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(TWSVC) algorithm. In this work, we propose an alternative algorithm based on projection
axes termed as least squares projection twin support vector clustering (LSPTSVC). The pro-
posed LSPTSVC finds projection axis for every cluster in a manner that minimizes the
within class scatter, and keeps the clusters of other classes far away. To solve the optimiza-

Iélei/ ::g;‘fg tion problem, the concave-convex procedure (CCCP) is utilized in the proposed method.
Projection twin support vector machine Moreover, the solution of proposed LSPTSVC involves a set of linear equations leading to
Unsupervised learning very less training time. To verify the performance of the proposed algorithm, several exper-
Alzheimer's disease iments are performed on synthetic and real world benchmark datasets. Experimental

results and statistical analysis show that the proposed LSPTSVC performs better than exist-
ing algorithms w.r.t. clustering accuracy as well as training time. Moreover, a comparison
of the proposed method with existing algorithms is presented on biometric and biomedical
applications. Better generalization performance is achieved by proposed LSPTSVC on clus-
tering of facial images, and Alzheimer’s disease data.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Twin support vector machine (TWSVM) [15] is one of the most efficient techniques for classification [35,25] and regres-
sion problems [24,42]. Applications of TWSVM range from protein localization [44] to classification of breast cancer [20], EEG
signals [31], and Alzheimer’s disease [32]. The formulation of TWSVM consists of two constrained optimization problems.
These kind of constrained optimization problems have been used in many applications such as non-linear systems with full
state constraints [26]. Here, a radial basis function neural network is used to approximate the non-linear function. Also, fuzzy
based adaptive control methods are proposed for non-linear systems with full state constraints [37,27]. In the recent times,
TWSVM has become a major area of research for classification problems [43]. In TWSVM, twin hyperplanes are constructed
for binary classification by solving a pair of quadratic programming problems (QPPs). Many novel models based on TWSVM
are proposed by researchers to improve its performance such as fuzzy based models [4,16,28], and with different loss
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functions [41]. Some SVM based models are also proposed to deal with tensor data [10]. However, least squares twin support
vector machine (LSTSVM) [17] is a significant improvement on TWSVM in terms of computation cost. LSTSVM solves a sys-
tem of linear equations rather than QPPs as in TWSVM. A robust energy-based least squares TWSVM (RELS-TSVM) has been
proposed by Tanveer et al. [39]. RELS-TSVM [39] incorporates the structural risk minimization principle, and solves a system
of linear equations. A recent comprehensive evaluation of 8 variants of TWSVM based classifiers [38] along with 179 clas-
sifiers is reported on 90 UCI benchmark datasets. For the 17 different families of datasets, RELS-TSVM emerged as the
top-ranked classifier. A novel approach based on projection axes rather than classifying hyperplanes is proposed as projec-
tion twin support vector machine [5], and extended for regression problems in [24,50]. To improve the computation cost,
Shao et al. [34] proposed an efficient least squares projection twin support vector machine (LSPTSVM). LSPTSVM has been
used for various classification problems [48,22]. However, all the above mentioned algorithms are supervised learning algo-
rithms, needing information about true labels in the training process.

For unsupervised learning i.e., where the labels of training data are unknown, algorithms like k-means clustering [14], and
fuzzy c-means (FCM) 2] clustering are proposed in the past. In FCM, clustering is performed based on distance from cluster
centres with fuzzy membership value for each cluster. However, plane based clustering algorithms are also proposed, such as
the k-plane clustering (kPC) algorithm [3]. In kPC, a plane is constructed for each cluster by solving an eigenvalue problem.
Some other plane based clustering algorithms are proposed in [33,28]. In 2015, Wang et al. [45] proposed an unsupervised
algorithm termed as twin support vector clustering (TWSVC), improving the proximal plane clustering algorithm [33]. To
include regularization in TWSVC, a twin bounded support vector clustering (TBSVC) is proposed [1], leading to improved
generalization performance. In order to reduce the computation cost of TWSVC, least squares twin support vector clustering
(LSTWSVC) is formulated in [16]. In LSTWSVC, a set of linear equations is solved instead of QPPs. A fuzzy least squares twin
support vector clustering (FLSTWSVC) [16] is also proposed by including fuzzy membership values for the data points.

In contrast to plane based techniques, projection based algorithms minimize the variance of projected data [50] from cen-
tre points of the different classes. Motivated by the work on LSPTSVM, we propose a novel projection based clustering algo-
rithm termed as least squares projection twin support vector clustering (LSPTSVC). The idea of LSPTSVC is to minimize the
scatter of the cluster from its centre, while keeping rest of the data points far away on both sides of the cluster as shown in
Fig. 1. Moreover, the solution of LSPTSVC is obtained by solving a set of linear equations, leading to lesser computation time.
To solve the optimization problem of LSPTSVC, we use the concave-convex procedure (CCCP) [49]. There is no need of any
optimization toolbox for the solution of proposed LSPTSVC. For computational efficiency, we use only one projection axis
[48] for each cluster in LSPTSVC. The main contributions of this work are as follows:

¢ A novel projection based clustering algorithm is proposed as an alternative to plane based clustering algorithms.

o In contrast to plane based clustering algorithms like TWSVM and LSTWSVM, proposed LSPTSVC constructs a set of pro-
jection axes for the clusters.

e Formulation of the proposed LSPTSVC is presented for linear and non-linear transformation of data.

e Theoretical analysis is presented on the initialization and convergence of LSPTSVC.

e Performance comparison of the proposed LSPTSVC is presented on synthetic and real world benchmark datasets.

o Computational efficiency of the proposed LSPTSVC is demonstrated on large scale datasets.

e To justify the applicability of the proposed algorithm on real world applications, proposed LSPTSVC is applied on biomet-
ric and biomedical datasets. LSPTSVC is tested on image data for clustering of faces, and facial expressions. Moreover,
LSPTSVC is applied for clustering of MRI (magnetic resonance imaging) data of Alzheimer’s disease.
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Fig. 1. Clustering by proposed LSPTSVC.
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The rest of the paper is organized as follows: Section 2 gives a brief overview of the related work, while Section 3 presents
the formulation and analysis of the proposed LSPTSVC. The experimental results are shown in Section 4. Lastly, Section 5
gives the conclusions of the paper with future directions.

The mathematical notations used in this work are as follows: All vectors are assumed as column vectors. X; is a matrix

containing data points belonging to cluster ‘i’ of size m; x n and, X; is a matrix containing rest of the data points of size
m; x n. Total number of data points are represented by m = Zf’z]mi, where N is total number of clusters. The 2-norm of a
vector x and matrix X is represented by ||x|| and ||X|| respectively.

2. Related work

In this section, we briefly discuss the formulation of a classification algorithm i.e., LSPTSVM [34], and a clustering algo-
rithm i.e., TWSVC [45].

2.1. Least squares projection twin support vector machine (LSPTSVM)

Linear LSPTSVM [34] generates two non-parallel hyperplanes based on the following optimization problems:

min W51W1+225 + wi |

q=

m (1)
s.t. wix{ —melZ +¢&=1, ¢=0,1,...,m,

p:

my 2
min fwiSawa +4_(1,) +% Iwal

=1

’ 2)

s.t. <W£Xp WZmZqu >+17p_]7 p:0717---1m17

2

where ¢;,i = 1,...,4 are positive parameters, and i, are slack variables. The matrices S; and S, are written as
S (1) 1 (1) (1)
51 :Z % _m_lzxp Xy = (3)
p=1 p=1

B ORI WA W BESR I W) '
Sz:z Xg _m_zzxq Xq _m_zzxq : (4)

q=1 q=1 q=1
Now, QPP (1) can be written using matrices of data points in the objective function [34],
L= 1W S]W] +Cl || 7X2W1 + EZETX]W1 =+ ezH

+S [wi?,

where ey, e, are vectors of ones of appropriate dimensions.
Setting the gradient of Eq. (5) w.r.t. w; equal to 0 and solving, we get
-1

wy = <a ( X3+ ezeTxl) < X2+ ezeTX1)+§—?I>
(Xz —milezefxl)rez,

where [ is identity matrix of appropriate dimension.
Similarly, w, is calculated as
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T -1
Wy = *(‘%%’ (X] 7"%261672-)(2) <X1 *mizeleEXZ) +%1)

(7)
X 1 T T
( 1 7mf2€1€2X2) €.
For a testing sample x;, the class is determined as follows,
1 Q0
— i Ty _ wl i
class (x;) = arg?jllgl Wi X — W, m ;xk . (8)
2.2. Twin support vector clustering (TWSVC)
TWSVC [45] generates twin non-parallel clustering hyperplanes by solving the following optimization problem.
min  LIXwt £ B e)? 4 creTd !
W].H , bi_—l . LfJi+1
s.t. T(p’(,w{i+1 + b{?*‘e\) >e-dm gl >0, ©
i=0,1,...,N,
where ¢; > 0 is the penalty parameter, T(.) is the Taylor series expansion, and éﬁ” is the slack variable, j =0,1,...,and e is
vector of ones of appropriate dimension.
By using the subgradient [6] of |Xivv{ + bfe\ W.I.t. M and b§ and the Taylor series expansion [45,16], we get
min X b e e
Mf;+1,b§71.§:+1 (10)
s.t. diag(sign (Xiwﬁf + bfe)) (Xiwﬁ*l + bf“e) >e-dl dl>o.
The dual problem of QPP (9) is written as
-1
min 1B <ATA) B').—e") (1)
sit. 0< A< e,
where B = diag (sign (X,vv{ + b{e)) [Xi e].A=[X; €], and / is the vector of Lagrange multipliers.
The hyperplane for each cluster is found using the following equation,
. . T -1
[M“ b’,,“} - (ATA) B4, i=0,1,...,N. (12)

3. Proposed algorithm

In this section, we present the formulations of proposed least squares projection twin support vector clustering (LSPTSVC)
for linear and non-linear case. We further discuss the initialization and convergence of LSPTSVC.

The idea of proposed scheme is illustrated in Fig. 1, where a projection axis is generated to cluster the data points. Pro-
posed LSPTSVC minimizes the scatter of a cluster, while keeping the data points of other clusters far away. We also include
the regularization term in the objective function to control the structural risk of the model [7]. The regularization term also
helps in avoiding the ill-conditioning of the matrices for calculating the inverse [1].

3.1. Linear LSPTSVC

The optimization problem of linear LSPTSVC is described as
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(
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where ¢y, c; > 0 are parameters, W{“ represents the weight vector of (j + 1)”’ iteration, j = 0,1,..., and the slack variable is
represented by 4‘1;1 The data points of a cluster, and rest of the clusters are represented by x},” and ?f;” respectively. Here, N is
the number of clusters, and m; = (m — m;).

The QPP (13) is formulated by setting an objective function that minimizes intra class variance, while maximizing the
inter class distance using the constraints. To solve this optimization problem, we use the concave-convex (CCCP) procedure
[49]. Thus, the objective function of QPP (13) can be rewritten as

CNT Mo \2 ;
m}p 1 (W;H) SiWIiH +9 (agl) +9 ”MH HZ
w; q=1 (14)

S.t. T(‘X,M};+1 éiei X,'VVéJr]

)+ =e

_ 1
m;

where T(.) is the first order Taylor series expansion, e; and e; represent the vector of ones of size p and q respectively. The
matrix S; is written as

UL ) T
Si= X0 —s) (x0) —s) (15)

(s -5) )

m; .
where s; =1L 3 xg‘) is the centre point of each cluster. Eq. (15) can be rewritten as
o
T

Si = (X, — e,'S,T) (X, — e,‘SlT). (16)

The QPP (14) can be rewritten by substituting the constraints in the objective function as
. T . _ . .
L= (W) sl =Tl el ) el

j+1,2
+ Wi

(17)

Now, the value of the Taylor series expansion is written by using the subgradient [6] of Xivv{ - miiéieiTXiM W.IL.L. M [16] as

T(’X1M+1 — le éieiTX,'VV;:Jrl

> = diag (sign (Xivv{ - mliéiefxivv{f))

- B ) (18)
(X,’V\/P] — miieieiTXivv{.Jr]) .
Substituting the value of T(.) in Eq. (17), we get
. T . .
L= (W) sy + I+ 9
9 - diag(sign ()_(iw{f - mliéieiTXiwD) ()_(iMfﬁf*l - mliéieiTX,»wﬁ“> +e
Solving the gradient of Eq. (19) w.r.t. W{f” and equating to 0, we get
Wi+ ewl + a6l (Gl —e) =0,

(20)

where G; = diag (sign ()_(imzf - n%_é,‘f?XjVV{) ()_(i - mlié,»eiTX,).
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Solving Eq. (20) for w/*!, we get
-1
wit! = (G{G,» LS 91,-) GTe.. 1)
C1

For a testing sample x;, the label y is determined by the following formula,

. 1
_ Ty _ e
y(x) = argi:l}}lvpﬂ Wi X; ie, X,W,'. (22)

For the initialization of the labels, nearest neighbour graph (NNG) [45] algorithm is used in LSPTSVC. The algorithm for linear
LSPTSVC is shown in Alg.1.

Algorithm1 Linear LSPTSVC

1: Inputs :
1.1 Unlabelled data X € R".
2: Initialization :
2.1 Label assignment: Yy < NNG(X).
2.2 Initialize weight vector W? for each clusteri =0,1,...,N:
w? = Eigenvector(S;), for smallest eigenvalue of S;.
3: CCCP process :

3.1 For each cluster i, calculate vv{*] for j = 0 using the initial weight vector w?.
311wt = LSPTSVC(X,M) using Eq. (21).

3.1.2if (Hw{:H - wﬂ\ > tolerance)
j=j+1
go to step 3.1.1
3.1.3 else
go to step 4
4: Assign cluster labels :
4.1 Assign new labels to the data points for each cluster i.
4.1.1 Yy1 = Decision_function(X, w;) using Eq. (22), initially with k = 0.
41.214f (||Yie — Yy #0)
k=k+1
go to step 3
4.1.3 else
go to step 5
5: Output :
Return data labels Y, and projection vectors w;,i =0,1,...,N.

3.2. Non-linear LSPTSVC

The optimization problem of non-linear LSPTSVC is described as

m;
in 1 Wi+1 TZ_Wj+1 (=1 éHl 2 [ Wi+1 2
1’3!?2 i iW; +2 iq +2Hi H
i q=1

_ . . . (23)
st T(‘K(X,—,MT)W{.” - m%émfl((XhMT)vvﬁ“ ) +d =,
q=0,1,....m;, i=0,1,....N,
where ¢, ¢, > 0 are parameters, j = 0,1, ..., and é{gl represents the slack variable, T(.) is the first order Taylor series expan-

sion, K(.,MT) is the kernel function [48], and M = [X1,X>, ..., Xx]. The matrix Z; is written as
m; . . T
Zi - I; (K(x).M") = z) (K(x).M") ), (24)

m; A
where z; =1L 3 K(xp“%MT). Now, Eq. (24) can be rewritten as
=
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T
Zi= (K(xuM") —ezl) (K(Xi,M") — eiz]). (25)
Now, QPP (23) can be written by using the constraints in the objective function as
. T . _ . .
L=3(wi) zwi !+ ) - T([K (X0 MD)Wt = LK (X, M )wi?
+S w2,

=02
) + el (26)

Substituting the value of T(.) in (26) for the CCCP procedure, we get
L= () Zl "+ P
99 - diag(sign (K (X,», MT)w{ — LeelK (x,», MT)W;I)) (27)
(K(xi.M")w]"" — Leelk (X, MT)wi™ )+
Now, solving the gradient of (27) w.r.t. w{” and equating to 0, we get
Z,-Wﬂ:“ ‘*‘%W;H +qU” (UMH _ éi) -0,
where U; = diag (sign (K (Xi, MT>M —LlgelK (X,-, MT)W{)) (28)
(K(X,-,MT> — LeelK (x,-, MT>>,

Solving Eq. (28) for wj™', we get
; Zi o\
wil = (u{u,— +—'+—21i> Ue. (29)
G G
The above equation involves matrix inversion of order m x m. This leads to high computation time for datasets having very
large m as compared to number of features. In order to reduce the computation cost of calculating the inverse, we use the

Sherman-Morrison-Woodbury (SMW) formula [11]. We can write Eq. (29) as

DID;

W = (U,—TUi +C£1i it
Cq C1

-1
) Ue;, (30)
where D = (K(Xh MT> - e,-z,.T). Now, using the SMW formula in (30), we obtain the following expression
. -1
Wit = (A;1 —AUT (1,— + UA, UZ) U,—Aﬂ) Ule;, (31)

-1 .
where A{] = 5—; <Ii — Dl-T (Czl,' + DiDiT> D,-). For calculating Wj-“. instead of computing inverse of size (m x m), we need to

compute one inverse of size (m; x m;), and other of size (m —m;) x (m-m;),Vi=1,2,...,N.
For a testing sample x;, the label y is determined as follows,
. 1
_ T T\ _ _° T M w:
y(x) = arg min WK (xt, M ) ek (x,,M )w, ' (32)

The algorithm for non-linear LSPTSVC is shown in Alg. 2.

Algorithm2 Non-linear LSPTSVC

1: Inputs :

1.1 Unlabelled data X € R™.

1.2 Kernel matrix K obtained using kernel function.
2: Initialization :

2.1 Label assignment: Yy «— NNG(K).

(continued on next page)



8 B. Richhariya, M. Tanveer/Information Sciences 533 (2020) 1-23

* (continued)

Algorithm2 Non-linear LSPTSVC

2.2 Initialize weight vector w{ for each cluster i =0,1,...,N:
w? = Eigenvector(Z;), for smallest eigenvalue of Z;.
3: CCCP process :
3.1 For each cluster i, calculate W{:“ for j = 0 using the initial weight vector w?.

311w = LSPTSVC(K, w;i) using Eq. (31).

3.1.2 if ()W) — w|| > tolerance)
j=j+1
go to step 3.1.1
3.1.3 else
go to step 4
4: Assign cluster labels :
4.1 Assign new labels to the data points for each cluster i.
4.1.1 Yy, = Decision_function(K,w;) using Eq. (32), initially with k = 0.
412 0f (||Yeq — Yil #0)
k=k+1
go to step 3
4.1.3 else
go to step 5
5: Output :
Return data labels Y, and projection vectors w;,i =0,1,...,N.

m
Lemma 3.1. Let X € R™" S € R™" m > n. Then, S = (X — es)” (X — es) is a positive semidefinite matrix, where s = L5 xI
p=1

Proof: Let T = (X — es). Then, S = T'T is a symmetric matrix.
Now, for any w € R",

wiSw = wIT Tw

33
= w'Sw = ||Tw]|?* > 0. (33)
Therefore, S is positive semidefinite.
Theorem 3.1. Let X € R”" m > n, and S = (X — es) (X — es). Then, the global minimum of:
min w'Sw
v (34)
st. ww=1,

is obtained for any eigenvector w of S with minimum eigenvalue. The minimum value of (34) is positive iff S is positive definite or
equivalently iff rank(X — es) = n.
Proof: Firstly, we write the Lagrangian of Eq. (34),

L=w'Sw—i(w'w —1). (35)

Now, we use the Karush-Kuhn-Tucker (K.K.T.) optimality conditions,

%:Swfxw:o, (36)

oL _

a_Ww—l_O. (37)
From (36) and (37), we get

J=wl'Sw. (38)

Putting the value of 1 in (36), we get
Sw = (W'Sw)w, (39)
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which is equivalent to
Sw = kw, (40)

where k = wSw, which is to be minimized in Eq. (34). Hence, the smallest eigenvalue of S gives the eigenvector w to achieve
global minimum of (34) [3].
Remark 1. If S € R™" is positive definite, then S is non-singular.

Theorem 3.2. Let X € RP*",G € RT"", S = (X —es)" (X —es) € R™", and I € R™" is the identity matrix. Then, the matrix
(GTG + % + %I) is invertible V¢, ¢, > 0.

Proof: Here, G'G and S are positive semidefinite matrices from Lemma 3.1, and g—fl,- is positive definite for c;,c; > 0. Also,
for any vector w € R", w # 0, the sum of a positive semidefinite and positive definite matrix is always positive definite as
shown below:

Let A and B be a positive definite and positive semidefinite matrix respectively. Then, for any vector w € R",w # 0,

wlAw > 0, (41)

wBw > 0, (42)
Adding (41) & (42), we get

(W'Aw + w'Bw) > 0, (43)

wl(A+Bw > 0. (44)

Therefore, the square matrix (GTG + % + %I) is always non-singular (Remark 1), and thus invertible.

3.3. Convergence

Proposed LSPTSVC described in Alg. 1 and 2 converges in a finite number of steps. This is because CCCP method always
finds a local minimum, and thus converges as discussed in [49]. Moreover, in the cluster assignment process, every data
point is assigned to closest hyperplane [3]. So, the overall objective function cannot increase. Thus, the algorithm converges
based on any of the following terminating conditions:

(i) Same labels assigned to data points in two consecutive iterations.
(ii) Non-decrease in the overall objective function.

3.4. Time complexity

In comparison to TWSVC which solves large sized QPPs to solve the clustering problem, proposed LSPTSVC only needs to
solve sets of linear equations. The time complexity of solving the QPP in linear TWSVC is O(N(ﬁ-f) for m = m; + m; samples,

N classes and m; constraints, i = 1,2,...,N. The complexity of calculating the matrix inverse is about O(Nn3) [1]. So, the
complexity of TWSVC becomes O(N(m7 + n®)). In case of non-linear TWSVC, the complexity for QPP is O(Nm?), where m;
is the number of constraints, and for inverse is about O(Nm3>. Therefore, the complexity becomes O(N(? + m?)). The time

complexity of TBSVC is same as TWSVC.
The solution of linear LSPTSVC requires the inversion of N matrices of size n x n. Thus, the time complexity of solving the

inverses in Eq. (21) is O(Nn3>. In the non-linear case, N matrix inverses of size m;, and m; need to be calculated. Therefore, the

time complexity is O(N(m? + m?),i = 1,2,...,N. The time complexity of LSPTSVC is lower than TWSVC which leads to lesser
training time. LSTWSVC has similar time complexity as LSPTSVC, except the fact that it needs to calculate the bias. Conse-
quently, the number of linear equations in LSPTSVC is less than LSTWSVC by one equation.

Moreover, in the initialization process, proposed LSPTSVC only needs to find w. On the other hand, the bias b is also cal-
culated in case of existing plane based clustering algorithms.

3.5. Proposed LSPTSVC vs LSPTSVM

The LSPTSVM [34] is a supervised learning algorithm that performs classification of data points by constructing projection
axes for each class. The decision function shown in Eq. (8) is constructed in a manner to keep the projected data well sep-
arated. However, LSPTSVM minimizes the within class variance of one class, and keeps the scatter of the other class far away
on one side of the axis. This is shown by the constraints of QPP (1).
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We extended the projection axes based approach for unsupervised learning. Proposed LSPTSVC performs clustering by
minimizing the within cluster variance, and keeping the scatter of the other clusters far away on both sides of the axes
as shown in Fig. 1. This is a result of the constraints of QPP (13). Moreover, LSPTSVM solves the optimization problem by
system of linear equations, whereas proposed LSPTSVC solves linear equations in multiple iterations of the CCCP procedure
to obtain the projection axes.

In contrast to LSPTSVM, proposed LSPTSVC involves an initialization procedure for the weights. Since, the scatter matrix S
involved in the projection based algorithms is positive semidefinite, we presented the initialization procedure based on
eigenvalue of S. In terms of time complexity, LSPTSVC requires more computation time than LSPTSVM, since it involves
the CCCP iterative procedure, and mostly deals with multiclass clustering of data. However, proposed LSPTSVC is computa-
tionally more efficient than LSTWSVC. This is analogous to the lesser computation cost of LSPTSVM in comparison to LSTSVM
[34].

4. Experimental results

In this section, performance of the proposed LSPTSVC is compared with existing techniques on the basis of clustering
accuracy and training time. The algorithms used for comparison are FCM [2], kPC [3], TWSVC [45], TBSVC [1], LSTWSVC
[16], and FLSTWSVC [16]. Among these, FCM is a distance based technique using fuzzy memberships, while rest are plane
based algorithms. We use 13 synthetic and 10 real world benchmark datasets to assess the performance of the proposed
model with linear and non-linear kernels. Moreover, the performance of LSPTSVC is compared with existing algorithms
on 12 large scale datasets. Performance comparison on real world applications are also presented viz. clustering of faces,
facial expressions, and Alzheimer’s disease data.

4.1. Data

The synthetic benchmark datasets are downloaded from the website ( https://github.com/deric/clustering-benchmark),
while the real world and large scale datasets are taken from UCI repository [9]. For applications, facial images are down-
loaded from AT&T database (https://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html) of AT&T Laboratories
Cambridge, and facial expression data is taken from JAFFE database [21].

All MRI images used in this work were obtained from the Alzheimer’s Disease Neuroimaging Initiative (ADNI) database
(adni.loni.usc.edu). ADNI was launched in 2003 as a public-private partnership, led by Principal Investigator Michael W.
Weiner, MD. The main goal of ADNI is to find out the effectiveness of neuroimaging techniques like MRI, positron emission
tomography (PET), other biological markers, and clinical neuropsychological tests to estimate the onset of Alzheimer’s dis-
ease from the state of mild cognitive impairment. For more information, visit www.adni-info.org.

4.2. Experimental setup

All the computations are carried out on a PC running on 64 bit Windows 10 operating system, 3.60 GHz Intel® core™ i7-
7700 processor, 16 GB of RAM under MATLAB R2008b environment. MOSEK optimization toolbox (http://www.mosek.com)
is used to solve the QPPs in case of TWSVC and TBSVC. The parameter selection is performed using 5-fold cross-validation for
all the methods. For non-linear case, Gaussian kernel is used in all the methods, defined as

K(x.y) = exp (% I *J/||2>7 (45)

where x and y are vectors and u is a parameter.

In Tables 1 and 2, 50% of total data samples are used for training and rest for testing. The value of the parameters c, c; are
selected from the set {10’5, 1074,..., 105}, while u is chosen from the set {2’5, 274 ,25} for all the cases. The tolerance
value for the CCCP process is set as 0.001 in all the algorithms. In FCM, the weighting exponent i.e., m is selected from the set
{1.25,1.5,1.75,2} [2]. In case of large datasets, the value of c;,c, is fixed as 1 [34], and p is set as 2° for all the algorithms.
The clustering accuracy for I data samples with y labels is measured using the following similarity matrix L € R"™! [45],

.. 1 ify,=y;
L i — ’ 1 J
(i.J) { 0, otherwise.
Now, let L, is similarity matrix of predicted cluster labels, and L, is the similarity matrix of actual labels. Then, the accuracy is
defined as the rand index [45],

ng+ny —1

Accuracy = z x 100%, (46)

where 1y is the number of zeros in L, and L,, and n; is the number of ones in L, and L.


https://github.com/deric/clustering-benchmark
https://www.cl.cam.ac.uk/research/dtg/attarchive/facedatabase.html
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Performance comparison on clustering accuracy (%), number of mis-clustered data points (# Miss), and training time of the proposed LSPTSVC with existing

algorithms using linear kernel. The Win-Tie-Loss calculation is based on accuracy, and ‘s’ represents time in seconds.

Dataset FCM kPC TWSVC TBSVC LSTWSVC FLSTWSVC Proposed
(Size, clusters) 2] [3] [45] [1] [16] [16] LSPTSVC
Accuracy Accuracy Accuracy Accuracy Accuracy Accuracy Accuracy
# Miss # Miss # Miss # Miss # Miss # Miss # Miss
- - (c1) (€1,¢2) (c1,€2) (c1,62) (c1,¢2)
Time (s) Time (s) Time (s) Time (s) Time (s) Time (s) Time (s)
Synthetic
3MC 51.37 66.3 68.96 90.1 90.1 89.29 96.02
(400 x 2, 3) 89 89 80 18 18 16 6
- - (109 (107>, 10%) (107>, 10%) (10', 10") (10% 10°)
0.0151 0.00008 0.0191 0.0162 0.00015 0.0037 0.00009
Aggregation 77.64 79.36 79.97 78.86 80.82 89.62 83.55
(788 x 2,7) 152 189 183 178 187 95 149
- - (1071 (10, 10% (103,107 (1071, 107 (10, 10%)
0.1394 0.00015 0.2811 0.2869 0.00324 0.0418 0.00185
Compound 78.41 73.56 79.88 80.14 79.88 79.76 86.61
(399 x 2, 6) 72 97 81 84 92 80 51
- - (109 (1071, 107%) (1073,107%) (1072,107?) (107>, 10%)
0.0718 0.0001 0.055 0.054 0.00039 0.0077 0.00026
R15 92.17 914 96.18 93.49 95.58 97.71 97.07
(600 x 2, 15) 126 133 64 102 75 36 48
- - (1072) (1071,1073) (1073,107°) (10° 107°) (10°, 10%)
0.0243 0.00019 0.3949 0.4091 0.00238 0.0486 0.00123
Zelnik5 68.73 78.73 78.43 95.08 85.99 82.75 914
(512 x 2, 4) 112 96 99 15 58 72 26
- - (10%) (10,1071 (107>, 1072) (1073, 107°) (10%,107°)
0.0163 0.00011 0.055 0.0472 0.00044 0.0107 0.00022
2d-4c-no9 85.77 77.66 97.49 96.85 97.01 96.37 98.59
(876 x 2, 4) 114 130 14 18 17 22 8
- - (1072) (1071, 10") (1071, 10") (10° 107°) (1073, 10%)
0.0931 0.00014 0.1426 0.1436 0.00169 0.0244 0.00084
Longsquare 81.67 83.46 84.27 86.47 85.78 90.15 90.93
(900 x 2, 6) 179 159 127 128 130 101 94
- - (107°) (10°,1071") (1074, 1071 (1072, 1074 (102, 10%)
0.0114 0.00016 0.228 0.2248 0.00408 0.0537 0.00259
Hepta 77.05 87.57 99.03 99.03 98.49 94.9 100
(212 x 3,7) 43 38 2 2 3 11 0
- - (1073) (1073,107%) (1073,107%) (1071,1072) (1073, 10%
0.006 0.00011 0.0268 0.0268 0.00016 0.0031 0.00015
Zelnik3 74.87 81.6 80.25 80.25 80.25 75.1 83.96
(266 x 2, 3) 31 20 22 22 22 30 17
- - (1073) (107°,1072) (1072,1072) (107°,107°) (10%,107°)
0.0054 0.00007 0.0113 0.0109 0.00009 0.0018 0.00006
Pathbased 61.71 70.36 71.22 71.44 70.7 71.44 71.35
(300 x 2, 3) 74 48 45 45 47 45 45
- - (1071 (102,107 (1072, 1071 (107>, 107°) (10, 10%)
0.0156 0.00007 0.0135 0.0131 0.00011 0.0023 0.00008
Zelnik1 56.47 58.72 56.05 59.59 56.05 49.58 59.65
(399 x 2, 3) 70 71 71 72 70 74 69
- - (1071 (102,109 (1072, 1073) (10° 1071 (10%,107°)
0.022 0.00009 0.0136 0.0144 0.00011 0.0031 0.00008
Ds2c2sc13 87.44 90.46 93.08 93.01 93.17 93.06 93.45
(588 x 2, 13) 115 103 69 70 72 79 81
- - (1073) (1073,107°) (1073, 1079) (1071, 107?) (10, 10")
0.4318 0.00035 0.3133 0.3154 0.0021 0.0437 0.00128
2d-4c-no4 87.68 62.52 67.13 85.22 85.22 62.96 93.38
(863 x 2, 4) 66 205 131 70 70 205 24
- - (10%) (10, 10%) (107>, 10°) (10%,1073) (10", 10%)
0.0048 0.0003 0.1697 0.0754 0.00261 0.0275 0.00148
Real world
Ecoli 71.02 37.79 63.47 63.44 61.98 56.19 68.25
(336 x 7,8) 71 81 81 82 80 81 84
- - (10%) (103, 10%) (10',107°) (10%,10°%) (10, 10")
0.0144 0.00034 0.1092 0.0563 0.00033 0.0083 0.00035
Zoo 54.53 72.73 82.04 89.8 88.98 90.12 88.41
(101 x 16, 7) 24 15 14 11 11 11 12
- - (1073) (1071, 10% (1073, 10°) (1071, 10") (10%,107°)
0.0181 0.0023 0.0309 0.0217 0.00026 0.0057 0.00022

(continued on next page)
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Table 1 (continued)

Dataset FCM kPC TWSVC TBSVC LSTWSVC FLSTWSVC Proposed
(Size, clusters) 2] [3] [45] [1] [16] [16] LSPTSVC
Accuracy Accuracy Accuracy Accuracy Accuracy Accuracy Accuracy
# Miss # Miss # Miss # Miss # Miss # Miss # Miss
- - (c1) (c1,¢2) (c1,¢2) (c1,¢2) (c1,¢2)
Time (s) Time (s) Time (s) Time (s) Time (s) Time (s) Time (s)
Wine 34.22 56.03 73.88 71.71 75.74 79.01 74.06
(178 x 13, 3) 43 43 25 26 21 17 23
- - (107?) (107>, 10%) (103,107 (10',1073) (1071, 10°%)
0.0048 0.00016 0.0087 0.009 0.00011 0.0026 0.00009
Iris 32.68 62.7 91.53 93.08 94.7 94.7 94.7
(150 x 4, 3) 37 29 5 4 3 3 3
- - (107°) (1071, 10%) (1071, 10") (107>, 10%) (107>, 10%)
0.0059 0.00007 0.0083 0.0083 0.00007 0.0009 0.00006
Seeds 32.77 76.58 75.66 75.99 75.44 75.66 74.56
(210 x 7, 3) 52 33 33 34 35 33 27
- - (1072) (107°,107?) (107>, 1072) (1071, 1074 (10%,10%)
0.0072 0.00015 0.0116 0.0103 0.00008 0.0022 0.00008
Teachingeval 33.98 42.85 48.32 52.65 51.32 49.05 56.25
(151 x 5, 3) 36 37 37 37 37 37 36
- - (10%) (1071, 10%) (1072, 10?%) (107>, 10") (10',1071)
0.0047 0.00009 0.0093 0.0083 0.0001 0.0011 0.00006
Tae 32.68 45.15 52.61 52.61 49.48 32.68 56.61
(150 x 5, 3) 37 36 37 37 35 37 36
- - (10%) (10%,107°) (10', 10%) (107>, 107°) (10% 10%)
0.0088 0.0001 0.0094 0.0098 0.00011 0.0012 0.00006
Hayes-roth 62.75 57.67 55.99 55.34 53.38 52.73 53.94
(132 x 4, 3) 27 31 32 33 32 28 32
- - (10" (10° 107%) (1072,107?) (10° 107°) (10% 10%)
0.0098 0.00007 0.0077 0.0077 0.00008 0.0008 0.00005
Shuttle 63.25 51.55 62.85 87.77 78.54 82.12 78.54
(1486 x 9, 5) 167 359 251 54 124 104 112
- - (107 (1072,10%) (10°, 10%) (102, 10%) (10°, 10%)
0.3162 0.00235 1.1994 1.4062 0.00828 0.1927 0.00783
Libras 70.99 64.14 66.16 83.27 86.72 87.65 87.81
(360 x 90, 15) 89 88 89 88 87 85 88
- - (107%) (107,107 (10',10°%) (1074,1073) (10% 107%)
0.4334 0.0491 0.1845 0.1641 0.00584 0.0261 0.00503
Average rank 5.8043 5.4783 4.1522 3.1522 3.6304 3.7609 2.0217
(Accuracy)
Average rank 5.1304 5.3696 41957 3.9783 3.6304 3.3261 2.3696
(# Miss)
Win-Tie-Loss 21-0-2 21-0-2 21-0-2 17-0-6 18-2-3 15-1-7

For application on Alzheimer’s data, Freesurfer’s recon-all pipeline (version 6.0.1) [29] is used for processing the MRI
images. The volumetric features of the brain are normalized by the respective total intracranial volume (TIV) of the subjects
[47,36].

In all the existing algorithms except FCM, the initialization of weights is performed using kPC algorithm, while LSPTSVC is
initialized using Theorem 3.1. For initialization of cluster labels, the well known nearest neighbour graph (NNG) technique
[45] is used for all the algorithms except FLSTWSVC which uses fuzzy NNG [16]. However, in case of large datasets, a set of
randomly generated cluster labels are used for initialization of all the algorithms.

4.3. Results on benchmark datasets

The comparison of the proposed LSPTSVC with existing methods viz. FCM, kPC, TWSVC, TBSVC, LSTWSVC, and FLSTWSVC
is shown in Table 1 for linear case. One can observe that proposed LSPTSVC is showing better performance w.r.t. clustering
accuracy in comparison to existing algorithms. This is also justified by the lowest average rank of LSPTSVC i.e., 2.0217 for all
the datasets. Moreover, the training time of LSPTSVC is lesser than TWSVC and TBSVC. This is due to the fact that the pro-
posed LSPTSVC solves a set of linear equations to obtain the projection axis. In contrast, TWSVC and TBSVC solve computa-
tionally expensive QPPs. In comparison to LSTWSVC, LSPTSVC is slightly faster in most datasets since it only needs to
calculate the weight vector w and not the bias b. For FLSTWSVC, the training time is higher than proposed LSPTSVC due
to the overhead of calculation of fuzzy membership. The comparison of computation time of kPC and FCM with proposed
LSPTSVC is not justified, since they are not twin SVM based algorithms. However, we have shown the training time of all
the algorithms in the tables.
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Performance comparison on clustering accuracy (%), number of mis-clustered data points (# Miss), and training time of the proposed LSPTSVC with existing
algorithms using Gaussian kernel. The Win-Tie-Loss calculation is based on accuracy, and ‘s’ represents time in seconds.

Dataset FCM kPC TWSVC TBSVC LSTWSVC FLSTWSVC Proposed
(Size, clusters) [2] [3] [45] [1] [16] [16] LSPTSVC
Accuracy Accuracy Accuracy Accuracy Accuracy Accuracy Accuracy
# Miss # Miss # Miss # Miss # Miss # Miss # Miss
- - (c1, ) (c1=c2, ) (1,62, 1) (1,62, 1) (1,62, 1)
Time (s) Time (s) Time (s) Time (s) Time (s) Time (s) Time (s)
Synthetic
3MC 51.37 69.18 66.32 60.81 88.85 72.27 82.31
(400 x 2, 3) 89 63 97 93 18 62 29
- - (10°, 2°) (101, 29 (103,107, 2% (10%, 1074, 24 (10', 10, 2%)
0.0151 0.0383 0.0977 0.0993 0.045 0.0455 0.0444
Aggregation 77.64 92.21 92.36 92.85 92.8 94.97 92.99
(788 x 2,7) 152 77 77 70 71 42 70
- - (1073, 23) (107>, 21) (107,102, 2" (101,107, 23) (107,105, 2")
0.1394 0.638 0.8281 0.7539 0.29 0.2958 0.2835
Compound 78.41 88.57 91.34 91.37 93.24 90.81 93.05
(399 x 2, 6) 72 53 44 41 38 43 40
- - (1075, 29) (10722 (1073,107%,29) (103,105, 21) (1072, 102, 2%)
0.0718 0.1013 0.1506 0.1482 0.0557 0.0588 0.0527
R15 92.17 99.43 99.73 99.8 99.42 99.43 99.57
(600 x 2, 15) 126 8 4 3 7 7 5
- - (1075, 2%) (1075, 2% (105,104,271 (105,105,271 (105,104,271
0.0243 0.6568 0.6917 0.7201 0.2268 0.23 0.2197
Zelnik5 68.73 75.96 82.07 86.85 84.03 85.64 84.86
(512 x 2, 4) 112 87 76 53 80 67 61
- - (1073, 2%) (1072, 2" (107,102, 2Y (107°,107%, 2%) (10%,10%,273)
0.0163 0.0946 0.1574 0.1356 0.0837 0.0876 0.0794
2d-4c-no9 85.77 98.66 98.39 97.81 97.07 99.16 98.28
(876 x 2, 4) 114 8 7 10 15 5 8
- - (1075, 2%) (1075, 2" (1072, 101, 22) (1075,107%,2") (1074, 1072, 2%)
0.0931 0.3521 0.6216 0.6215 0.2801 0.2892 0.2798
Longsquare 81.67 89.27 64.72 78.86 81.08 93.22 93.76
(900 x 2, 6) 179 107 200 192 198 65 49
- - (1072, 2" (10°, 22) (1074,102% 2?) (1073,1074,22) (10° 10, 22)
0.0114 0.5345 1.0026 0.8856 0.3905 0.3796 0.3779
Hepta 77.05 100 100 100 100 100 100
(212 x3,7) 43 0 0 0 0 0 0
- - (1073, 21 (1073, 21 (107°,107%, 23) (10,1075, 29) (10,1075, 21)
0.006 0.018 0.0563 0.0553 0.0156 0.0176 0.0144
Zelnik3 74.87 83.12 83.39 81.7 84.51 100 100
(266 x 2, 3) 31 19 18 20 17 0 0
- - (1071, 2%) (1074, 2%) (10, 104,279 (1075,1073,279) (10° 103,274
0.0054 0.0253 0.048 0.0455 0.0206 0.0214 0.0192
Pathbased 61.71 63.9 57.49 68.21 70.56 75.7 82.26
(300 x 2, 3) 74 64 74 60 46 34 23
- - (104, 2°) (10°, 2°) (1075, 10°, 2°) (1072,1075, 22) (10', 103, 2%)
0.0156 0.0252 0.0638 0.0571 0.0256 0.026 0.0255
Zelnik1 56.47 52.6 59.82 58.52 68.57 73.41 74.16
(399 x 2, 3) 70 74 69 69 57 53 56
- - (1072, 2% (1072, 21 (10%,10°, 27%) (105,103 27%) (10% 107, 2%)
0.022 0.0217 0.0433 0.0381 0.0268 0.0275 0.0248
Ds2c2sc13 87.44 84.25 94.28 94.78 95.14 93.47 95
(588 x 2, 13) 115 114 45 43 41 77 41
- - (1075,273) (103,274 (1075,1075, 274 (1073,1074,273) (105,104, 279)
0.4318 0.3848 0.5756 0.5546 0.1956 0.2095 0.1902
2d-4c-no4 87.68 71.55 65.39 64.93 62.14 89.65 95.27
(863 x 2,4) 66 101 155 156 162 66 20
- - (1074, 2" (10°, 22) (1075, 10°, 22) (1071, 103, 2 (10', 10°, 2?)
0.0048 0.3495 0.5077 0.4275 0.2884 0.2889 0.2773
Real world
Ecoli 71.02 68.31 61.13 60.61 63.45 55.01 73.28
(336 x 7,8) 71 69 84 83 74 67 81
- - (1075, 2%) (104, 23) (10,1074, 2°) (1071, 10°, 2°) (10', 103, 2°%)
0.0144 0.0496 0.1331 0.1175 0.0434 0.0466 0.0407
Zoo 54.53 81.71 86.53 86.86 85.88 80.33 89.31
(101 x 16, 7) 24 16 11 14 13 15 9
- - (1075, 2%) (1072, 2%) (10% 1072, 23) (107, 1075, 2%) (10', 1071, 23)

(continued on next page)
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Dataset FCM kPC TWSVC TBSVC LSTWSVC FLSTWSVC Proposed
(Size, clusters) [2] [3] [45] [1] [16] [16] LSPTSVC
Accuracy Accuracy Accuracy Accuracy Accuracy Accuracy Accuracy
# Miss # Miss # Miss # Miss # Miss # Miss # Miss
- - (c1, 1) (c1=c2, 1) (c1,€2, 14) (c1,62, 1) (c1,€2, 1)
Time (s) Time (s) Time (s) Time (s) Time (s) Time (s) Time (s)
0.0181 0.0039 0.0379 0.0311 0.0039 0.0078 0.0035
Wine 34.22 65.27 68.69 72.32 74.26 59.24 75.18
(178 x 13, 3) 43 30 27 22 23 38 21
- - (1075, 2% (1072, 2% (107", 10°, 2%) (107°,1072, 2%) (1071, 1073, 2%)
0.0048 0.0067 0.0262 0.0258 0.0096 0.0103 0.009
Iris 32.68 78.31 94.7 94.7 96.4 90.05 94.7
(150 x 4, 3) 37 16 3 3 2 6 3
- - (1071, 2% (107>, 2%) (1071,1073, 22) (1071, 1072, 29 (1071,1072, 2?)
0.0059 0.0051 0.019 0.0197 0.0063 0.007 0.0062
Seeds 32.77 76.1 76.58 87.09 87.01 73.79 87.71
(210 x 7, 3) 52 33 33 12 12 33 11
- - (1073, 2%) (1073, 2%) (107, 1073, 2%) (10', 103, 23) (1071, 102, 2%)
0.0072 0.0127 0.0311 0.0322 0.0123 0.0133 0.0121
Teachingeval 33.98 44 40.76 46.74 46.52 49.05 53.08
(151 x 5, 3) 36 35 36 37 36 37 36
- - (1073, 2%) (10°, 2%) (104, 101, 2%) (10', 103, 2%) (10% 103, 2%)
0.0047 0.0033 0.021 0.0206 0.0067 0.0074 0.0064
Tae 32.68 54.67 32.68 4213 47.53 32.68 54.88
(150 x 5, 3) 37 36 37 35 37 37 37
- - (107°,27°) (10, 2%) (10°, 107, 23) (107°,1075,279) (10% 102, 2%)
0.0088 0.0021 0.0199 0.0201 0.0068 0.0071 0.0061
Hayes-roth 62.75 33.19 63.92 63.92 52.96 54.5 70.35
(132 x 4, 3) 27 33 29 29 33 30 24
- - (102,271 (1075, 271 (103,107, 2%) (10°,1074, 21 (10°, 10% 21)
0.0098 0.0026 0.0173 0.017 0.0051 0.0056 0.0049
Shuttle 63.25 68.37 70.33 70.59 75.73 64.66 79.96
(1486 x 9, 5) 167 145 150 149 137 160 132
- - (1074, 2%) (1073, 2% (10, 104, 25) (1073,107°, 22) (1071, 10%, 2°)
03162 0.565 2.5814 2.5527 1.1689 2.168 1.1518
Libras 70.99 71.75 85.68 81.56 86.41 88.6 87.15
(360 x 90, 15) 89 83 88 86 88 87 88
- - (105,271 (1073, 29 (10%,10% 271 (1074, 107>, 29 (10% 10°, 2%)
0.4334 0.1532 0.251 0.2675 0.0799 0.08 0.074
Average rank 6.1739 4.8696 4.3478 3.7391 3.4565 3.6739 1.7391
(Accuracy)
Average rank 5.8913 4.4348 4.4783 3.6957 3.6522 3.5435 2.3043
(# Miss)
Win-Tie-Loss 23-0-0 21-1-1 19-2-2 19-2-2 18-1-4 17-2-4

Table 1 also shows the number of mis-clustered [13] data points for every algorithm. The mis-clustered data points are
calculated by counting the pair of data points with cluster mismatch. One can observe in Table 1 that even in terms of the
mis-clustered data points, proposed LSPTSVC obtains the least rank i.e., 2.3696. Moreover, a similar trend is observed for the
average ranks of other algorithms, in comparison to the average ranks based on accuracy. Only difference is in the compar-
ison between FCM and kPC, where kPC is the worst performing algorithm in terms of mis-clustering. One can notice that for
some datasets, the best performing algorithm in terms of accuracy is not having the least number of mis-clustered data
points. This can be attributed to the imbalance in the number of data points of the clusters in a dataset.

The Win-Tie-Loss comparison is also shown in Table 1. The clustering accuracy of proposed LSPTSVC is compared with
existing algorithms in a Win-Tie-Loss scenario for all the datasets. It is evident that LSPTSVC is having a ‘Win’ scenario
for all the compared algorithms. The highest ‘Win’ case is in comparison to FCM, kPC, and TWSVC algorithm. This is because
FCM algorithm is based on distance from neighbouring data points, while the datasets have varying data distributions. More-
over, LSPTSVC initializes its weights using the eigenvectors and then converges, while kPC obtains its hyperplanes as the
eigenvectors. In comparison to TWSVC, proposed LSPTSVC involves the concept of within class scatter minimization leading
to better clustering accuracy. However, proposed LSPTSVC is having some losses in case of TBSVC, LSTWSVC, and FLSTWSVC.
For more analysis on significance of the proposed algorithm, statistical analysis is presented in Section 4.4.

The clusters identified by the proposed and existing algorithms using linear kernel for 3MC synthetic dataset are shown in
Fig. 2. The actual clusters in the dataset are shown in Fig. 2a. One can easily notice that the clusters labelled by the proposed
LSPTSVC in Fig. 2f are similar to the original clusters in Fig. 2a. This may be attributed to minimization of the within class
variance of projected data, while keeping the projected data of other classes at unit distance from centre of the cluster.
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Fig. 2. Plot showing performance of proposed LSPTSVC in comparison to existing algorithms using linear kernel for 3MC dataset. In the legend ‘C’ means
cluster.

Table 2 shows the performance of the proposed LSPTSVC for non-linear case. One can notice that clustering accuracy of
the proposed LSPTSVC is better than existing algorithms for most of the datasets. This is also evident from the average rank of
LSPTSVC which is the lowest among algorithms in Table 2 i.e., 1.7391. Moreover, the proposed non-linear LSPTSVC is having
‘Win'’ situation with all the algorithms in most datasets. This is due to the effect of Gaussian kernel resulting in non-linear
projection axes. Similar to the linear case, the training time of proposed LSPTSVC is also lesser than existing algorithms.

In terms of mis-clustered data points also, proposed LSPTSVC performs better than the existing algorithms with an aver-
age rank of 2.3043 (Table 2). A similar trend is observed for the average ranks of the different algorithms. However, the aver-
age rank of FLSTWSVC is lesser than LSTWSVC in terms of mis-clustered data points.

The clusters labelled by all the algorithms using non-linear kernel for Longsquare synthetic dataset are shown in Fig. 3.
There are 6 clusters in this dataset labelled using non-linear kernel. It is clear from the illustration in Fig. 3f that LSPTSVC is
able to label the clusters better than the other algorithms. Also, FLSTWSVC is showing similar performance in Fig. 3e. A sim-
ilar trend is visible in Fig. 4 for Pathbased dataset, where proposed LSPTSVC outperforms the other algorithms.

4.4. Statistical analysis

In this section, we check the statistical significance of proposed LSPTSVC with existing techniques in terms of clustering

accuracy. We perform the Friedman test [8] with the corresponding Nemenyi post hoc test. Initially, we assume that there is
no difference between the methods as the null hypothesis.

4.4.1. Linear case
The y2 value for Friedman test is calculated using Table 1 as

, 12N
()

)

Ek:R-z ~k(k+ 1)
i=1 l 4

where R; is the average rank on N datasets for i" method.

]

13 =352 [ (58043 + 5.4783” + 4.1522° + 31522 + 3.6304” + 3.7609° + 2.0217°) — 77
~ 50.7162.

)
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The Fr value is calculated as

~(23-1) x50.7162
T23x(7-1)-50.7162

Fr ~ 12.7831.
Here, the F-distribution has (7 —1,(7 — 1)(23 — 1)) = (6,132) degrees of freedom. Now, for the level of significance at
o = 0.05, the critical value of F(6,132) is 2.1680. Since, Fr = 12.7831 > 2.1680, we reject the null hypothesis.

Now, to check pairwise difference between the proposed method and existing algorithms, we use the Nemenyi post hoc
test. The critical difference is calculated as

k(k+1)
6N

where t, is the critical value for o level of significance, and CD is the critical difference for k algorithms on N datasets.
For significant pairwise difference between the methods at oo = 0.10 level of significance, the average ranks of the meth-

ods shown in Table 1 should differ by at least 2.693,/27*D ~ 1.7155. Table 3 shows the pairwise difference between the

methods. It can be inferred from Table 3 that in the linear case, proposed LSPTSVC is significantly better than FCM, kPC,
TWSVC, and FLSTWSVC algorithms.

(D =t,

(47)

4.4.2. Non-linear case
Similar to the linear case, first we calculate the y? value using Table 2,

g2 = 1223 [(6.17392 +4.86967 + 4.3478% + 3.7391% + 34565 + 3.6739° + 1.73912) - @] 7

)

~ 55.1196.

The Fr value is given as

(23 -1) x 55.1196

F= B (7-1)-551196 ~ 14311

Since, Fr = 14.6311 > 2.1680, we reject the null hypothesis. Now, similar to linear case, we perform the Nemenyi post hoc
test using Table 2 to check the pairwise difference between the proposed method and existing algorithms. The results for the
pairwise statistical difference are shown in Table 3. It is clear that in terms of clustering accuracy, proposed LSPTSVC is sig-
nificantly better than all the existing algorithms for the non-linear case.

To analyze the effect of parameter values on the clustering performance, insensitivity analysis of LSPTSVC is performed
for the parameters c and p. Fig. 5 shows the change in accuracy w.r.t. varying values of parameters for real world datasets. It
can be observed in Fig. 5 that for higher values of g, the clustering performance is better. This is due to the fact that in non-
linear case, i decides the value of kernel function, leading to non-linear transformation of data. However, the value of c; = ¢,
does not have any significant effect on the clustering accuracy.

4.5. Large scale datasets

To show the effectiveness of the proposed LSPTSVC on large sized datasets, experiments are performed on datasets with
large number of samples as well as features. A total of 12 large scale datasets are included, where 7 datasets are having large
number of samples, while 5 are having large feature size. The algorithms involving QPPs lead to high time complexity for
large number of samples. Therefore, for large sample datasets, we compared the proposed algorithm with clustering algo-
rithms involving solutions of linear equations in Table 4. Moreover, linear kernel is used for the comparison.

It is evident from Table 4 that the proposed LSPTSVC takes least amount of time for large sample datasets. Moreover, the
generalization performance of LSPTSVC is also better in most datasets with an average rank of 1.2857. The training time is
highest for FLSTWSVC, since it involves the calculation of fuzzy membership matrix.

In case of datasets with large features, we used Gaussian Kernel in all the algorithms. Here, the SMW formula is not used
in LSTWSVC, FLSTWSVC, and LSPTSVC, since the feature size is more than the number of samples. Table 5 shows the perfor-
mance for datasets with large feature size. One can observe that proposed LSPTSVC is efficient on datasets with large number

Table 3
Pairwise significance of proposed LSPTSVC with existing algorithms.
Linear FCM kPC TWSVC TBSVC LSTWSVC FLSTWSVC
Proposed LSPTSVC Yes Yes Yes No No Yes
Non-linear FCM kPC TWSVC TBSVC LSTWSVC FLSTWSVC

Proposed LSPTSVC Yes Yes Yes Yes Yes Yes
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Fig. 5. Insensitivity of proposed LSPTSVC for clustering to the user specified parameters c¢; = ¢, and u using Gaussian kernel for real world benchmark
datasets.

Table 4
Performance comparison on accuracy (%) and training time of proposed LSPTSVC with existing algorithms on large sample datasets using linear kernel. Average
rank is based on accuracy.

Dataset Clusters LSTWSVC FLSTWSVC Proposed
(Train size, Test size) Accuracy Accuracy LSPTSVC
Time (s) Time (s) Accuracy
Time (s)
Pendigits 10 84.76 79.77 83.31
(5996 x 17, 1498 x 17) 1.3836 1.5956 1.0081
Penbased 10 75.62 71.7 81.59
(8794 x 16, 2198 x 16) 2.6765 2.9576 2.0746
Letter_10k 26 86.21 86.64 91.51
(8000 x 16, 2000 x 16) 6.2636 6.9988 5.1504
Letter_20k 26 81.16 87.54 90.17
(16000 x 16, 4000 x 16) 23.0756 24.9343 19.9956
Poker_30k 8 54.71 53.28 54.68
(24000 x 10, 6000 x 10) 13.3279 16.7914 10.6532
Poker_40k 9 54.78 53.98 55.29
(32000 x 10, 8000 x 10) 30.5703 36.0595 22.2977
Poker_50k 9 5441 54.51 54.99
(40000 x 10, 10000 x 10) 48.7161 62.3994 36.6232
Average rank 2.1429 2.5714 1.2857

of features. On TTC-3600 dataset, the training time of LSPTSVC is significantly lesser than the other algorithms. Also, the
accuracy of LSPTSVC is better for all the datasets. However, the differences in training time of the algorithms are not high.
This is due to inclusion of time for generation of kernel matrices in all the algorithms. The time required for generation of
kernel matrices is very high in comparison to other steps in the algorithms.
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Performance comparison on accuracy (%) and training time of proposed LSPTSVC with existing algorithms on large feature datasets using Gaussian kernel.
Average rank is based on accuracy.

Dataset Clusters TSVC TBSVC LSTWSVC FLSTWSVC Proposed
(Train size, Test size) Accuracy Accuracy Accuracy Accuracy LSPTSVC
Time (s) Time (s) Time (s) Time (s) Accuracy
Time (s)
Dbworld_emails 2 83.33 69.7 69.7 69.7 100
(52 x 4702, 12 x 4702) 0.075 0.0716 0.0611 0.0669 0.0598
Hydraulic_condition_ps1 2 50.03 62.06 50.93 59.21 62.97
(1103 x 6000, 1102 x 6000) 61.3294 61.5112 60.8006 60.8788 60.6945
Hydraulic_condition_ps2 2 59.85 52.45 56.03 53.52 70.85
(1103 x 6000, 1102 x 6000) 60.6696 61.1182 60.4428 60.5068 60.2428
Hydraulic_condition_ps4 2 66.39 66.74 67.63 62.33 68.91
(1544 x 6000, 661 x 6000) 119.679 119.708 118.259 118.567 117.561
TTC-3600 6 68.54 66.76 65.09 60.59 69.31
(2880 x 7507, 720 x 7507) 687.917 660.138 632.627 632.861 613.667
Average rank 3 34 34 4.2 1

4.6. Applications

In this section, we present some real world applications of the proposed LSPTSVC, along with comparisons to existing
algorithms. Experiments are performed on biometric data viz. facial, and facial expression images. Moreover, we also present
the application of LSPTSVC on biomedical data. We use ADNI MRI data to evaluate clustering ability of LSPTSVC on Alzhei-
mer’s disease. For all the applications, Gaussian kernel is used in proposed and existing algorithms.

4.6.1. Face clustering

A total of 400 images are included from the AT&T face recognition database shown in Fig. 6. The dataset consists of 10
images of 40 individuals, each having dimension of 112 x 92. 200 images are used in the training as well as testing phase.

The dataset is constructed by using all pixel values of an image in one row of the dataset matrix. To avoid overfitting of
model, we use principal component analysis (PCA) and class discriminatory ratio (CDR) [30] to reduce the dimension of

the dataset to 400 x 100. The results for face clustering are shown in Fig. 7. It is evident that LSPTSVC is able to cluster facial

data with better accuracy i.e., 95.53% in comparison to other algorithms.

J;L:K,‘
T
A pi

Fig. 6. AT&T face recognition data (AT&T Laboratories Cambridge) comprising of 40 individuals.
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Fig. 7. Performance comparison of the proposed LSPTSVC with existing algorithms for clustering of AT&T face recognition data.
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4.6.2. Facial expression clustering

A total of 210 images are downloaded from the well known JAFFE facial expression database [21] having 30 images of
each expression. The dataset contains 7 classes as shown in Fig. 8. A total of 140 images are used for training consisting
of 20 images of each class, and 70 for testing containing 10 images of each class. The dimension of all the images is
256 x 256.

In comparison to face recognition, facial expression is a much more difficult problem due to large variations in facial
expressions among individuals [19]. However, edge based information is useful for identifying facial expressions [12]. Wave-
let transform is used for extracting high frequency components [30] responsible for the edges. Therefore, we used PCA along
with wavelet transform for dimension reduction, and extraction of useful information for expression detection. Wavelet
transform [30] is performed using ‘Daeubechies-4’ wavelet up to 3 levels of decomposition. Further, CDR is utilized to select
the prominent features. After dimension reduction, the size of the dataset becomes 210 x 50. The results for clustering are
shown in Fig. 9. In comparison to face recognition, the accuracy is lower in all the algorithms for both features. However, it
can be observed that the proposed LSPTSVC is showing highest clustering accuracy for both feature sets i.e. PCA and wavelet
for the facial expression dataset.

Other algorithms obtaining high clustering accuracy are TBSVC and FLSTWSVC. This is because TBSVC involves the reg-
ularization term, and FLSTWSVC includes fuzzy membership information about the data points.

4.6.3. Alzheimer’s disease clustering

Alzheimer’s disease is an incurable disease affecting 50 million people worldwide [23]. Classification of Alzheimer’s dis-
ease data is a challenging task [40]. For unlabelled Alzheimer data, clustering is a very useful option. As per our search, there
is no work on application of SVM based clustering techniques for Alzheimer’s disease data. Therefore, we used Alzheimer’s
data for clustering by the proposed LSPTSVC and compared with other algorithms.

150 T1-weighted structural MRI images are downloaded from the ADNI database. There are 50 images belonging to each
of the three categories i.e., control normal (CN), mild cognitive impairment (MCI), and Alzheimer’s disease (AD) as shown in
Fig. 10. The average age of the subjects is 75.83 + 6.07 years, and the Mini-Mental State Examination (MMSE) score of sub-
jects is 26.51 + 2.88. The images are of the following specifications: field strength = 1.5 T; description: MP-RAGE, acquisition:
3D, acquisition plane: sagittal, pulse sequence: RM; slice thickness: 1.2 mm:; flip angle: 8 degrees; manufacturer: GE medical
systems.

X

Class 5: Neutral Class 6: Sadness  Class 7: Suprise

Fig. 8. Sample images of JAFFE database showing different facial emotions.
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Fig. 9. Performance comparison of proposed LSPTSVC with existing algorithms for clustering of JAFFE facial expression data.
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Class 1: CN Class 2: MCI Class 3: AD

Fig. 10. MRI images of CN, MCI, and AD subject from ADNI database.
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Fig. 11. (a) Performance comparison of proposed LSPTSVC with existing algorithms for clustering of ADNI Alzheimer’s disease data. (b) Plot of Alzheimers
dataset using two PCA components.

The images are processed using Freesurfer to extract the volumetric and thickness measures of the brain. Since, one MCI
image failed to process in the Freesurfer pipeline, the dimension of the dataset is 149 x 91. The feature set includes 34 sub-
cortical volumes, 23 WM tissue volumes, and 34 cortical thickness measures [32]. 74 images are used for training and 75 for
testing. The results are shown in Fig. 11a. It is evident that the proposed LSPTSVC is effective in clustering Alzheimers data in
comparison to other algorithms. LSPTSVC obtains a clustering accuracy of 63.09% for CN, MCI and AD subjects. The clustering
accuracy of LSPTSVC is similar to previous works [36,18] on multiclass classification of Alzheimers data. However, the clus-
tering accuracy of FLSTWSVC is lowest among all the methods. This may be attributed to the presence of outliers in the data.
Indeed, the clustering accuracies of all the algorithms are comparatively lower than the applications discussed in the previ-
ous subsections. This is because the data points belonging to the classes MCI and AD are non-linear in their distribution, and
are overlapping in nature [32] as shown in Fig. 11b. Moreover, MCI is an intermediate stage between CN and AD, leading to
incorrect labelling of data points [46]. Therefore, the Alzheimers dataset is difficult to classify [40] or cluster.

5. Conclusions and future work

In this work, we proposed a novel projection based clustering algorithm i.e., LSPTSVC. Proposed LSPTSVC finds projection
axes instead of projection planes for clustering. This is an alternative to the plane based clustering algorithms. The solution of
proposed LSPTSVC is obtained by solving a set of linear equations, leading to lesser computational cost. Consequently, no
optimization toolbox is required for LSPTSVC. Experimental results show that proposed LSPTSVC obtains better clustering
accuracy than existing algorithms with lesser training time. Statistical analysis also implies that the proposed algorithm
is significantly better than existing algorithms. Moreover, LSPTSVC is an efficient algorithm for clustering on datasets with
large sample and feature size. In future, the proposed LSPTSVC can be extended for multiple projection axes.

In case of real world applications, LSPTSVC performed better than the existing algorithms. This justifies its applicability
for real world applications. In case of Alzheimer’s disease, proposed LSPTSVC has shown significantly better performance,
justifying its use for healthcare applications. In future, proposed LSPTSVC can be applied on other real world clustering
problems.
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