⊤
ijβ

(k)]
2 exp (X⊤

ijβ
(k))

}
, (15)

for p = 1, . . . , q. To summarize, we construct a non-profile MM (NPMM) algorithm where the parameters θ and α are
updated by maximizing the the surrogate function

Qnpmm(θ, β|α(k)) = Q11(θ|α(k))+
∑q
p=1

Q23p(βp|α(k)), (16)

and Λ0 is updated with the explicit formula (13). From (16), we can see that Qnpmm(θ, β|α(k)) is a sum of q+ 1 univariate
functions. Hence, the updates in the maximization step only involves q+ 1 simple univariate optimizations. It is worth
noting that this parameter-separable feature of the algorithm also facilitates the incorporation of simple off-the-shelf accel-
erators for boosting computational effectiveness. The proposed algorithm is summarized as follows.

Variable selection and homogeneity pursuit via regularization and fusion
In high-dimensional regression, the regularization often yields effective variable selection.24 In the meantime, pairwise
fusion also helps to cluster regression coefficients into different homogeneity groups. In the regularized and fused estima-
tion, the objective function is

ℓ(θ, β, Λ0|Yobs)− n
∑q
p=1

P1(|βp|, aλ)−
∑

1⩽p<l⩽q
P2(|βp − βl|, λ), (17)

where ℓ(θ, β, Λ0|Yobs) is the log-likelihood function, q is the dimension of β, P1( · , aλ) and P2( · , λ) are nonnegative
concave penalty functions, λ ⩾ 0 is a tuning parameter and a ⩾ 0 is another tuning parameter that controls the relative
ratio between sparsity and fusion penalties. Define

ℓP(α|Yobs) = ℓ(θ, β, Λ0|Yobs)− n
∑q
p=1

P(|βp|, λ). (18)

Using the non-profile MM technique in (16), the minorization function for (18) is

Qnpmm(θ, β|α(k))− n
∑q
p=1

P(|βp|, λ). (19)

When P( · , λ) is piecewise differentiable, nondecreasing and concave on (0, ∞) such as MCP and SCAD penalties,35 the
penalty term −P( · , λ) can be minorized by a local quadratic approximation form as

−P(|βp|, λ) ⩾ −P(|β(k)p |, λ)− [β2p − (β(k)p )2]P′(|β(k)p |+, λ)
2|β(k)p | . (20)

Algorithm 1. The non-profile MM (NPMM)

algorithm.

Step 1. Give initial values of θ, β and Λ0.

Step 2. Update the estimate of θ via (3).

Step 3. Update the estimate of βp via (25).
Step 4. Update the estimate of Λ0 via (24).

Step 5. Iterate steps 2 to 4 until convergence.
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Combining (20) with (16), we obtain the surrogate function for (18) as follows

QP
npmm(θ, β|α(k), λ) = Qnpmm(θ, β|α(k))− n

∑q
p=1

β2p · P′(|β(k)p |+, λ)
2|β(k)p | + c2

= Q11(θ|α(k))+
∑q
p=1

[
Q23p(βp|α(k))− nβ2p · P′(|β(k)p |+, λ)

2|β(k)p |

]
+ c2,

(21)

where c2 = n
∑q

p=1 {|β(k)p | · P′(|β(k)p |+, λ)/2− P(|β(k)p |, λ)} which does not contain any parameters to be estimated and can

be omitted. It follows that the surrogate function for (17) is

QP1
npmm(θ, β|α(k), aλ)−

∑
1⩽p<l⩽q

P2(|βp − βl|, λ). (22)

Next we incorporate the ADMM to deal with the fusion term. We first introduce a new set of parameters η pl = βp − βl. The
maximization of (22) is reformulated as the constraint optimization problem (23),

QP1
npmm(θ, β|α(k), aλ)−

∑
1⩽p<l⩽q

P2(|η pl|, λ),

subject to βp − βl − η pl = 0,

(23)

where η = {η pl, p < l}⊤. By the augmented Lagrangian method, the estimates can be obtained by maximizing

Gnpmm(θ, β, η, ν)

= QP1
npmm(θ, β|α(k), aλ)−

∑
p<l

P2(|η pl|, λ)−
∑
p<l

ν pl(βp − βl − η pl)−
ρ

2

∑
p<l

(βp − βl − η pl)
2,

(24)

where the dual variables ν = {ν pl, p < l}⊤ are Lagrange multipliers and ρ is the penalty parameter. Specifically, for given
(θ, β, η, ν), the maximization of (24) is equivalent to maximizing

− ρ

2
(σ pl − η pl)

2 − P2(|η pl|, λ) (25)

with respect to η pl, where σ pl = βp − βl + ρ−1ν pl. The maximizer with respect to η pl is unique and we can obtain a closed-
form expression for L1, MCP and SCAD penalties, respectively. The closed-form solution for the L1 penalty is

η̂ pl = ST(σ pl, λ/ρ), (26)

where ST(t, λ) = sign(t)(|t| − λ)+ is the soft thresholding rule. For the MCP penalty with γ > 1/ρ, it is

η̂ pl =
ST(σ pl, λ/ρ)
1− 1/(γρ)

, if |σ pl| ⩽ γλ,

σ pl, if |σ pl| > γλ.

⎧⎨
⎩ (27)

For the SCAD penalty with γ > 1+ 1/ρ, it is

η̂ pl =
ST(σ pl, λ/ρ), if |σ pl| ⩽ λ+ λ/ρ,
ST(σ pl, γλ/((γ − 1)ρ))

1− 1/((γ − 1)ρ)
, if λ+ λ/ρ < |σ pl| ⩽ γλ,

σ pl, if |σ pl| > γλ.

⎧⎪⎪⎨
⎪⎪⎩

(28)

To update θ and β, for given (η, ν), we maximize

Lnpmm(θ, β) = QP1
npmm(θ, β|α(k), aλ)− ρ

2

∑
p<l

[
(ep − el)

⊤β− η pl + ρ−1ν pl

]2, (29)

by setting the derivatives ∂Lnpmm(θ, β)/∂θ and ∂Lnpmm(θ, β)/∂β to zero. Here ep is the p × 1 vector whose pth element is 1,

and Z = {(ei − ej), i < j}⊤. Moreover, a simple minorization step for the last term is added so that all regression parameters
βp are separated from each other by using Jensen’s inequality. Finally, the estimate of ν pl is updated as
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ν(k+1)
pl = ν(k)pl + ρ

(
β(k+1)
p − β(k+1)

l − η(k+1)
pl

)
. (30)

To summarize, the algorithm for regularized and fused estimation is as follows.

We track the iteration process based on the primal residual r(k+1) = Zβ(k+1) − η(k+1) and the stopping criterion is set to be

‖θ(k+1) − θ(k)‖2 + ‖λ(k+1)
0 − λ(k)0 ‖2 + ‖r(k+1)‖2 < ε

for some small value ε > 0. In fact, we carry out some rounding to achieve zeros via the selected tuning parameter aλ. If the
absolute value of each βi is less than the selected value of aλ, we enforce the final estimated value of βi to be 0. Similarly,
for the fusion component, we declare that these βi and βj are in the same group when |βi − βj| < aλ for i ≠ j with i, j =
1, . . . , q. We enforce the final parameter estimations in the same group to be exactly the same and be equal to the
average value of all parameter values in this group.

In practice, the tuning parameter λ can be selected by data-driven model selection criteria, such as Bayesian information
criterion (BIC)36 or generalized cross-validation GCV.37Inspired by Ma and Huang,38 here we use the modified BIC type
criteria to select λ by minimizing the following BIC function

BICλ = −2ℓ(α̂)+ Cn(Ŝ + 1) log (n), (31)

Cn = max {1, log [ log (q+ 1)]}, q is the dimension of β, and the degree of freedom Ŝ is the number of distinct nonzero

parameters in β̂. For the exact process of tuning parameters selection, we adopt a similar procedure as obtaining the optimal
tuning parameter for LASSO and elastic net regression from generally used R package “glmnet”.39 We first find the the
proper range of λ values by searching from (0, +∞) using this BIC criteria with an initial sequence y1, y2, . . . , yk1 .
The solution path can be plotted using this sequence and yi is selected where the minimum BIC is obtained. Then, grid
points x1, x2, . . . , xk2 are constructed in range (yi−1, yi+1) for a more accurate search where the optimal λ is selected
from this sequence with the minimum BIC score. In addition to the tuning parameters, for both sparsity and fusion penalties
using MCP and SCAD from (27) and (28). Following Fan and Li40, Ma and Huang38, we choose a = 1/3, ρ = 1,
γ = 3.7 (SCAD), and γ = 3 (MCP) in this study.

Simulations
In this section, we conducted two sets of numerical experiments to assess the practical performance of the proposed non-
profile MMmethod and regularization and fusion method. The following Example 1 is intended to evaluate the performance
of the non-profile MM method without regularisation. While Example 2 considers the variable selection and homogeneity
pursuit with regularization and fusion. All the simulation experiments were coded in R and ran in a desktop with Intel(R)
Core(TM) i7-9700 with CPU 3.00 GHz.

Example 1. We generate data from the frailty model

λj(t|Xij, ωi) = ωiλ0j(t) exp {X
⊤
ijβ}, ωi ∼

Gamma(1/θ, 1/θ),

Log-normal(0, θ),

Inverse Gaussian(θ, θ2),

⎧⎪⎨
⎪⎩

with the number of outcomes J = 2. The sample size n is set to be 100, 200 and 300, respectively. The true value of regres-
sion vector β is kept to be (− 2⊤10, 3

⊤
10)

⊤with dimension q = 20 for all three frailty models, here the notation c⊤m stands for a
row vector as (c, . . . , c) of length m. The baseline hazard function is set to be λ01(t) = 3, λ02(t) = 5/(1+ 5t) and all Xi’s

Algorithm 2. Regularized and fused estimation using MM and ADMM algorithms.

Step 1. Give initial values of θ, β, Λ0 and η, ν.
Step 2. Update the estimates of θ via (3).

Step 3. Update the estimates of βp ( p = 1, . . . , q) via (16).
Step 4. Update the estimates of Λ0 via (24).

Step 5. Update the estimates of η by the formula given in (13), (14) and (15).

Step 6. Update ν by ν(k+1)
pl = ν(k)pl + ρ

(
β(k+1)
p − β(k+1)

l − η(k+1)
pl

)
.

Step 7. Iterate steps 2 to 6 until convergence.
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are generated from independent uniform distribution between 0 and 0.5. The censoring times are generated from Uniform
distribution U(0, b) to yield two censoring proportions (Pcen) of about 0.3 and 0.1 separately. Moreover, we choose the true
values of θ in a way that keeps Var(ωi) fixed across the three distributions of ωi and we let the value of Var(ωi) vary from
0.3 to 1, i.e.

(1) Var(ωi) = 0.3, then θ =
0.3, ωi ∼ Gamma(1/θ, 1/θ),

log (0.5+ ����
2.2

√
/2) ≈ 0.2164, ωi ∼ Log-normal(0, θ),

0.3, ωi ∼ Inverse Gaussian(θ, θ2),

⎧⎪⎨
⎪⎩

(2) Var(ωi) = 1, then θ =
1, ωi ∼ Gamma(1/θ, 1/θ),

log (0.5+ ��
5

√
/2) ≈ 0.4812, ωi ∼ Log-normal(0, θ),

1, ωi ∼ Inverse Gaussian(θ, θ2).

⎧⎪⎨
⎪⎩

For better comparison, we compare the proposed non-profile MM method with the coxph function in the survival R
package and the frailtyHL function in the frailtyHL R package9,11 to get a sense of the differences in speed, bias, and empir-
ical standard errors. Noticing that simple off-the-shelf accelerators41,42 can be incorporated, we accelerated the proposed
non-profile MM algorithm with the squared iterative method (SqS1). Based on 500 replications, we calculate the average

Table 1. The simulation results for Log-normal frailty model with Var(ωi) = 0.3 (θ ≈ 0.2164) and censoring proportion Pcen = 0.1.

n = 100 MM method coxph function frailtyHL function

T 42.34 0.05 13.16

|Bias| SE MSE |Bias| SE MSE |Bias| SE MSE

ˆVar(ωi) 0.14 0.25 0.08 0.73 0.96 1.45 0.35 0.60 0.48

θ 0.08 0.17 0.03 0.27 0.26 0.14 0.16 0.22 0.07

β1 0.02 0.69 0.47 0.23 0.80 0.69 0.14 0.75 0.58

β5 0.03 0.68 0.46 0.32 0.78 0.71 0.15 0.72 0.54

β10 0.05 0.70 0.49 0.29 0.77 0.67 0.17 0.74 0.57

β15 0.11 0.77 0.60 0.35 0.79 0.74 0.28 0.81 0.73

β20 0.08 0.70 0.49 0.36 0.77 0.72 0.26 0.76 0.64

n = 200 MM method coxph function frailtyHL function

T 58.29 0.13 120.12

|Bias| SE MSE |Bias| SE MSE |Bias| SE MSE

ˆVar(ωi) 0.06 0.20 0.04 0.29 0.39 0.24 0.09 0.27 0.08

θ 0.03 0.12 0.01 0.13 0.15 0.04 0.05 0.13 0.02

β1 0.02 0.47 0.22 0.12 0.47 0.23 0.04 0.48 0.23

β5 0.04 0.45 0.20 0.13 0.47 0.23 0.07 0.49 0.24

β10 0.01 0.47 0.22 0.13 0.50 0.26 0.03 0.51 0.26

β15 0.04 0.48 0.23 0.21 0.52 0.31 0.11 0.51 0.27

β20 0.04 0.46 0.21 0.18 0.52 0.30 0.10 0.51 0.27

n = 300 MM method coxph function frailtyHL function

T 76.66 0.25 578.85

|Bias| SE MSE |Bias| SE MSE |Bias| SE MSE

ˆVar(ωi) 0.05 0.17 0.03 0.13 0.24 0.07 0.03 0.18 0.03

θ 0.02 0.10 0.01 0.07 0.11 0.02 0.02 0.10 0.01

β1 0.01 0.39 0.15 0.07 0.39 0.15 0.03 0.40 0.16

β5 0.01 0.38 0.14 0.06 0.38 0.14 0.03 0.40 0.16

β10 0.01 0.37 0.13 0.05 0.38 0.14 0.01 0.40 0.16

β15 0.03 0.36 0.13 0.10 0.39 0.16 0.01 0.39 0.15

β20 0.03 0.40 0.16 0.08 0.41 0.17 0.05 0.42 0.17

MSE: mean squared error; MM: minorization-maximization; SE: standard error.
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values of the run times (T) in seconds, the absolute value of biases (|Bias|), the empirical standard errors (SE) and the mean
squared errors (MSE) at different sample sizes, different censoring levels and different values of Var(ωi) for the three com-
parative methods. Some representative results are reported on Tables 1 and 2 as follows and more additional simulation
results are reported on Tables S9 to DIFaddS17 in Supplemental Material. From these tables, we summarize the main find-
ings as follows.

(i) In different frailty models, the empirical standard errors (SE) of all representative parameters become smaller when the
censoring proportion (Pcen) decreases from 0.3 to 0.1 for all three estimation methods (i.e. MM method, coxph func-
tion and frailtyHL function).

(ii) For different frailty models, the empirical standard errors (SE) and the biases of almost all representative parameters
become smaller for all three estimation methods when the sample size increases from 100 to 200 to 300. And this
variation trend is more obvious in parameter θ.

Table 2. The simulation results via MMmethod at sample size 300 with different censoring proportion, variance, and frailty distribution.

Note: (Var(ωi), Pcen) is simplified by (V, P).

Gamma frailty model

(V, P) = (0.3, 0.3) (V, P) = (0.3, 0.1) (V, P) = (1, 0.3) (V, P) = (1, 0.1)

T 19.95 28.67 88.26 53.15

|Bias| SE MSE |Bias| SE MSE |Bias| SE MSE |Bias| SE MSE

ˆVar(ωi) 0.02 0.07 <0.01 0.01 0.07 <0.01 <0.01 0.18 0.03 <0.01 0.14 0.02

θ 0.02 0.07 <0.01 0.01 0.07 <0.01 <0.01 0.18 0.03 <0.01 0.14 0.02

β1 <0.01 0.40 0.16 <0.01 0.38 0.14 <0.01 0.50 0.25 0.01 0.46 0.21

β5 0.02 0.38 0.14 0.02 0.38 0.14 <0.01 0.50 0.25 0.01 0.47 0.22

β10 <0.01 0.39 0.15 0.01 0.37 0.13 <0.01 0.50 0.25 0.01 0.46 0.21

β15 0.03 0.41 0.17 0.01 0.40 0.16 <0.01 0.50 0.25 0.04 0.44 0.19

β20 0.04 0.43 0.18 0.02 0.42 0.17 0.03 0.50 0.25 0.02 0.48 0.23

Log-normal frailty model

(V, P) = (0.3, 0.3) (V, P) = (0.3, 0.1) (V, P) = (1, 0.3) (V, P) = (1, 0.1)

T 94.33 76.66 89.28 48.35

|Bias| SE MSE |Bias| SE MSE |Bias| SE MSE |Bias| SE MSE

ˆVar(ωi) 0.06 0.18 0.04 0.05 0.17 0.03 0.11 0.50 0.26 0.07 0.41 0.17

θ 0.04 0.11 0.01 0.02 0.10 0.01 0.03 0.15 0.02 0.02 0.12 0.01

β1 0.01 0.40 0.16 0.01 0.39 0.15 0.01 0.44 0.19 0.01 0.39 0.15

β5 0.03 0.39 0.15 0.01 0.38 0.14 0.01 0.46 0.21 0.02 0.40 0.16

β10 0.03 0.41 0.17 0.01 0.37 0.13 0.02 0.44 0.19 0.01 0.38 0.14

β15 0.02 0.40 0.16 0.03 0.36 0.13 0.05 0.44 0.19 0.01 0.39 0.15

β20 0.04 0.41 0.17 0.03 0.40 0.16 0.05 0.41 0.17 0.02 0.40 0.16

Inverse Gaussian frailty model

(V, P) = (0.3, 0.3) (V, P) = (0.3, 0.1) (V, P) = (1, 0.3) (V, P) = (1, 0.1)

T 82.91 115.37 51.95 27.35

|Bias| SE MSE |Bias| SE MSE |Bias| SE MSE |Bias| SE MSE

ˆVar(ωi) 0.04 0.12 0.01 0.02 0.09 <0.01 0.16 0.47 0.24 <0.01 <0.01 <0.01
θ 0.04 0.12 0.01 0.02 0.09 <0.01 0.16 0.47 0.24 <0.01 <0.01 <0.01
β1 0.01 0.52 0.27 <0.01 0.46 0.21 0.02 0.46 0.21 0.05 0.40 0.16

β5 0.02 0.50 0.25 <0.01 0.45 0.20 0.03 0.45 0.20 0.02 0.40 0.16

β10 0.03 0.47 0.22 0.02 0.46 0.21 0.07 0.44 0.19 0.03 0.41 0.17

β15 0.02 0.51 0.26 0.01 0.47 0.22 0.03 0.48 0.23 0.03 0.41 0.17

β20 0.05 0.52 0.27 0.01 0.46 0.21 0.05 0.46 0.21 0.06 0.41 0.17

MSE: mean squared error; MM: minorization-maximization; SE: standard error.
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(iii) In terms of estimation accuracy, the MM method always performs the best, exhibiting smaller biases and empirical
standard errors in most situations. In particular, the estimation of θ by MM method still performs very well with
strong stability in the case of a small sample size for all three frailty models. And the method of frailtyHL function
shows evident biases and the largest empirical standard errors in parameter θ for Gamma frailty model, the method of

Figure 1. The solution path for estimated values of β against λ with different combinations of penalties for one simulated dataset.
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coxph function shows obvious biases and the largest empirical standard errors of θ for Log-normal frailty model under
small sample sizes. However, when the sample size is large, the estimations of θ and β obtained by the three methods
perform similarly well.

(iv) Under different combinations of Var(ωi), Pcen and sample sizes, the method by coxph function always converges the
fastest among the three methods in all situations. However, when the sample size is small, the method of frailtyHL
function converges faster than our MM method. When the sample size is large, the method of frailtyHL function
does have the slowest convergence speed. Note that the survival R package and frailtyHL R package are optimised
using the C language, in which case a speed comparison might not be fair. Even in this case, the MM method is still
effective, converging faster than the method of frailtyHL function when the sample size is greater than 100, and
achieving more accurate estimates than the two methods of coxph function and frailtyHL function.

(v) For Gamma frailty model and Log-normal frailty models, the SEs for the β coefficients increase as the Var(ωi)
increases for all three comparative methods. But for the Inverse Gaussian frailty model, the SEs for the β coefficients
decrease as the Var(ωi) increases.

(vi) Among the three comparative distributions, the estimates of Var(ωi) with Gamma distribution by the MM method
perform the best, almost always exhibit the smallest biases, SEs and MSEs under different senarios of sample
sizes, censoring proportions and true variances.

Example 2. We generate data from the Gamma frailty model

λj(t|Xij, ωi) = ωiλ0j(t) exp {X
⊤
ijβ}, ωi ∼ Gamma(1/θ, 1/θ), (32)

for i = 1, . . . , n, j = 1, 2, We set n =150 or 300, q = 45, θ = 0.5, λ01(t) = 3, λ02(t) = 5/(1+ 5t), and the covariates X⊤
ij

are generated from a multivariate normal distribution with mean zero and a first-order autoregressive structure 0.2|r−s| for
r, s = 1, . . . , q. We consider variable selection and homogeneity pursuit with regularization and fusion. Let
β = (1⊤15, 0

⊤
15, − 1⊤15)

⊤.
Figure 1 shows the solution paths for the estimated values of β against λ with different combinations of penalties for one

simulated dataset. We see that the estimated values of β first converge to three different values around 1, 0 and −1, which
are the true values of regression coefficients for three groups, when λ reaches around 0.08 for both MCP and SCAD. Then
they finally converge to one value when λ exceeds around 0.43 and 0.37 for MCP and SCAD, respectively. Here we use the
modified BIC type criteria to select the tuning parameter λ by minimizing the BIC function given in (31). Based on 200
replications, the results are summarized in Table 3. For variable selection, we report the empirical percentage of identifying
the true model, i.e. all the covariates with non-zero coefficients are selected and all the covariates with zero coefficients are
excluded. The average numbers of correctly and incorrectly identified zero coefficients are also reported, respectively. For
homogeneity pursuit, we report the empirical percentage of estimating the true number of non-zero groups, i.e. Ŝ = 2. We
can see that it yields consistent variable selection results. For a moderately large sample size n = 300, the number of
non-zero groups can be estimated quite well. Since at n = 300, the first 15 β coefficients in Example 2 with true value
1 are correctly grouped together and the last 15 β coefficients in Example 2 with true value −1 are also correctly

Table 3. Simulation results for variable selection and homogeneity pursuit in Example 2.

Sparsity + Fusion
Zeros Estimating S

Penalties Selecting the true model Correct Incorrect P(Ŝ = 2) P(Ŝ = 3) P(Ŝ = 4)

Sample size n = 150
MCP + MCP 0.985 14.985 0 0.94 0.055 0.005

MCP + SCAD 0.99 14.99 0 0.97 0.03 0

SCAD + MCP 0.995 14.995 0 0.935 0.06 0.005

SCAD + SCAD 1 15 0 1 0 0

Sample size n = 300
MCP + MCP 1 15 0 1 0 0

MCP + SCAD 1 15 0 1 0 0

SCAD + MCP 1 15 0 1 0 0

SCAD + SCAD 1 15 0 1 0 0

Note: Selecting the true model denotes the empirical percentage of identifying the true model, i.e. all the covariates with non-zero coefficients are selected

and all the covariates with zero coefficients are excluded; P(Ŝ = 2), P(Ŝ = 3) and P(Ŝ = 4) denote the empirical percentages of Ŝ = 2, Ŝ = 3, and Ŝ = 4,

respectively. MCP: minimax concave penalty; SCAD: smoothly clipped absolute deviations.
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grouped together for different combinations of regularization and fusion penalties. We further enforce the final parameter
estimations in the same group to be exactly the same and to be equal to the average value of all parameter values in this
group. Therefore, we denote η1 as the average value of the estimates of the first 15 β coefficients and denote η2 as the
average value of the estimates of the last 15 β coefficients and further report the biases and mean squared error for the
model parameters θ, η1, η2 at sample size n = 300 for different combinations of regularization and fusion penalties in
Table 4. It can be seen that the estimation is quite accurate. In general, the MCP+MCP and SCAD+MCP yield the
most accurate results.

An application to the ADNI data
We now apply the proposed algorithms to analyze the ADNI dataset which is publicly available from the ADNI consortium
(adni.loni.usc.edu). In the study, there are 267 people who are identified to be cognitively normal (CN) during their first
visit. Before the last visit, 78 of them progressed to the stage of MCI and 22 people also progressed from the stage of MCI
to the stage of AD. We consider the transition time from CN to MCI and then from MCI to AD. The frailty model with

Table 4. The average values of estimated typical parameters (MLE), their biases (Bias) and their empirical standard deviations (SD) with

sample size 300 based on 200 realizations in Example 2.

MCP+MCP MCP+SCAD

Parameters MLE Bias SD MLE bias SD

θ 0.4693 0.0307 0.1381 0.4006 0.0994 0.1200

η1 0.9816 0.0184 0.0727 0.9205 0.0795 0.0646

η2 −0.9821 −0.0179 0.0729 −0.9221 −0.0779 0.0643

SCAD+MCP SCAD+SCAD

Parameters MLE Bias SD MLE bias SD

θ 0.4456 0.0544 0.1044 0.4119 0.0881 0.1107

η1 0.9943 0.0057 0.0674 0.9277 0.0723 0.0568

η2 −0.9942 −0.0058 0.0697 −0.9294 −0.0706 0.0542

Note: η1 denotes the average value of the estimates of the first 15 β coefficients and η2 denotes the average value of the estimates of the last 15 β
coefficients.MCP: minimax concave penalty; SCAD: smoothly clipped absolute deviations.

Table 5. The minimal BIC score (BIC), number of non-zero parameters (Non-zeros) and number of non-zero groups (No. of groups)

from three different frailty models for the ADNI data.

Sparsity + Fusion Penalties BIC Non-zeros No. of groups

Log-normal frailty
MCP+SCAD 1070.8 5 2

MCP+MCP 1070.8 5 2

SCAD+SCAD 1070.8 5 2

SCAD+MCP 1070.8 5 2

Inverse Gaussian frailty
MCP+SCAD 1083.2 10 2

MCP+MCP 1085.2 10 2

SCAD+SCAD 1082.9 10 2

SCAD+MCP 1083.6 10 2

Gamma frailty
MCP+SCAD 1073.7 10 2

MCP+MCP 1073.5 10 2

SCAD+SCAD 1073.7 10 2

SCAD+MCP 1073.2 10 2

BIC: Bayesian information criterion; ADNI: Alzheimer’s Disease Neuroimaging Initiative; MCP: minimax concave penalty; SCAD: smoothly clipped

absolute deviation.
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these two outcomes is fitted to identify relevant covariates that are related to and predictive of the outcomes. The covariates
include 19 clinical variables such as age, marriage status, education level, and test scores like Alzheimer’s Disease
Assessment Scale cognitive subscale (ADAS-Cog) and Functional Activities Questionnaire (FAQ) and 113 genetic vari-
ables (SNPs). Most genetic variables are selected based on existing knowledge which may have an impact on Alzheimer,
some other genetic variables are chosen near those known SNPs to test whether they are also related to the development of
AD. The Log-normal, Inverse Gaussian, and Gamma frailty models are fitted with the proposed MM+ADMM algorithms
for both variable selection and homogeneity pursuit. The results are reported in Table 5. It can be seen that different com-
binations of sparsity and fusion penalties lead to similar results. We find that the log-normal frailty model yields the
minimum BIC score and five variables are included in the final model and the number of non-zero groups is estimated
to be 2. The specific estimation results for three frailty models are reported in Tables 6 to 8.

The number of estimated groups for all models along with different penalties is 2 where group A has a positive impact
on the hazard rate while group B leads to a negative impact to it. Clinical records “CDRSB”, “ADAS13”, “ADASQ4”,
“FAQ” and “LDELTOTAL” are selected by all models with similar numerical impact to the hazard rate. This result reflects
the necessity of conducting clinical assessment for the diagnostic procedure since those assessment scores are very corre-
lated to the development of Alzheimer. In addition to the clinical records, gene also plays an important role in the onsite
Alzheimer. The covariate ApoE-ε4 which is already proven to influence the development of Alzheimer is also selected by

Table 6. Estimation results for Alzheimer’s Disease Neuroimaging Initiative (ADNI) data using the Log-normal frailty model.

Group Variable Description Estimation

A CDRSB Clinical Dementia Rating Scale Sum of Boxes score 0.24

A ADAS13 Alzheimer’s Disease Assessment Scale-Cognitive Subscale 0.24

A ADASQ4 A specific subscale of ADAS (Delayed Word Recall) 0.24

A FAQ Functional Activities Questionnaire 0.24

B LDELTOTAL Delayed recall total −0.23

Table 7. Estimation results for Alzheimer’s Disease Neuroimaging Initiative (ADNI) data using the Inverse Gaussian frailty model.

Group Variable Description Estimation

A ApoE-ε4_1 An SNP which is related to Alzheimer 0.28

A CDRSB Clinical Dementia Rating Scale Sum of Boxes score 0.28

A ADAS13 Alzheimer’s Disease Assessment Scale-Cognitive Subscale 0.28

A ADASQ4 A specific subscale of ADAS (Delayed Word Recall) 0.28

A FAQ Functional Activities Questionnaire 0.28

A TRABSCOR Trail Making Test A-B 0.28

A RAVLT_immediate Rey Auditory Verbal Learning Test 0.28

A rs7856537_1 Unknown 0.28

B LDELTOTAL Delayed recall total −0.05

B mPACCdigit ADNI modified Preclinical Alzheimer’s Cognitive Composite with Digit Symbol Substitution −0.05

Table 8. Estimation results for Alzheimer’s Disease Neuroimaging Initiative (ADNI) data using the Gamma frailty model.

Group Variable Description Estimation

A ApoE-ε4_2 A SNP which is related to Alzheimer 0.20

A CDRSB Clinical Dementia Rating Scale Sum of Boxes score 0.20

A ADAS13 Alzheimer’s Disease Assessment Scale-Cognitive Subscale 0.20

A ADASQ4 A specific subscale of ADAS (Delayed Word Recall) 0.20

A FAQ Functional Activities Questionnaire 0.20

A rs3095750_2 Unknown 0.20

A rs2986017_2 Related to Alzheimer 0.20

B LDELTOTAL Delayed recall total −0.09

B mPACCdigit ADNI modified Preclinical Alzheimer’s Cognitive Composite with Digit Symbol Substitution −0.09

B mPACCtrailsB ADNI modified Preclinical Alzheimer’s Cognitive Composite (PACC) with Trails B −0.09
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Inverse Gaussian frailty and Gamma frailty model. However, many other known SNPs which are considered to be corre-
lated with Alzheimer in previous literature do not show a significant impact on the state transition of this disease while
some unknown SNPs such as “rs7856537” and “rs3095750” are also chosen by some models. Therefore, there still
exists a large room for future scientific studies on the detection of Alzheimer using SNPs and the earlier prevention for
a specific group of people with genetic risk.

Discussion
For survival data with multiple outcomes, we develop efficient estimation algorithms in the frailty model where general
frailty distributions are allowed and the observed likelihood can involve intractable integral. Instead of resorting to the
computationally intensive Laplace approximation or Monte Carlo simulation methods, our approach is based on the non-
profile MM method which treats the parametric and nonparametric components in the same way during the estimation
process so that the standard errors of the estimates can not be easily computed but the bootstrap method may be a good
alternative option in such high-dimensional estimation problems. By constructing a sequence of minorization functions,
the resulting algorithm eventually decomposes the minorization function into a sum of univariate functions with separate
parameters. This avoids matrix inversion and leads to substantial computational advantages. The algorithms also mesh well
with regularization and fusion using concave penalties. The ADMM algorithm is also incorporated for both variable selec-
tion and homogeneity pursuit in high-dimension regression analysis of survival data with multiple outcomes. Although the
non-profile MM method is developed for the classical multiplicative frailty model with general frailty distributions, a
similar approach can essentially be developed for the frailty models with more complex random effects structures
which we aim to investigate further in our future work.
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