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Rapid advances in neuroimaging techniques provide great potentials for study of Alzheimer's disease (AD).
Existing findings have shown that AD is closely related to alteration in the functional brain network, i.e., the
functional connectivity between different brain regions. In this paper, we propose a method based on sparse
inverse covariance estimation (SICE) to identify functional brain connectivity networks from PET data. Our
method is able to identify both the connectivity network structure and strength for a large number of brain
regions with small sample sizes. We apply the proposed method to the PET data of AD, mild cognitive
impairment (MCI), and normal control (NC) subjects. Compared with NC, AD shows decrease in the amount
of inter-region functional connectivity within the temporal lobe especially between the area around
hippocampus and other regions and increase in the amount of connectivity within the frontal lobe as well as
between the parietal and occipital lobes. Also, AD shows weaker between-lobe connectivity than within-lobe
connectivity and weaker between-hemisphere connectivity, compared with NC. In addition to being a
method for knowledge discovery about AD, the proposed SICE method can also be used for classifying new
subjects, which makes it a suitable approach for novel connectivity-based AD biomarker identification. Our
experiments show that the best sensitivity and specificity our method can achieve in AD vs. NC classification
are 88% and 88%, respectively.

© 2010 Elsevier Inc. All rights reserved.

Introduction

Alzheimer's disease (AD) is a neurodegenerative disorder character-
ized by progressive impairment of memory and other cognitive functions.
It has been speculated by a number studies and accepted more widely
recently that higher cognition results from different brain regions
interacting with each other, rather than individual regions working
independently (Horwitz, 2003; Delbeuck et al., 2003). This leads to the
belief that AD, with major symptoms being dramatic global cognitive
decline, may have abnormal functional brain connectivity patterns.

Functional connectivity refers to the coherence of the activities among
distinct brain regions (Horwitz, 2003). Some past research in AD has
shown that AD brains may have different connectivity patterns from
normal brains. For example, functional connectivity is reduced between
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the hippocampus and other regions of AD brains (Supekar et al.,, 2008;
Wang et al.,, 2007; Azari et al., 1992; Horwitz et al., 1987; Grady et al.,
2001). A key pathological correlate, which may be implicated in
hippocampal network disfunction relates to neurofibrillary tangles
(NFTs), a hallmark of AD, which causes hippocampal neurodegeneration
early in the course of AD pathology. This results from selective affects on
specific cortical layers within the hippocampal formation (Hirano and
Zimmerman, 1962), which raises the possibility that the functional
interaction between the hippocampus and other related brain regions
may be disrupted. In addition to changes in hippocampal networks, some
studies of early AD and mild cognitive impairment (MCI) have found
increased connectivity between the frontal lobe and other brain regions
(Gould et al., 2006; Stern, 2006; Becker et al., 1996; Woodard et al,
1998; Saykin et al., 2004; Grady et al., 2003). This has been interpreted
by some investigators as a compensatory reallocation or recruitment of
cognitive resources (Gould et al., 2006). Since regions in the frontal lobe
are typically affected later in the course of the disease, it is argued that an
increase in frontal connectivity could help preserve some memory and
attention ability in early AD patients (Stern, 2006).

Recent years have witnessed the rapid advancement of neuroima-
ging technologies, which provides an unprecedented opportunity for
brain connectivity research. Based on the brain data acquired by
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functional neuroimaging techniques such as positron emission
tomography (PET) and functional magnetic resonance imaging
(fMRI), quite a number of analytic methodologies have been proposed
to investigate functional brain connectivity.

Multivariate statistical methods have been used, such as principle
component analysis (PCA) (Friston, 1994), PCA-based scaled sub-
profile model (Alexander and Moeller, 1994), independent compo-
nent analysis (Calhoun et al., 2001; Calhoun et al., 2003), and partial
least squares (McIntosh et al., 1996; Worsley et al., 1997). These
methods tend to group brain regions into a few latent components.
The brain regions within each component are believed to have strong
connectivity, while the connectivity between components is weak.
One limitation of these methods is that the latent components are
mostly obtained based on statistical modeling consideration, so they
may not necessarily correspond to biological entities, causing
difficulty in interpretation.

A large body of functional connectivity modeling has been based
on correlation analysis (Azari et al., 1992; Horwitz et al., 1987;
Supekar et al., 2008; Stam et al., 2007). Correlation analysis captures
pairwise information, which may not be able to effectively
characterize the interactions of many brain regions working
together. To overcome this limitation, partial correlation analysis
has been adopted (Salvador et al.,, 2005a,b; Marrelec et al., 2006,
2007; Hampson et al., 2002). A partial correlation measures the
association between two brain regions after factoring out the
contribution to the pairwise correlation that might be due to global
or third-party effects. Because partial correlations correspond to the
off-diagonal entries of the inverse covariance (IC) matrix of the
data, estimation of partial correlations is usually achieved by
maximum likelihood estimation (MLE) of the IC matrix. A limitation
of MLE is that reliable estimation requires the sample size of the
data to be substantially larger than the number of brain regions
modeled. This condition may be satisfied in studies based on fMRI
data, in which the sample size corresponds to the length of the fMRI
time series. However, in PET studies, because the samples size is the
number of subjects which is usually very limited due to cost or
availability constraints, existing partial correlation or IC based
research has only been able to focus on a few (around ten) pre-
selected brain regions.

We propose a new method for functional connectivity modeling,
called sparse inverse covariance estimation (SICE), also known as
Gaussian graphical models or graphical Lasso. This method imposes a
“sparsity” constraint on the MLE of an IC matrix, which leads to
reliable estimation of the IC with small sample sizes. Here, “small”
means that the sample size can be close to or even less than the
number of brain regions modeled. Using SICE to model brain
connectivity is appropriate because many past studies based on
anatomical brain databases have shown that the true brain network is
sparse (Hilgetag et al., 2002; Kotter and Stephan, 2003; Sporns et al.,
2004). Using sparse models of other kinds for brain connectivity
modeling, such as multivariate or vector autoregressions, have been
explored in the past, with a focus on time series data such as fMRI and
EEG (Chiang et al., 2009; Thompson et al., 2009; Valdes-Sosa et al.,
2005). In contrast, the proposal SICE can be used to model cross-
sectional data such as PET.

Specifically in this paper, we apply one SICE method, developed by
us in a previous paper (Huang et al. 2009), to identify brain
connectivity models for AD, MCI, and normal control (NC) subjects
based on FDG-PET data. SICE has been recognized as an effective tool
for identifying the structure of an IC matrix, i.e., the zero and non-zero
entries, but is not recommended to be used for estimating the
magnitude of the non-zero entries. Therefore, we use SICE to identify
brain connectivity model structures, i.e., existence and non-existence
of functional connections between brain regions. Furthermore, we
prove a monotone property of SICE, which enables us to develop a
quasi-measure for the strength of functional connections. To our best

knowledge, our work is among the first ones that utilize SICE and its
associated property for functional brain connectivity structure and
strength identification in AD studies. In addition, we show how to use
the results of SICE to classify new subjects, which makes SICE a
potential method for identifying connectivity-based biomarkers for
AD. Another unique perspective of our work is that it utilizes PET data.
While a majority of existing AD brain connectivity research has been
based on fMRI data (Rajapakse and Zhou, 2007; Li et al., 2008; Zheng
and Rajapkse, 2004; Zhuang et al., 2005; Chen and Herskovits, 2007),
research based on PET data is still limited. Our work intends to bridge
this gap.

Method
SICE for brain connectivity model structure identification

Suppose that there are p brain regions to be modeled, i.e., {X, ... .Xp}.
The measurement data for each brain region is the regional cerebral
metabolic rate for glucose by FDG-PET. The data can be reasonably
assumed to follow a multivariate normality distribution, as this as-
sumption has been adopted in a number of past publications. Statistical
normality checks based on the data in our experiments also support this
assumption (see Supplementary material). Given the measurement
data of the brain regions from subjects, i.e., AD patients, SICE finds an
estimate for the inverse covariance of the brain regions by solving the
following optimization:

8 = argmax o.olog(det(8)) — tr(s8) — N[@;, (1)

where © and  denote the IC and its estimate, S is the sample
covariance matrix, det (-) and tr (- ) denote the determinant and trace
of a matrix, ||-||; denotes the sum of absolute values of all the entries
in a matrix, and A is a pre-selected so-called regularization parameter,
A>0. To help understand (1), (1) can be equivalently written as

6 = argmax g_,log(det(8)) — (S@), subject to ||6]|; <<, (2)

where € is reversely related to A, €>0. It is easy to see from (2) that
SICE aims to find a © that maximizes the likelihood function, under a
constraint that the sum of the magnitudes of all entries in © is
bounded by € (or A, equivalently). Furthermore, it can be seen from
(2) that when € is large enough (i.e., small A), the constraint has
little effect and SICE is just the usual MLE. However, when € is small
(i.e., big A), SICE is able to produce an estimate for © that is a
shrunken version of the estimate by MLE. This is a advantage,
because it has been found that the estimate for ® by MLE is likely to
contain very few zero entries even when the © is actually sparse,
while the shrunken estimate for © provided by SICE is able to recover
those zero entries in ©. This advantage of SICE is especially significant
under small sample sizes, which has been demonstrated by many
papers (Yuan and Lin, 2007; Friedman et al., 2007; Schafer and
Strimmer, 2005; Li and Gui, 2006).

Various methods have been developed to solve for the optimi-
zation in Eq. (1) and achieve the SICE in recent years (Yuan and Lin,
2007; Friedman et al., 2007; Levina et al., 2008; Li and Gui, 2006),
including a method by us (Sun et al.,, 2009). A common characteristic
of the SICE methods is that while they are good at discovering which
entries in the IC matrix are zero and which are non-zero, they may
not be good at estimating the magnitude of the non-zero entries due
to the “shrinking” effect. Therefore, these methods may be more
appropriate to be used for identifying the IC matrix structure, but not
the parameters. As a result, once an estimate, 8, is obtained from
SICE, we should use only the structural information (i.e., zero and
non-zero entries) in to 6 build a brain connectivity model.
Specifically, if we use a graph with nodes and undirected arcs to
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Fig. 1. (a) Estimated IC matrix by SICE Gu #0. (b) Brain connectivity model built from
the ©in (a).

represent the brain connectivity model, we put an arc between
nodes (i.e., brain regions) X; and X; if and only if 8;;# 0, where 8 is
the entry at the ith row jth column of 6. An example of this is shown
in Fig. 1.

A monotone property of SICE for brain connectivity
strength identification

The brain connectivity model obtained by SICE, such as the one in
Fig. 1(b), may be interpreted in the following way. An arc between
regions X; and X; may indicate that these two regions are directly
connected in some functional process. This is because an arc
represents a non-zero partial correlation which reflects the remaining
association between two brain regions after the effect of other regions
on their overall association has been factored out and the remaining
association is likely to reflect the direct functional connection
between the two regions. Furthermore, if two brain regions are not
connected by an arc, but by a path consisting of more than one arc,
they are not directed connected but may be reasonably considered as
connected indirectly. For example, X; and X5 in Fig. 1(b) may be
considered as directly connected, while X; and X5 may be considered
as indirectly connected because there is not a single arc between them
but two paths, X;-X3-X5 and X;-X;4-Xs.

The above discussion leads to the following definitions:

Definitions: Two brain regions are directly connected if there is an
arc between them in the brain connectivity model. They are indirectly
connected if there exists a path consisting of more than one arc
between them. They are connected if they are either directly or
indirectly connected.

The knowledge that two brain regions are connected is important
for understanding the brain's functional process. It is also important to
find out the strength of the connection. However, a direct measure on
the strength of connection is not possible, because the brain
connectivity model obtained by SICE contains only structural
information. A quasi-measure, on the other hand, may be possible
due to the following considerations: The A in the SICE formulation in
Eq. (1) (or equivalently, the € in Eq. (2)) has a similar effect to
controlling the number of connections in the connectivity model
estimated. A larger A (smaller €) allows for a smaller number of
connections. Therefore, as A goes from A; to A, A;>A;, some
connections existing in the model corresponding to A; must drop.
The connections that drop should be those such that the remaining

Q8 @@
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connections maximize the likelihood (i.e., the objective functions in
Egs. (1) and (2)). To achieve this, obviously, the weakest connections
should drop. In other words, as A goes from A; to A, the connections
that drop should be weaker than those that stay in. As a result, we can
use A\, as a quasi-measure for the strength of the connections that
drop; in particular, the connections that drop at a bigger A are
stronger than those that drop at a smaller A. Formally, the quasi-
measure is defined as follows:

A quasi-measure for the strength of connection: A quasi-
measure for the strength of connection between X; and X; is the
critical A value at which X; and X; change from being connected to
being not connected.

For example, Fig. 2 shows the brain connectivity models estimated
by SICE at four A's (A1 <A2<A3 <A4). According to the above definition,
the quasi-measure for the strength of connection between Xg and any
of the other regions is A,; that between Xs and X4 is A3; that between
any pair of regions in the cluster of X3, X5, and X; is A4.

Note that in order for A to be an appropriate quasi-measure for the
strength of connections, we must be able to prove that if the
connection between two brain regions drops at a certain A, these two
regions will never be connected again at larger A's. Otherwise, the
strength of their connection cannot be uniquely determined. This is
the so-called monotone property we discover, which is stated as
follows (please see proof in the Appendix A):

Monotone property of SICE: If two brain regions are not
connected in the connectivity model at a certain A, they will never
become connected as A goes larger.

Discussion: Lastly in this section, we would like to provide some
discussions on the use and potential benefits of the proposed quasi-
measure:

» With the aid of the quasi-measure, we can order the inter-region
connections in terms of connection strength. For example, in Fig. 2,
the connection between Xg and any of the other regions should be
the weakest, that between X5 and X, is the second weakest, and
that between any pair of regions in the cluster of X3, X5, and X; is
the strongest.

Because A is a quasi-measure, but not a direct one, for the strength
of connections, there must be discrepancy between the measured
strength by A and the true strength even without sampling errors.
Therefore, we would recommend using A to order the connections,
but not treating its value as a close estimate for the strength of a
connection. Here is a simple example to illustrate this point: Even
when two regions are not connected in the true brain network, the
quasi-measure for their connection, i.e., the A at which they
change from being connected to being not connected in the
estimated connectivity model by SICE, is still non-zero, because the
A in SICE is always positive.

A is a quasi-measure for the strength of connections, but not for
strength of the arcs in the brain connectivity model. Recall that
arcs correspond to direct connections or partial correlations. In
fact, we have found that the monotone property, although holds
for connections, does not hold for direct connections, because an
arc that drops at a certain A may come back again as A goes larger.

) () & ®
B & ® ©
® ©® © ©®

A.=A.3

/1=114

Fig. 2. Brain connectivity models at four A's (A;<A;<A3<M4) showing the monotone property.
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Therefore, A should not be used as a measure for the strength of
the arcs. An example of this is shown in Fig. 2, in which the arc
between X; and X3 drops at A, but it comes back at As.

The potential benefits of the proposed quasi-measure are two-fold:
First, it enables us to compare AD, MCI, and NC in terms of the order of
inter-regions connections (results are shown in the next section). To
our best knowledge, such a comparison has not been explored before,
which provides new knowledge to AD studies. Second, in the literature
of SICE, there has been a lack of a clear interpretation on A, which is
now being provided by our research. So, this research contributes to
both the domain (AD) and the methodology (SICE).

Use of SICE for classifying new subjects

In this section, we will show how to use SICE to classify new
subjects, which makes it possible to define connectivity-based AD
biomarkers based on the connectivity models built from PET data. The
basic idea is to apply SICE to the training data of AD and NC and
estimate an IC matrix for each group. The estimated IC matrices will
then be used to predict a new subject’s likelihood of being AD and NC,
based on this subject's PET measurement. The detailed procedure is
illustrated as follows. Note that although the procedure is illustrated
for AD vs. NC, it can be easily adapted for MCI vs. NC, or three-group
(AD, MCI, and NC) classification.

Assume that there is a new subject with PET measurement X = [X;,
..., Xp], where x; is the PET measurement on brain region i, i=1, ..., p,
and p is the total number of brain regions. The objective is to
determine whether to classify this subject as AD or NC. This may be
achieved by comparing the likelihoods of x given that the subject is AD
and NC, respectively. Because x follows a multivariate Gaussian
distribution, its likelihood functions with respect to AD and NC can be
written as,

0,2 1
fxlOnn) = 128 exp( 5By

Oyl 1
fxi@ye) = 1 ().

respectively, where ©,p and Oyc are the inverse covariance matrices
of AD and NG, respectively; the mean vector is considered to be zero
without loss of generality. The estimates for ©,p and Oyc, éAD and éNC,
can be obtained by SCIE based on training data. So, the classification
rule can be: classify the new subject as AD iff(x|éAD) >f(x|éNc) and NC
otherwise. Note that we have mentioned previously that SCIE is good
atidentifying the IC matrix structure but not parameters. Therefore, to
get better estimates for éAD and éNc, we can use the zero entries in the
estimated IC matrices by SCIE as constraints and estimate the
magnitudes of the non-zero entries by MLE, i.e., to solve a constrained
optimization problem (Dempster, 1972).

Experiments and results

This section summarizes our experiments and findings for SICE-
based brain connectivity modeling of AD, MCI, and NC using FDG-PET
data. Purposes of our study focus on how aspects of the connectivity
patterns exhibited in the models relate to existing findings in the
literature, and on how other aspects may suggest further investiga-
tions in brain connectivity research.

Data acquisition and preprocessing

The data used in our study include FDG-PET images from 49 AD,
348 116 MCI, and 67 NC subjects downloaded from the Alzheimer's
349 disease neuroimaging initiative (ADNI) database. Demographic
information and MMSE 352 scores of the subjects are summarized in
Table 1. The ADNI was launched in 2003 by the National Institute on

Table 1
Demographic information and MMSE scores.
NC MCcI AD P-value
Age (mean 4 SD) 76.0 +4.69 74.9+7.36 753+6.85 0.53

Gender (male/female) 43/24 76/40 27/22 0.77

Years of education 159+3.24 16.0+2.86 14.7 £3.02 0.01
(mean 4 SD)

Baseline MMSE 29.0+1.18 27.2+1.67 23.6+1.93 <0.001

Aging (NIA), the National Institute of Biomedical Imaging and
Bioengineering (NIBIB), the Food and Drug Administration (FDA),
private pharmaceutical companies and non-profit organizations, as a
$60 million, 5-year public-private partnership. The primary goal of
ADNI has been to test whether serial MRI, PET, other biological
markers, and clinical and neuropsychological assessment can be
combined to measure the progression of MCI and early AD. The initial
goal of ADNI was to recruit 800 adults, ages 55 to 90, to participate in
the research - approximately 200 cognitively normal older indivi-
duals to be followed for 3 years, 400 people with MCI to be followed
for 3 years, and 200 people with early AD to be followed for 2 years.

Preprocessing the images involves the following steps. Each
subject's FDG-PET image is spatially normalized to the MNI PET
template, using the affine transformation and subsequent non-linear
warping algorithm (Friston et al., 1995) implemented in SPM. The
affine deformation adjusts each whole brain image for its position,
orientation, size, and global shape based upon minimizing the mean
residual variance (Zhilkin and Alexander, 2004). The non-linear warp,
a linear combination of low spatial frequency basis discrete cosine
functions, determines the optimal coefficients for each of the basis
functions by minimizing the sum of squared differences between the
raw MRI brain and the template image (Ashburner and Friston, 1999).
Simultaneously, the smoothness of the transformation is maximized
using maximum a posterior (MAP). Once in the MNI template,
Automated Anatomical Labeling (AAL) (Tzourio-Mazoyer et al., 2002)
is applied to extract data from each of the 116 anatomical volumes of
interest (AVOI), and derived average of each AVOI for every subject
based on the PET images.

Brain connectivity modeling by SICE and visualization techniques

42 AVOI are empirically chosen, which are brain regions known to
be most affected by AD (Azari et al., 1992; Horwitz et al., 1987). These
regions distribute in the frontal, parietal, occipital, and temporal lobes.
Pease see Table 2 for names of the AVOI and the lobe each of them
belong to.

To build a brain connectivity model for AD, we first compute a
sample covariance matrix, S, of the 42 AVOI, based on the
measurement data of the 42 AVOI from 49 AD patients. Then, we
apply SICE to solve the optimization problem in Eq. (1) based on the S
and a pre-selected A. The solution © is further converted to a graph
consisting of nodes (AVOI) and arcs (non-zero entries in 6).
Furthermore, considering that a graph of this kind may be too
space-consuming for the paper, we adopt a matrix representation for
the graph. Please see the first matrix in Fig. 3(a), for an example,
which represents the brain connectivity model structure estimated by
SICE at a certain A. In the matrix, each row (column) corresponds to
one of the 42 AVOL. A black cell corresponds to an arc. Because the
matrix is symmetric, the total number of black cells is equal to twice
the total number of arcs in the corresponding connectivity graph.
Moreover, on each matrix, four red cubes are used to highlight the
brain regions in each of the four lobes; that is, from top-left to bottom-
right, the red cubes highlight the frontal, parietal, occipital, and
temporal lobes, respectively.

Furthermore, to facilitate the comparison between AD, MCI, and
NC, connectivity models should also be developed for MCI and NC,
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Table 2

Names of the AVOI for connectivity modeling (L= Left hemisphere, R =Right hemisphere).

Frontal lobe Parietal lobe Occipital lobe Temporal lobe
1 Frontal_Sup_L 13 Parietal_Sup_L 21 Occipital_Sup_L 27 Temporal_Sup_L
2 Frontal_Sup_R 14 Parietal_Sup_R 22 Occipital_Sup_R 28 Temporal_Sup_R
3 Frontal_Mid_L 15 Parietal_Inf_L 23 Occipital_Mid_L 29 Temporal_Pole_Sup_L
4 Frontal_Mid_R 16 Parietal_Inf_R 24 Occipital_Mid_R 30 Temporal_Pole_Sup_R
5 Frontal_Sup_Medial_L 17 Precuneus_L 25 Occipital_Inf_L 31 Temporal_Mid_L
6 Frontal_Sup_Medial_R 18 Precuneus_R 26 Occipital_Inf_R 32 Temporal_Mid_R
7 Frontal_Mid_Orb_L 19 Cingulum_Post_L 33 Temporal_Pole_Mid_L
8 Frontal_Mid_Orb_R 20 Cingulum_Post_R 34 Temporal_Pole_Mid_R
9 Rectus_L 35 Temporal_Inf_L
10 Rectus_R 36 Temporal_Inf_R
11 Cingulum_Ant_L 37 Fusiform_L
12 Cingulum_Ant_R 38 Fusiform_R
39 Hippocampus_L
40 Hippocampus_R
41 ParaHippocampal L
42 ParaHippocampal_R

respectively. The problem is how to select the A value for each of three
groups, so that the comparison between them will make sense. In this
paper, we focus on comparing AD, MCI, and NC in terms of the
distribution/organization of the connectivity, which has been less
studied in the literature, but not in terms of the global scale of the
connectivity, which has been studied substantially. To achieve this, we
must factor out the connectivity difference between the three groups
that is due to their difference at the global scale, so that the remaining
difference will reflect their difference in the connectivity distribution/
organization. A common strategy is to control the total number of arcs
for each group to be the same, which has been adopted by a number of
other studies (Supekar et al., 2008; Stam et al., 2007). We also adopt
this strategy; specially, we adjust the A in the estimation of the
connectivity model of each group, such that the three models,
corresponding to AD, MCI, and NC, respectively, will have the same
total number of arcs. Also, by selecting different values for the total
number of arcs, we can obtain models representing the brain
connectivity at different strength levels. Specifically, given a small
value for the total number of arcs, only strong arcs will show up in the
resulting connectivity model, so the model is a model of strong brain
connectivity; when increasing the total number of arcs, mild (or even
weak) arcs will also show up in the resulting connectivity model, so
the model is a model of mild-to-strong (or even weak-to-strong)
brain connectivity. For example, Fig. 3 shows the connectivity models
for AD, MCI, and NC with the total number of arcs equal to 60, 120,
and 180.

Finally, we introduce some other ways to visualize the connectiv-
ity models to facilitate the comparison between AD, MCI, and NC,
such as graphs of nodes and arcs (e.g., Fig. 4(i)) and brain images (e.g.,
Fig. 4(ii)):

Fig. 4(i) displays a portion of the connectivity model for AD. Each
node is an AVOI in Table 2 in the temporal lobe. This graph focuses on
the connectivity regarding the sub-network consisting of Hippocam-
pus_L & R ((X39 & X40)) and ParaHippocampal_L & R ( X341 & X42), so it
only displays the arcs between each region in the sub-network and
other regions in the temporal lobe, as well as the arcs between the
regions in the sub-network. Other arcs are omitted. Furthermore,
green arcs are arcs (black cells) appearing in the matrix plot of AD in
Fig. 3(a), so they represent strong connectivity. Blue arcs are arcs not
appearing in the matrix plot of AD in Fig. 3(a), but appearing in that in
Fig. 3(b), so they represent less strong connectivity. Red arcs are arcs
not appearing in the matrix plots of AD in Fig. 3(a) or (b), but
appearing in that in Fig. 3(c), so they represent even less strong
connectivity.

Fig. 4 (ii) shows four axial slices of an AD brain. This graph focuses
on displaying the connectivity between region X4;, ParaHippocam-
pal_L, and other regions in the temporal lobe. ParaHippocampal_L is

highlighted in yellow. Regions highlighted in green, blue, and red are
those in the temporal lobe that have strong, less strong, even less
strong connectivity with ParaHippocampal_L, respectively. In a
similar way, Fig. 5(i) and (ii) are developed for NC. Note that similar
graphs to Figs. 4 and 5 can be developed for other portions of the brain
connectivity model, or even the whole brain, which are not shown
here due to space limits.

Comparison between AD, MCI, and NC in connectivity
organization/ distribution

The connectivity models estimated by SICE and various types of
visualization techniques (matrix, graph, and brain slice) enable us
to see the difference between AD, MCI, and NC in terms of
connectivity organization/distribution. For example, Fig. 3(a) shows
fewer black cells in the temporal lobe of AD than NC, but more
black cells in the frontal lobe of AD than NC, where black cells
correspond to direct connections between brain regions. While
visual comparison is an important initial step to pick out the
differences, it should be followed by rigorous statistical hypothesis
testing to check if the observed differences are statistically
significant. Therefore, we perform hypothesis testing to check if
the number of black cells within each lobe, used to represent the
amount of direct connections within that lobe, is significantly
different between each pair of the study groups (i.e., AD, MCI, and
NC). The hypothesis testing is also performed for the number of
black cells between lobes. Here, we show the steps for testing if the
number of black cells within the temporal lobe of AD, nap 1, is
significantly different from that of NC, nyc .

(i) Draw samples of AD patients and samples of NC subjects, with
replacement, from the original AD and NC datasets, respectively.
(ii) Apply the SICE method to learn one connectivity model for AD
and one for NC, based on the samples drawn. During the learning
of each connectivity model, adjust the A such that the two models
have the same total number of arcs.

(iii) Count the number of arcs (or equivalently, the number of black
cells in the matrix representation) within the temporal lobe of the
AD connectivity model. This number is a bootstrap sample for nap 1;
in a similar way, a bootstrap sample for nyc T can be obtained.

(iv) Repeat (i)-(iii) N times and obtain N bootstrap samples for
nap_t and nyc T, respectively.

(v) Test the hypothesis that nap T and nyc 1 are equal based on
their respective bootstrap samples, and compute the P-value of the
hypothesis test. Interpretation of the P-value is following: P-value
<0.05 means strong evidence for nap t#nap 1; 0.05<P <0.1
means some evidence (not strong though) for nap t# nap 1; P
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Fig. 3. (a) Brain connectivity models with total number of arcs equal to 60. (b) Brain connectivity models with total number of arcs equal to 120. (¢) Brain connectivity models with

total number of arcs equ,

al to 180.

>0.1 means little evidence for nap r#nap 1, i.e., there is no
significant difference between nap 1 and nyc T

Following similar steps to the above, we can also compare the
amount of direct connections within other lobes as well as between
lobes, for each pair of the study groups. The results are summarized in

Table 3, which gives the P-value of the hypothesis testing. Specifically,
a P-value is shown if it is smaller than 0.1 and replaced by a “~”
otherwise. A P-value is highlighted if it is smaller than 0.05. The P-
values presented here are those after correcting the effect of multiple
testing using the standard False Discovery Rate (FDR) approach by
Benjamini and Hochberg (1995). Note that because our multiple tests
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Fig. 4. (i) Hippocampus and parahippcampus sub-network connectivity for AD, i.e., connectivity within the network and connectivity between the network and other regions in
temporal lobe; green, blue, red arcs represent connectivity from strong to weak. (ii) Four axial slices of AD brain, showing connectivity between ParaHippocampal_L (yellow) and
other regions in the temporal lobe; green, blue, and red highlight regions connected with ParaHippocampal_L from strong to weak.

are not independent (the same datasets are used multiple times), the
standard FDR approach might generate conservative results. This is a
limitation of our current work and we will investigate how to
overcome this limitation in future research. In addition to using P-
value for comparison, we also develop box plots, as shown in Fig. 6
(only the box plots for AD vs. NC are shown due to the page limit).

Inspection of the results from visualizations, hypothesis testing,
and box plots reveals the following interesting observations:

Within-lobe connectivity

The temporal lobe of AD has a significantly lesser amount of direct
connections than NC. This is true across the connectivity models at
different strength levels (i.e., total arc number equal to 60, 120, and
180). In other words, even the direct connections between some
strongly-connected brain regions in the temporal lobe may be
disrupted by AD. In particular, it is clearly from Fig. 3(b) that the
regions “Hippocampus” and “ParaHippocampal” (numbered by 39-
42, located at the right-bottom corner of Fig. 3(b)) are much more
separated from other regions in AD than in NC. The decrease in the
amount of connections in the temporal lobe of AD, especially between
the Hippocampus and other regions, has been extensively reported in
the literature (Supekar et al., 2008; Wang et al., 2007; Azari et al.,
1992; Horwitz et al., 1987; Grady et al., 2001). However, the temporal
lobe of MCI does not show a significant decrease in the amount of
direct connections, compared with NC. This may be because MCI does
not disrupt the temporal lobe as severely as AD.

The frontal lobe of AD has a significantly more amount of direct
connections than NC, which is true across the connectivity models at

different strength levels. This is consistent with previous literature
and has been interpreted as compensatory reallocation or recruitment
of cognitive resources (Gould et al., 2006; Stern, 2006; Becker et al.,
1996; Woodard et al., 1998; Saykin et al., 2004; Grady et al., 2003).
Because the regions in the frontal lobe are typically affected later in
the course of AD (our data are early AD), increase in the amount of
connections in the frontal lobe may help preserve some cognitive
functions in AD patients. Furthermore, the frontal lobe of MCI does not
show a significant increase in the amount of direct connections,
compared with NC. This indicates that the compensatory effect in MCI
brain may not be as strong as that in AD brains.

There is no significant difference between AD, MCI, and NC in
terms of the amount of direct connections within the parietal lobe and
within the occipital lobe.

Between-lobe connectivity

In general, human brains tend to have a less amount of between-
lobe connections than within-lobe connections. A majority of the
strong connections occurs within lobes, but rarely between lobes.
These can be clearly seen from Fig. 3 (especially Fig. 3(a)) in which
there are a lot more black cells inside the red cubes than outside the
red cubes, regardless of AD, MCI, and NC. Recall that the red cubes are
used to highlight the four lobes.

AD has a significantly more amount of parietal-occipital direct
connections than NC, which is true across the connectivity models at
different strength levels. Increase in the amount of connections
between the parietal and occipital lobes of AD has been previously
reported in (Supekar, 2008). It may also be interpreted as a

Fig. 5. (i) Hippocampus and parahippcampus sub-network connectivity for NC, i.e., connectivity within the network and connectivity between the network and other regions in
temporal lobe; green, blue, red arcs represent connectivity from strong to weak. (ii) Four axial slices of NC brain, showing connectivity between ParaHippocampal_L (yellow) and
other regions in the temporal lobe; green, blue, and red highlight regions connected with ParaHippocampal_L from strong to weak.
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Table 3
P-value from the hypothesis test of connectivity difference between AD, MCI, and NC.

(a) Total number of arcs =60

(b) Total number of arcs =120

(c) Total number of arcs =180

AD vs. NC  Frontal Parietal Occipital Temporal AD vs.NC Frontal Parietal Occipital Temporal AD vs.NC Frontal Parietal Occipital Temporal
Frontal 0.013 - - - Frontal 0.060 - - - Frontal 0.091 - - -
Parietal - 0.018 - Parietal - 0.007 - Parietal - 0.022 0.027
Occipital - - Occipital - 0.040 Occipital - -
Temporal 0.063 Temporal 0.001 Temporal 0.041

AD vs. MCI ~ Frontal Parietal Occipital Temporal ADvs. MCI Frontal Parietal Occipital Temporal AD vs.MCI Frontal Parietal Occipital Temporal
Frontal - - - - Frontal - - - - Frontal - - 0.036 -
Parietal - 0.013 - Parietal - - - Parietal - - -
Occipital - - Occipital - 0.046 Occipital - -
Temporal 0.035 Temporal - Temporal -

MCIvs. NC Frontal Parietal Occipital Temporal MCIvs.NC Frontal Parietal Occipital Temporal MCIvs.NC Frontal Parietal Occipital Temporal
Frontal - - 0.020 - Frontal - - 0.002 - Frontal - - 0.007 -
Parietal - - - Parietal - 0.078 - Parietal - - 0.033
Occipital - - Occipital - - Occipital - -
Temporal - Temporal - Temporal -

compensatory effect. Furthermore, MCI also shows increase in the
amount of direct connections between the parietal and occipital
lobes, compared with NC, but the increase is not as significant as
AD.

While the amount of direct connections between the frontal and
occipital lobes shows little difference between AD and NC, this
amount for MCI shows a significant decrease. Also, AD has a less
amount of temporal-occipital connections, a less amount of frontal-
parietal connections, but a more amount of parietal-temporal
connections than NC.

Between-hemisphere connectivity

We are also interested in knowing if there is a difference between
AD, MCI, and NC, in terms of the amount of direct connections
between hemispheres. To achieve this, we can count how many left-
right pairs of the same regions have an arc (or black cell) between
them in the connectivity models of AD, MCI, and NC, respectively. In
addition to directly comparing the counts, we can also perform
hypothesis testing (similar to the ones used for within-lobe and
between-lobe comparisons). Results show that when the total
number of arcs in the connectivity models is equal to 180 or 120,
none of the tests is significant. However, when the total number of
arcs is equal to 60, the P-value of the tests for “AD vs. NC”, “AD vs.
MCI”, and “MCI vs. NC” are 0.038, 0.061, and 0.376, respectively. We
further perform tests for the total number of arcs equal to 50 and find
the P-value to be 0.026, 0.079, and 0.198 respectively. These results
indicate that AD disrupts the strong connection between the same
regions in the left and right hemispheres, whereas this disruption is
not significant in MCI.

Comparison between AD, MCI, and NC in connection strength

We can use the quasi-measure developed in Section 2.2 to obtain
an order for the inter-region connections in terms of the connection
strength, for each of the three study groups. To present this order in a
way that facilitates the comparison between the three groups, we
propose a tree-like plot. As an illustrative example, Fig. 7 is a tree-like
plot developed from the brain connectivity models in Fig. 2. One way
to read off information from Fig. 7 is to look at it from right (small \)
to left (large A). At a very small A, ie, A=Ay, all regions are
connected. As A goes larger, i.e, A{<A<A,, Xg, is the first region
disconnected with other regions, so the connection between Xg and
other regions is the weakest. As A continues to go larger, i.e., A;-
A <Az, X4, X5, and the cluster of X;, X, and X3 are disconnected, so the
connection between them is the second weakest. Finally, with A5<A,
X1, X2, and X3 are disconnected, so the connectivity between them is
the strongest.

Following a similar manner, we develop a tree-like plot for AD, as
shown in Fig. 8. Specially, the range of A is determined such that the
lower bound (A=A;) corresponds to a “fully-connected” graph, i.e.,
every node has at least one arc attached, and the upper bound
(A=Ay) corresponds to a “null” graph which has no arcs. Starting
from the lower bound A =\, as A goes larger, i.e., A\; <A <), region
“Tempora_Sup_L” is the first one disconnected with the rest of the
brain, so “Tempora_Sup_L” may be the weakest connected region. As
A continues to go larger, i.e., \; <A <\s3, the rest of the brain further
splits into three disconnected clusters, including the cluster of
“Cingulum_Post_R” and “Cingulum_Post_L”, the cluster of “Fusi-
form_R” up to “Temporal_Sup_R”, and the cluster of the other regions.
As A\ continuously increases, each current cluster further splits into
smaller clusters. Eventually, when A reaches Ay, all regions become
disconnected. The sequence of the splitting gives an order for the
inter-region connections in terms of the connection strength.
Specifically, the earlier (i.e., smaller A) a region or a cluster of regions
becomes disconnected with the rest of the brain, the weaker it is
connected with the rest of the brain. For example, in Fig. 8, it can be
known that “Tempora_Sup_L” may be weakest connected with the
rest of the brain in the brain network of AD; the second weakest ones
are the cluster of “Cingulum_Post_R” and “Cingulum_Post_L”, and the
cluster of “Fusiform_R” up to “Temporal_Sup_R". It is very interesting
to see that the weakest and second weakest connected brain regions
in the brain network of AD include “Cingulum_Post_R” and “Cingu-
lum_Post_L” as well as regions all in the temporal lobe, all of which
have been found to be affected by AD early and severely (Supekar et
al., 2008; Wang et al., 2007; Azari et al., 1992; Horwitz et al., 1987;
Grady et al., 2001).

Next, to facilitate the comparison between AD and NC, a tree-like
plot is also constructed for NC, as shown in Fig. 9. By comparing the
plots for AD and NC, we can observe the following two distinct
phenomena: First, in AD, between-lobe connections tend to be
weaker than within-lobe connections. This can be seen from Fig.
8 which shows a clear pattern that the lobes become disconnected
with each other before the regions within each lobe become
disconnected with each other, as A goes from small to large. This
pattern does not show in Fig. 9 for NC. Second, the same brain
regions in the left and right hemispheres are connected much
weaker in AD than in NC. This can be seen from Fig. 9 for NC, in
which the same brain regions in the left and right hemispheres are
still connected even at a very large . However, this pattern does not
show in Fig. 8 for AD.

Furthermore, a tree-like plot is also constructed for MCI (Fig. 10)
and compared with the plots for AD and NC. In terms of the two
phenomena discussed previously, MCI shows similar patterns to AD,
but these patterns are not as distinct from NC as AD. Specifically, in
terms of the first phenomenon, MCI also shows weaker between-
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Fig. 6. Box plots for comparing AD (yellow) vs. NC (green) in terms of the amount of intra-
and inter-lobe direct connections (i.e., black cells or arcs).
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Fig. 7. A tree-like plot showing the order of connections between the brain regions in
Fig. 2.

lobe connections than within-lobe connections, which is similar to
AD. However, this phenomenon is not as distinctive as AD. For
example, a few regions in the temporal lobe of MCI, including
“Temporal_Mid_R” and “Temporal_Sup_R”, appear to be more
strongly connected with the occipital lobe than with other regions
in the temporal lobe. In terms of the second phenomenon, MCI also
shows weaker between-hemisphere connections in the same brain
region than NC. However, this phenomenon is not as distinctive as
AD. For example, several left-right pairs of the same brain regions
are still connected even at a very large A, such as “Rectus_R”
and “Rectus_L”, “Frontal_Mid_Orb_R” and “Frontal_Mid_Orb _L”",
“Parietal_Sup_R” and “Parietal_Sup_L”, as well as “Precuneus_R” and
“Precuneus_L”. All above findings are consistent with the knowledge
that MCI may be considered as a transition stage between normal
aging and AD. Note that the tree-like plots in Figs. 8, 9 and 10 reveal
the “observed” differences between AD, MCI, and NC. This serves as
a starting point for comparing AD, MCI, and NC in terms of the
connection strength. A challenging task following this may be to
formulate an appropriate hypothesis testing to test the statistical
significance of the observed difference, which will be investigated in
future research.

Use of SICE for classification of AD and NC

The purpose of this experiment is to assess the classification
accuracy of the proposed method in Section 2.3. The experiment is
performed on the PET dataset of 49 AD and 67 NC subjects. Leave-one-
out cross-validation is applied. Specifically, we use each of the 116 (49
AD plus 67 NC) subjects as the “new” subject and the remaining
subjects as the training data. Then, we apply the proposed method in
Section 2.3 and obtain a “predicted” class (AD or NC) for the new
subject. In this manner, we can obtain predicted classes for all 116
subjects. The predicted classes are compared with the true classes and
classification accuracy is computed.

Results from the experiment are shown in Figs. 11 and 12. In
particular, Fig. 11 shows the classification accuracy (vertical axis) of
the 49 AD vs. A values (horizontal axis), based on all 42 regions (blue
curve), frontal regions only (red curve), and temporal regions only
(green curve). Note that the classification accuracy varies with
different \'s, because different A's lead to different estimates for the
inverse covariance matrices, ©,p and Oyc, which further affect
performance of the classification based on them. In practice, we can
choose a value for A that achieves the desired classification accuracy
for AD and NG, i.e., the desired sensitivity and specificity; and keep
this A for classifying future subjects.

Some observations can be made based on the results in Figs. 11 and
12. The best sensitivity and specificity the proposed method can
achieve are 88% and 88%, respectively. However, they are not achieved
at the same A, because gain in sensitivity is associated with loss in
specificity. Furthermore, performance of the classification based on all
42 regions is much better than that based on frontal or temporal
regions alone. This may be because both frontal and temporal
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Fig. 8. A tree-like plot for AD, showing the order of connections in terms of connection strength.

connectivity, as well as other connectivity patterns identified in the
previous section of the paper (e.g., left-right hemisphere connectiv-
ity), have some discriminating power. Thus, using all 42 regions in the
classification takes advantage of the combinatory effect of the
discriminating powers of these local connectivity patterns.

Discussion

In this paper, we proposed SICE for identifying functional brain
connectivity models from PET data. SICE was able to identify the
connectivity model structures, and with the aid of a quasi-measure we
developed, it can also identify the order of inter-region connections in
terms of the connection strength. We applied the proposed method to
the ADNI FDG-PET data of AD, MCI, and NC subjects. We compared
these three groups in terms of the amounts of connections within
lobes, between lobes, and between hemispheres, and in terms of the
strength of connections. Note that “strength” of connections is not the
same concept as “amount” of connections. For example, a lobe may
have a large amount of connections between the regions in that lobe,

but these regions may just be weakly connected to each other. Our
findings showed that:

Decrease in the amount of connections: Comparing AD with NC, we
found decrease in the amount of connections in the temporal lobe.
Within the temporal lobe, we found that hippocampus, in conjunction
with parahippocampus, is quite separated from other regions. These
findings support that the temporal lobe, especially the area around
hippocampus, is the first and most severely affected by AD and are
consistent with previous findings in the literature (Supekar et al.,
2008; Wang et al., 2007; Azari et al., 1992; Horwitz et al., 1987; Grady
et al.,, 2001). Also, we found decrease in the amount of connections
between the temporal and occipital lobes, and between the frontal
and parietal lobes.

Increase in the amount of connections: We found increase in the
amount of connections in the frontal lobe of AD brains. This may be
interpreted as a compensatory effect or cognitive resource allocation
(Gould et al., 2006; Stern, 2006; Becker et al., 1996; Woodard et al.,
1998; Saykin et al., 2004; Grady et al., 2003; Supekar, 2008). In the
literature, the compensatory effect has not only been found in early
AD patients but also during memory tasks in healthy old adults
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Fig. 9. A tree-like plot for NC, showing the order of connections in terms of connection strength.

compared with younger adults (Cabeza et al., 1997; Madden et al.,
1999), suggesting that this might be a general response of human
brains to functional loss resulting from various causes. Engagement of
the frontal network is commonly found in studies of sustained
attention (Fuster, 2000). Thus, significant increase in the amount of
connections in the frontal lobe may reflect a greater engagement of the
attentional resource to compensate for the decrease in the amount of
connections in other part of the brain. Furthermore, most previous
findings in the AD literature demonstrated the compensation effect
during task performance. Our findings suggested that even during
resting state, the increased recruitment of frontal resource still exists
and may reflect a more general adaptation to the deficits of AD.

In addition, we also found increase in the amount of connections
between the parietal and occipital lobes of AD brains. It is interesting
to note that although there is significant increase in the amount of
parietal-occipital connections, the amount of within-parietal and
within-occipital connections of AD is not significant different from NC.
This may indicate that the compensatory effect takes place between
the parietal and occipital lobes but not within these lobes.

Strength of connections: The brain regions that are weakest
connected to the rest of the brain in the brain network of AD include
“Cingulum_Post_R” and “Cingulum_Post_L” as well as regions all in
the temporal lobe, all of which have been found to be affected by AD
early and severely (Supekar et al., 2008; Wang et al., 2007; Azari et al.,
1992; Horwitz et al., 1987; Grady et al., 2001). Furthermore, between-
lobe connections tend to be much weaker than within-lobe
connectivity for AD, while this phenomenon is not significant for
NC. Also, the same brain regions in the left and right hemispheres are
connected much weaker in AD than in NC.

Findings about MCI: A unique perspective this paper provided is
that we also studied MCIL. While abundant literature exists in
studying the brain connectivity difference between AD and NC,
studies on MCI are limited. Our findings included that: MCI does not
show as much decrease in the amount of connections in the temporal
lobe as AD, nor does MCI show as much increase in the amount of
connections in the frontal lobe and between the parietal and occipital
lobes as AD. In addition, MCI does not seem to disrupt the strong
connections between the same regions of the left and right hemispheres,
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Fig. 10. A tree-like plot for MCI, showing the order of connections in terms of connection strength.
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as AD does. All these findings have supported the clinical observation that
that MCI is a transition stage between normal aging and AD. One
interesting finding about MCI is that it shows significant decrease in the
amount of connections between the frontal and occipital lobes, compared
with NC, while such decrease does not show for AD. This may suggest that
MCI does have some uniqueness, or heterogeneity, of its own, rather than
always being a clear pre-stage of AD.

On the other hand, our study on MCI does have limitations. First,
the 116 MCI subjects used for brain connectivity modeling is a
heterogeneous group. While they have all been diagnosed with MCI at
the baseline-time checkup, some of them may convert to AD, some to
NG, and others stay as MCI at later (e.g., 6th month or 12th month)
checkups. However, during the time when this paper was developed,
the diagnostic results of the 116 subjects at later checkups had not
been available. Therefore, although the sample size of the MCI group is
much larger than that of the AD and NC groups, the brain connectivity
models of MCI may still be unreliable due to the data heterogeneity. In
future work, we will split the current MCI group into MCI converters
and non-converters according to the diagnostic results at later
checkups, and build brain connectivity models for each subgroup.
This will lead to more reliable models.

Clinical relevance of this research: First, this work may be used in
clinical trials. Specifically, the modeling and analysis procedure on AD,
MCI, and NC groups proposed in this paper can be readily applied to
the groups given and not given a certain drug. Then, difference in the
connectivity patterns of the two groups can be used to assess the drug
efficacy. A significant advantage of applying this work to clinical trials
is that SICE is able to produce reliable brain connectivity models with
small sample sizes. This can help significantly lower the sample size
requirement in clinical trials, increase the statistical power of the
between-group comparison, and expedite drug efficacy assessment.
Second, this work may be used for functional brain connectivity
modeling based on fMRI data. The difference between PET and fMRI
modeling is that the “samples” in PET modeling are subjects, while in
fMRI modeling they are consecutive time points in the fMRI time
series. As a result, the connectivity models built from PET data are
models for each group (e.g., AD, MCI, or NC), while those from fMRI
data are models for each subject. Once subject-level brain connectivity
models are available, we can further identify connectivity-based
biomarkers for AD and MCI. Note that most existing imaging
biomarkers are based on individual brain regions, which may be
greatly complemented by connectivity-based markers which charac-

terize how the interactions between brain regions are affected by AD
or MCI pathology. Third, it is also possible to define connectivity-
based biomarkers based on the connectivity models built from PET
data. To achieve this, we proposed a method in Section 2.3 and
showed the experimental results using our data in Section 3.5.

Supplementary material and future work: Due the space limit, we
put some additional results in the Supplementary Material: (1)
Normality check of the data, in order to justify the multivariate
normality assumption in SICE. The results showed that the data can be
reasonably assumed to follow a multivariate normal distribution. (2)
A whole-brain 116-region connectivity modeling. The results con-
firmed the major findings from the 42-region modeling.

Several future research directions are pointed out here. First, SICE
provides a model for the linear interactions between brain regions,
because it is based on the covariance matrix of the data. An
interesting future direction is to explore the nonlinear interactions,
which may be achieved by first discretizing the measurement of each
brain region and then building a graphical model (e.g., a Bayesian
network) of the brain regions based on the discretized measure-
ments. Second, the current preprocessing procedure involves the use
of the default SPM5 registration. We will explore the use of improved
image registration algorithms in SPM5/8 (DARTEL).
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Appendix A. Proof of the monotone property of the SICE method

A sufficient and necessary condition of the monotone property is
as follow:

Theorem 1: Let {C}, .., C}' f and { C}?, ..., C}* } denote the clusters
of nodes in the SICE-based brain connectivity models, with A equal to
A1 and Ay (A1<Ay), respectively. Here, a “cluster” of nodes means
these nodes are all connected to one another either directly or
indirectly. Then, for any C"2 i€{1,2,..., L}, there must exist a Cj)‘1 JjE
(1,2, ..., L1}, such that C)‘2 cch.

Thls section proves the monotone property by proving that
Theorem 1 is true.

(1) can be equivalently written as
S = argmin logdet(3) + tr(SEil) + NI (A-1)

It is known from (Banerjee et al., 2008) that the solution, S, is
unique with a fixed positive A, and 3 must satisfy the equations in Eq.
(A-2):

Ou—=@u= —A\ for(E’l)kﬁ 0:
O =) =N fOF(E”)ka;
[(S) — ()l =N, f0r<2*1)k’ =0;

(A-2)

where (), denotes the element at the kth row, Ith column of a matrix.

When A = A;, denote the solution to Eq. (A-1) by $M. Furthermore,
we can rearrange the rows and columns of 3™, such that 3™ becomes
a block diagonal matrix and each sub-matrix along the main diagonal
of the rearranged 3™ correspond to a cluster of nodes in the SICE-
based graphical model. Denote the sub-matrices by 3\ j=1,.. L.
Recall that C)“ is the jth cluster of nodes in the graphlceal model As a
result, 3™ can be written as:

N0 0
1
) o 3N 0
sh = S’ (A-3)
v v 0 Y
SN
0 o0 ZCSI
1

A sufficient condition for Theorem 1 being true is that the solution
to Eq. (A-1) when A=A, denoted by 3", must share the same
structure as Eq. (A-3), i.e., 3 can be written as:

Egl 0o - 0
1
. 0 % ... o0
$h = <! (A-4)
v % 0 v
0o - 32&1
Iq

To prove this sufficient condition, our strategy will include two steps:
step one aims to find a matrix having the same structure as 3™ ; step two
aims to prove that this matrix is a solution to Eq. (A-2) with A =A,.

Step One:

The rows and columns of the sample covariance matrix, S, can be
rearranged in the same way as 3N ie.,

S
Cll
S
CZ]

Sa

Next, one optimization problem can be formulated corresponding
to one sub-matrix S ., j=1,..., Ly, i.e,
CJ
—1
A
(&)
]

—1
?Ei] = armin log det (Yéﬁl ) + tr(SCA1 (Yéﬁl) >+ A,
. ) . ;

] ]

)

1

(A-6)
Furthermore, the solutions to (A-6), i.e., ?éil,j: 1,..., L1, can be
put together and form a big matrix Y2, i.e,
A
Y5 0 0
0o Y2 .. 0
P = S ‘ (A-7)
0 0 ?Zﬁ]

It is obvious that ¥ has the same structure as 3™,

Step Two:

This step aims to prove that the Y in Eq. (A-7) satisfies Eq. (A-2)
with A =A\,. To prove this, we need to prove that (i) the elements
in YAi1 ,j=1,..., Ly, satisfy Eq. (A-2) and that (ii) the elements not in
Y)‘i ,Cfall of Wthh are equal to zero, also satlsfy Eq. (A-2).

( ) Suppose that (Y)‘Z)kl is an element in Y2 JE{1, ..., L1}; more
specifically, suppose that (Y>‘2) « is the element at the hth row,

sth column of YCM s

SN A,
e ) = (),
(7). = ()

(A-8)

ki

Because Y is the solution to the optimization in Eq. (A-6), it must
satisfy Eq. (A-9):

-1
S > —(YM) = — Ay, for((YM) ) >0;
(Cl)\] hs C;\ ! hs : C;‘ ! hs
-1
), -02), 7 o) ),
(CIM hs C;\l hs : C;‘l hs
-1
S —(Y" ) <Ny, for((Y)‘,2 ) ) =0;
‘( cj\l)hs ( C;\I hs 2 Cj\] hs

It is easy to know that (SC‘A,> is in fact the element at the kth
row, Ith column of S, i.e., 7/ hs

(5cr) =G

-1
and <<Yé§]> ) is the element at the kth row, Ith column of
hs

i

(A-10)

(A-11)

Inserting Eqs. (A-8), (A-10), and (A-11) into Eq. (A-9) results in Eq.
(A-2) with A=A,.

(ii) Suppose that (¥*2),, is an element not in (\?2%2 J=1,..
L, ie., (Y*),, = 0.Furthermore, it can be known that (\?)12) _])kl =0,
because Y is a block diagonal matrix. Since ((\?)‘2) _1)14 =0, to
prove that (Y»),, satisfies Eq. (A-2) with A=A, is to prove that
[(S)y — (\?AZ)”|<)\2 It can be derive that | (S),; —(Y*),,| = [(S)yl =
[(S)y —(YM)y|=\1, where the second equality holds because
(3)‘1)H = 0, and the “<” holds due to the last equation in Eq. (A-1)

with A=A\;. Also, it has been known that A;=A\,. Therefore,
| (S)kl — (YAZ)H |S)\]S}\2.
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Appendix B. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.neuroimage.2009.12.120.
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