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Abstract: Motivated by recent analyses of data in biomedical imaging studies, we consider a class
of image-on-scalar regression models for imaging responses and scalar predictors. We propose
using flexible multivariate splines over triangulations to handle the irregular domain of the objects
of interest on the images, as well as other characteristics of images. The proposed estimators
of the coefficient functions are proved to be root-n consistent and asymptotically normal under
some regularity conditions. We also provide a consistent and computationally efficient estimator of
the covariance function. Asymptotic pointwise confidence intervals and data-driven simultaneous
confidence corridors for the coefficient functions are constructed. Our method can simultaneously
estimate and make inferences on the coefficient functions, while incorporating spatial heterogeneity
and spatial correlation. A highly efficient and scalable estimation algorithm is developed. Monte
Carlo simulation studies are conducted to examine the finite-sample performance of the proposed
method, which is then applied to the spatially normalized positron emission tomography data of

the Alzheimer’s Disease Neuroimaging Initiative.
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1. Introduction

Medical and public health studies collect massive amount of imaging data using methods
such as functional magnetic resonance imaging (fMRI), positron emission tomography (PET)
imaging, computed tomography (CT), and ultrasonic imaging. Much of these data can be
characterized as functional data. Compared with traditional one-dimensional (1D) functional
data, these imaging data are complex, high-dimensional, and structured, which poses challenges
to traditional statistical methods.

We propose a unifying approach to characterize the varying associations between imaging
responses and a set of explanatory variables. Three types of statistical methods are widely
used to investigate such associations. The first category includes the univariate approaches
and pixel-/voxel-based methods (Worsley et al., 2004; |Stein et al., 2010} Hibar et al., 2015]),

which take each pixel/voxel as a basic analytic unit. Because all pixels/voxels are treated

as independent, a major drawback of these methods is that they ignore correlation between
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the pixels/voxels. The second category is the tensor regression. This approach considers an
image as a multi-dimensional array (Zhou et al., 2013; [Li and Zhang, 2017), which is then
changed to a vector to perform the regression. However, doing so naively yields an ultra-
high dimensionality and requires a novel dimension-reduction technique and highly scalable
algorithms (Li and Zhang, 2017)). The third category is the functional data analysis (FDA)
approach, in which an image is viewed as the realization of a function defined on a given domain
(Zhu et al., 2012} 2014; Reiss et al., 2017). Using an FDA, we are able to combine information
both across and within functions.

We adopt the FDA approach in this study. Functional linear models (FLMs) are widely
used to model the regression relationship between a response and some set of predictors from
multiple subjects. In the literature (Ramsay and Silverman, 2005; Miiller, 2005; Morris, 2015;
Wang et al., 2016), FLMs are often categorized based on whether the outcome, the predictor,
or both are functional: (i) functional predictor regression (scalar-on-function) (Cardot et al.,
1999, 2003; Hall and Horowitz, 2007)); (ii) functional response regression (function-on-scalar)
(Morris and Carroll, 2006} Reiss et al., 2010; Staicu et al., 2010; Zhu et al., 2014; Zhang and
Wang, 2015; |Chen et al., 2017); and (iii) function-on-function regression (Ramsay and Dalzell,
1991} [Yao et al., 2005 Senttirk and Miller, 2010; Wu and Miller, 2011)).

Motivated by the structure of brain imaging data, we propose a novel image-on-scalar re-
gression model with spatially varying coefficients that captures the varying associations between
imaging phenotypes and a set of explanatory variables. Figure shows a schematic diagram
of the proposed modeling approach. Specifically, let €2 be a two-dimensional bounded domain,
and let z = (21, z2) be the location point on Q. For the ith subject, i = 1,...,n, let Y;(2) be
the imaging measurement at location z € €0, and let X;p, for £ =0,1,...,p, with X;9 = 1, be
scalar predictors, for example, clinic variables (such as age and sex) and genetic factors. The
spatially varying coefficient regression characterizes the associations between imaging measures

and covariates, and is given by the following model:
Yi(z) = X, 8°(2) + ni(2) + 0(2)ei(2), i=1,....n, z€Q,

where X; = (X0, Xit1, - - .,Xip)T, B° = (83,57, ... ,Bg)T is a vector of some unknown bivari-
ate functions, 7;(z) characterizes the individual image variations, €;(z) represents additional
measurement errors, and o(z) is a positive deterministic function. In the following, we as-
sume that 7;(z) and ¢;(z) are mutually independent. Moreover, we assume that 7;(z), for
i = 1,...,n, are independent and identically distributed (i.i.d.) copies of an Ly stochastic
process with mean zero and covariance function G, (2, 2") = cov{n;(2),n:(2')}. Furthermore,
gi(z), fori =1,...,n, are i.i.d. copies of a stochastic process with zero mean. and covariance

function Ge(z,2') = cov{ei(2),e,(2")} = I(z = 2/).
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Figure 1.1: A schematic diagram of proposed modeling approach.

For a 1D function-on-scalar regression, Chapter 13 of |Ramsay and Silverman (2005) pro-
vides a common model-fitting strategy, in which the coefficient functions are expanded using
some sets of basis functions, and the basis coefficients are estimated using the ordinary least
squares withmethod. However, it is not trivial to extend this to an image-on-scalar regression,
particularly with biomedical imaging responses. For biomedical images, the objects (e.g., or-
gans) on the images are usually irregularly shaped (e.g., breast tumors). Another example is
that of brain images, as shown in Figure especially slices from the bottom and the top
of the brain. Even though some images seem to be rectangular, the true signal comes only
from the domain of an object, and the image contains only noise outside the boundary of the
object. Many smoothing methods, such as, tensor product smoothing (Reiss et al., 2017; Chen
et al., 2017)), kernel smoothing (Zhu et al., 2014), and wavelet smoothing (Morris and Carroll,
2006)), provide poor estimations over difficult regions because they smooth inappropriately
across boundary features, referred to as the “leakage” problem in the smoothing literature; see
Ramsay (2002) and [Sangalli et al. (2013). Next, for technical reasons, imaging data often have
different visual qualities. The general characteristics of medical images are determined and
limited by the technology for each specific modality. As a result, there is a great interest in de-
veloping a flexible method with varying smoothness to adaptively smooth biomedical imaging
data.

In this study, we tackle the above challenges using bivariate splines on triangulations (Lai
and Wang, 2013) to effectively model the spatially nonstationary relationship and preserve the
important features (shape, smoothness) of the imaging data. a triangulation can represent
any two-dimensional (2D) geometric domain effectively because any polygon can be decom-
posed into triangles. We study the asymptotic properties of the bivariate spline estimators
of the coefficient functions, and show that our spline estimators are root-n consistent and
asymptotically normal. The asymptotic results are used as a guideline to construct pointwise
confidence intervals (PCIs) and simultaneous confidence corridors (SCCs; also referred to as

“simultaneous confidence bands/regions”) for the true coefficient functions. Figure shows
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Figure 1.2: A schematic diagram of proposed inferential approach.

the proposed inferential approach. Our method is statistically more efficient than the tensor

regression (Li and Zhang, 2017) and the three-stage estimation (Zhu et al., 2014)), because it is

able to accommodate complex domains of arbitrary shape and adjust the individual smoothing
needs of different coefficient functions using multiple smoothing parameters. In addition, our
method does not rely on estimating the spatial similarity and adaptive weights repeatedly, as
in |Zhu et al. (2014)); thus, it is much simpler.

The remainder of the paper is structured as follows. Section 2 describes the spline es-

timators for the coefficient functions, and establishes their asymptotic properties. Section 3
describes the bootstrap method used to construct the SCC and how to estimate the unknown
variance functions involved in the SCC. Section 4 presents the implementation of the proposed
estimation and inference. Section 5 reports our findings from two simulation studies. In Sec-
tion 6, we illustrate the proposed method using PET data provided by the Alzheimer’s Disease
Neuroimaging Initiative (ADNI). Section 7 concludes the paper. All technical proofs of the

theoretical results and additional numerical results are deferred to the Appendices A and B.
2. Models and Estimation Method
2.1. Image-on-scalar regression model

Let z; € Q be the center point of the jth pixel in the domain €2, and let Y;; be the imaging
response of subject 7 at location j. the actual data set consists of {(Y;, Xm zj)i=1,...,n,j=

1,..., N}, which can be modeled as follows:
p
Y;j = ZXing(Zj) + ni(zj) + O’(Zj)f;‘z‘j. (21)
£=0

Denote the eigenvalues and eigenfunctions of the covariance operator G, (z,z’) as {\;} oo,
and {¢y(2)} 5, respectively, where Ay > Xg > -+ >0, > 22, A < 00, and {9}, forms an
orthonormal basis of L? (). It follows from spectral theory that G, (z, 2’) = Y70 | At (2)r(2).
The ith trajectory {n;(z),z € Q} allows the Karhunen-Loéve L? representation (Li and Hs-
|ing, 2010|; |Sang and Huang, 2012[): ni(z) = > pey A,li/2§ik1/}k(z), )\;1.3/2&1@ = [Leqmi(2)r(2)dz,

where the random coefficients &;, are uncorrelated random variables with mean zero and
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E(&r&iny) = I(k = k), referred to as the kth functional principal component score (FPCA) of
the ith subject. Thus, the response measurements in (2.1]) can be represented as follows:

p o]
Y;j = Z/Bg(Zj)Xw + Z Ai/Qgikwk(Zj) + U(Zj){:‘ij. (2.2)
/=0 k=1

2.2. Spline approximation over triangulations and penalized regression

Note that the objects of interest on many biomedical images are often distributed over
an irregular domain ). Triangulation is an effective strategy to handle such data. For exam-
ple, the spatial smoothing problem over difficult regions in |Ramsay (2002) and Sangalli et al.
(2013)) was solved using the finite element method (FEM) on triangulations, which was devel-
oped primarily to solve partial differential equations. Here, we approximate each coefficient
function in using bivariate splines over triangulations (Lai and Schumaker, 2007)). The
idea is to approximate each function fy(-) using Bernstein basis polynomials that are piecewise
polynomial functions over a 2D triangulated domain. Compared with the FEM, the proposed
approach is appealing in the sense that its spline functions are more flexible and it uses various
smoothness settings to better approximate the coefficient functions. In this section, we briefly
introduce the triangulation technique and describe the bivariate penalized spline smoothing
(BPST) method used to approximate the spatial data.

Triangulation is an effective tool to deal with data distributed over difficult regions with
complex boundaries and/or interior holes. In the following, we use T" to denote a triangle that
is a convex hull of three points not located on one line. A collection A = {Ty,..., Ty} of H
triangles is called a triangulation of ) = UthlTh, provided that any nonempty intersection
between a pair of triangles in A is either a shared vertex or a shared edge. Given a triangle
T € A, let |T| be its longest edge length and or be the radius of the largest disk inscribed in
T. Define the shape parameter of T' as the ratio mp = |T'|/or. When 7p is small, the triangles
are relatively uniform in the sense that all angles of the triangles in A are relatively the same.
Denote the size of A by |A| = max{|T|,T € A}, that is, the length of the longest edge of A.
For an integer r > 0, let C"(£2) be the collection of all rth continuously differentiable functions
over . Given A, let Sj(A) ={s € C"(Q) : s|7 € Pg(T),T € A} be a spline space of degree d
and smoothness r over A, where s|p is the polynomial piece of spline s restricted on triangle
T, and Py is the space of all polynomials of degree less than or equal to d. Note that the
major difference between the FEM and the BPST is the flexibility of the smoothness, r, and
the degree of the polynomials, d. Specifically, the FEM in [Sangalli et al. (2013]) requires that
r =0 and d = 1 or 2, whereas the BPST allows smoothness r > 0 and various degrees of
polynomials.

We use Bernstein basis polynomials to represent the bivariate splines. For any ¢ =



0,1,...,p, denote by A, the triangulation of the £th component. Define
g(p+1) = g(p'f'l)(AO X X Ap) = {g = (907 cee agp)—r’gf S SQ(AZ)aE = Oa cee ap} 5

and let { By }menm, be the set of degree-d bivariate Bernstein basis polynomials for S} (Ay),
where M, is an index set of Bernstein basis polynomials. Denote by By the evaluation matrix
of the Bernstein basis polynomials for the fth component, and let the jth row of B, is given
by B/ (2j) = {Bum(zj),m € M;}. We approximate each 3(-) using B¢(z;) ~ B/ (z;)~,, for
¢=0,1,...,p, where ’yz = (Vem, m € My) is the spline coefficient vector.

Penalized spline smoothing has gained in popularity over the last two decades; see |[Hall
and Opsomer (2005); |Claeskens et al. (2009); |Schwarz and Krivobokova (2016). To define
the penalized spline method, for any direction z,, ¢ = 1,2, let ngs(z) denote the vth—order
derivative in the direction z, at the point z. We consider the following penalized least squares
problem:

2 P
ng(p+1) ZZ{ ij ZXZEBZ Zj } + an,eg(ﬁe),

ml
(507" 75}7 1 =1 ?=0

where E(s) = > pcn J7 20 itj=2 ( (VL V.,5)2dz1dz; is the roughness penalty, and Pn.e is the
penalty parameter for the ¢th function.

To satisfy the smoothness condition of the splines, we need to impose some linear con-
straints on the spline coefficients v,: Hyv, = 0, for £ =0,1,...,p. Thus, we have to minimize

the following constrained least squares:

2 p
Z > {Yu - Z XiBj (27 g} + > puevi Pevg, subject to Hey, =0,

=1 j=1 /=0

where Py is the block diagonal penalty matrix satisfying 'y;—Pg'yg =& (BZ’Y@).

We first remove the constraint using a QR decomposition of the transpose of the constraint
matrix Hy. Applying a QR decomposition on H,, we have HZ = QR = (Qr1 Qo 2)(Re 2)
where Qg is an orthogonal matrix and Ry is an upper triangular matrix. the submatrix Qg1
represents the first r columns of Q, where r is the rank of matrix Hy, and Ry is a matrix
of zeros. We reparametrize this using v, = Qg 20y, for some 6,. Then, it is guaranteed that
H/,v, = 0. Thus, the minimization problem is converted to the following conventional penalized

regression problem, without restrictions:

n N p 2 p
> {mj -> XuB/ (Zj)Qé,zez} +>  pni6/ Dby, (2.3)

=0 /=0

where Dy = Q/,P/Qu-



Let Y; = (Yi, Yo, ..., Yin) T, Be(2) = {Bom(z),m € M}, Y = (Y],..., YT, and
U= (U11,Usa, ..., U,n) T, where

Ui; = {XioBo(z;j) ' Qo2 Xi1B1(25) " Qua, -, XipBy(25) ' Qpa} - (2.4)

Let 8 = (6,,6/,... ,0;)T and D(pn.0, - - -, pnp) = diag{pn,0Do,- .., pnpDyp}. Minimizing |D
is then equivalent to minimizing ||Y — U8||* + 8 "D(pn.0, . - -, pnp)6. Hence,

~ ~T ~T ~T _
0=(6y,0,,...,0,)" ={U'U+D(pno,,pnp)} VY.

4

Thus, the estimators of 7y, and Sy(-) are
o= Qu2be, Bu(z) =Bu(2) "7, (25)

2.3. Asymptotic properties of the BPST estimators

This section examines the asymptotics of the proposed estimators. Given random variables
Uy, for n > 1, we write U,, = Op(by,) if lim.—oo limsup,, P(|Uy| > ¢by,) = 0. Similarly, we write
Uy, = op(by) if lim,, P(|Uy| > ¢by,) = 0, for any constant ¢ > 0. Next, to facilitate discussion,
we introduce some notation of norms. For any function g over the closure of domain €2,
denote Hg||%2(m = [o9%(2)dz as the regular Ly norm of g, and ||g|loc,0 = sSup,eq |g(2)| as
the supremum norm of g. Further denote ||g||v,00,0 = maxo<i<p |g¢lv 00,0, Where |glv.000 =
maxX;4j—y HV;V% 9lloo,@ is the maximum norm of all vth-order derivatives of g over Q. Let
WE2(Q) = {g: |glk.cor < 00,0 < k < d} be the standard Sobolev space. Next, we introduce

some technical conditions.

(A1) For any £ =0,...,p, B2(-) € WitL>°(Q), for an integer d > 1.
(A2) Foranyi=1,...,n,j=1,...,N, g;’s are independent with mean zero and variance one,

and for any k > 1, & are uncorrelated random variables with mean zero and variance

one.
(A3) For any £ = 0,1,...,p, there exists a positive constant Cy, such that E|X,® < Cy. The
eigenvalues of Xy = F (1X X ") are bounded away from zero and infinity.

(A4) The function o(z) € CM(Q), with 0 < ¢, < 0(2) < Cy < o0, for any z € Q; for any k,

Yr(z) € CD(Q) and 0 < cg < Gy(2,2) < Cg < oo, for any z € Q.
(A5) Let |A|l = ming</<p|A¢| and |A] = maxg<s<,|Ag|. the triangulations A, satisify that
limsup,,(|]A]/|A|) < oo. The triangulations are 7-quasi-uniform; that is, there exists a

positive constant 7, such that maxg<¢<,{(minrea, or) A} < 7. o
(A6) As N — oo, n — oo, for some 0 < k < 1, N_lnl/(‘lﬂgﬂi — 0, n'2|A|HT 0,

NY2|A| = o0, and the smoothing parameters satisfy that n=1/2N~A|=3p, — 0, where

Pn = MaXo<y<p Pn,L-



The above assumptions are mild conditions that are satisfied in many practical situations.
Assumption (A1) describes the usual requirement on the coefficient functions described in the
literature on nonparametric estimation. Assumption (A1) can be relaxed to Assumption (A1’)
in Section 2.4, which only requires () € C () when dealing with imaging data with sharp
edges; see Section 2.4. Assumptions (A1) and (A2) are similar to Assumptions (A1) and (A2)
in |Gu et al. (2014) and Assumptions (A1)—(A3) in Huang et al. (2004). Assumption (A3) is
analogous to Assumption (A5) in |Gu et al. (2014), ensuring that X;; is not multicollinear.
Assumption (Ab5) requires that Ay be of similar size, and suggests the use of more uniform
triangulations with smaller shape parameters. Assumption (A6) implies that the number of
pixels for each image N diverges to infinity and the sample size n grows as N — oo, a well-
developed asymptotic scenario for dense functional data (Li and Hsing, 2010). Assumption
(A6) also describes the requirement of the growth rate of the dimension of the spline spaces
relative to the sample size and the image resolution. This assumption is easily satisfied because
images measured using current technology are usually of sufficiently high resolution.

The following theorem provides the Lo convergence rate of Bg(-), for £ = 0,1,...,p. a
detailed proof is given in Appendix A.

Theorem 1. Suppose Assumptions (A1)-(A5) hold and N1/2|é| — o0 as N — oo. Then,
for any £ =0,1,...,p, the BPST estimator Bg() is consistent and satisfies ||,/8\g = B2 =

Or { s 18%ll200 + (1 + i) 1BIH 18 .00 + n7 /2

Theorem [2| states the asymptotic normality of Bg at any given point z € (), for ¢ =
0,1,...,p. See Appendix A for a detailed proof. Denote

n N

~ 1 -

2(2)=B(2)E rn;wz > U4ULGy (25, 27)T, ), ¢ B(z), (2.6)
i=1 j,j'=1

where U;; and I',, , are given in 1) and 1) respectively, in Appendix 1, ﬁg(z) =

QJ,Bi(z) for £=0,...,p, and B(z) = diag{Bo(2), -, B,(2)}.

[1]

Theorem 2. Suppose Assumptions (A1)-(A6) hold. If for any € =0,1,...,p, | Xi| < Cp < 0,
then 551/2(z){[§(z) - B°(2)} LN (0, X i1)x(pt1)) as N = oo and n — oo, where B, (2)
1S given in (@) Furthermore, there exist positive constants ¢y < Cy < 400, such that
cyn~t <1 + ﬁ) ’ < Var{gg(z)} < Cyn~t, for any £ =0,1,...,p.

2.4. Piecewise constant spline over triangulation smoothing

Many imaging data can be regarded as a noisy version of a piecewise-smooth function

of z € Q with sharp edges, which often reflect the functional or structural changes. The



penalized bivariate spline smoothing method introduced, in Section 2.2, assumes some degree
of smoothness over the entire image. To relax this assumption while preserving the features
of sharp edges, we make the following less stringent assumption on the smoothness of the

coefficient functions:
(A1") For any £ =0,...,p, the bivariate function 82(-) € C(V(Q).

For the estimation, we consider the piecewise constant spline over triangulation (PCST)
method. For any ¢ = 1,...,p, denote by PC(/\,) the space of piecewise constant functions
over each T,,, for m € M,. The bivariate spline basis functions of PC(A,) are denoted as
{Bem (%) }mem,, which are simply indicator functions over triangle Tp,,, By (2) = I(z € T)p),
m € M,. Assumption (A1") controls the bias of the piecewise constant spline estimator for 57
and leads to the estimation consistency.

When using the constant bivariate spline basis functions, we have £(s) = 0 for all s €
PC(A), and for any z € Q, By(2)By(z)" = diag{B? (z),m € M;}. Then, we can write
T = Goms Fims - Fpm) " = Vi { 0NV, SN B (25) XiaYss ), where

n N p

N n
Vin = 5 2 Bin(2) Y_XiXT =4 5> 0> Bh(2) XuXaw @)
=1 =1 i=1 =1 £=0

By simple linear algebra, for any £ = 0,...,p, the PCST estimator is given by
Bi(2) = > AtmBom(2). (2.8)
mEMz

For any z € , define the index of the triangle containing z as m(z); that is, m(z) = m

it z € T),. Then, B\Z(Z) = ﬁﬂm(z) and Bc(z) _ (B\S(z% o ,B\;(Z))T _ (;V\Om(z)y o 7;Y\pm(z))T _
Am(z)- For any z € 2, denote

Ta(2) =n 121G, (2, 2). (2.9)

Theorem |3 shows the asymptotic normality of the piecewise constant estimators B (2). See
the Appendix A for detailed proofs. To obtain the asymptotic variance-covariance function,

we also need the following assumption:

C1) The variables &;. and ¢;; are independent and satisfy E & 401 456 for some 01 >0,
J

and E |e;;|*T% < oo for some d; > 0.

Theorem 3. Under Assumptions (Al'), (A2)-(A5), and (C1), as N — oo and n — oo, if for
some 0 <k < 1, N7Inlt® — 0, N712 < |A| < [A] < nYANTY2, and | 332, )\llc/gwkHoo <



0o, then for any z € Q, Bn*(2){B°(2) — B2(2)} 5 N (0. Lps1)x(pr1)). where Sy(z) is
(29 pr {05,007 () [Bul2) — B2(2)| < Z1ao} > 1= @, for any a € (0,1), as N — oo,

n — oo, where oy, ,,(2) is the square root of the (¢, £)th entry of the matriz ,,(z), and Zy_, /s
is the 100 (1 — a/2)th percentile of the standard normal distribution.

3. Variance Function Estimation and Simultaneous Confidence Corridors
3.1. Estimation of the variance function
Define the estimated residual R;; = Y;; — S20_ XieBi(z;) or Yij — > o Xi0535(z;), for any

i=1,...,n,j=1,...,N. We apply the bivariate spline smoothing method to {(ﬁij, zj)}j»V:l.

Specifically, we define
N 2
ni(z) = argmln g { — gi(z; } ,i=1,...,n, (3.1)

as the spline estimator of 7;(z), where the triangulation A, may differ from that introduced
in Section 2 when estimating (7(z). Next, let €; = Eij — 1i(25). Define the estimators of

Gy(z,72') and 02(z;) as

n n
Gy(z,2") =0t Yy Wi(2)mi(2') and 3%(z;) = n~' ) &5y, (3.2)
' i=1
- P
respectively. In general, for spline estimators (d > 0), denote 2, (2) = {32 o (z)}”, o where

2, (2)= n2N2 Z{ Z Ll U,ULG (25, 25 I‘np+ZU,JUTA2( )}El%(z). (3.3)

7.7 - j 1
Note that the estimation can be much simplified if PCST smoothing is applied. In this case,

the variance-covariance matrix 3, (z) can be simply estimated using

n -1 -~
~ ~c 2 P 1 -1 > 7T -~ UQ(Z)
Zn(#) =@ (2 pmg = (77 XX | Gz )+ g
i— miz

where A,,(,) is the area of triangle T),,) divided by the area of the domain. The following
conditions (C2)—(C3) are required for the bivariate spline approximation in the covariance
estimation and to establish the estimation consistency. The proofs of the results in this section

are provided in the Appendix A.

(C2) For any k > 1, ¥p(z) € WL for an integer s > 0, and for a sequence {K,}°,
of increasing positive integers with lim,, K, — oo, |A,[** Zsznl A]1<;/2Hwk||5+1700 — 0 as
N — 00, n — 0.
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C3) As N — oo, n — 00, for some 0 < k < 1, N™Ipl/@+h+s o N|A, |2 — oo, and
n
n|Ay,|?/(logn)'/? = co.

Assumption (C2) concerns the bounded smoothness of the principal components that

bound the bias terms in the spline covariance estimator.

Theorem 4. Under Assumptions (A1)-(A6) and (C1)-(C3), @n(z,z’) uniformly converges
to Gy(z, 2') in probability; that is, Sup(, ,neqn2 \én(z, z') — Gy(z,2")| = op(1).

Corollary 1. Under Assumptions (A1)-(A6), (C1)-(C3), the estimator of in(z) uniformly
converges to to X, (z) in probability; that is, sup,cq 12,(2) — B (2)| = op(1).

Denote

. - 2R
- _ _ > o ~ 07 (z
0'27@@(2) =n 1/2 ez— (n 1ZX1X:) €y {Gn(Z,Z) + NA } . (34)
i=1

m(z)

From Corollary [1} &}, ,,(2) is a consistent estimator of o}, ,,(2) in (2.9).
3.2. Bootstrap simultaneous confidence corridors (SCCs)

From Theorems [2| and [3| and Slutzky’s Theorem, we have the following asymptotic PCls.

Corollary 2. (a) For the BPST estimators, under Assumptions (A1)-(A6), for any ¢ =
0,...,p, « € (0,1), as N — o0, n — o0, an asymptotic 100(1 — )% PCI for 7(z), is
B\g(z):tan,a(Z)Zl,a/z, for any z € Q, where o}, ,,(2) is the (€, €)th entry of the matriz =2, (2),
and Z1_q /5 is the 100 (1 — a/2)th percentile of the standard normal distribution.

(b) For the PCST estimators, under Assumptions (A1) and (A2)-(A6), if for some 0 <
k<1, N~Intr — 0, an asymptotic 100(1 — a)% PCI for B2(z) is B}E(z) i027e€(2)zl_a/2, for

any z € ), where of, ,,(z) is the standard deviation function of B\g(z) in Theorem @

Next, we introduce a simple bootstrap approach to extend the PCIs to the SCCs. Our
approach is based on the nonparametric bootstrap method used in [Hall and Horowitz (2013).
We triangulate the domain 2 using quasi-uniform triangles, obtaining a set of approximate
100(1 — a)% PCIs. In the following, ap denotes the nominal confidence level of the desired
SCCs. We recalibrate the PCIs using the following bootstrap method.

~ N,n
Step 1. Based on {(Xi,Yij)}‘ ~, obtain the coefficient functions 57 (z) using the BPST es-

=1,i=

timators Bg(z) in (l or the PCST estimators Bg(z) in 1) for £ = 0,...,p. Let
fi(z) = 327 XieBe(2) or 3°7_ XieBf(2).
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Step 2. Obtain 1;(z) and &;; presented in f., and estimate G (z, z), 02(2), and 02 ,,(2)
using @n(z, z) and 02(z) in and o, 2 (z) in i or |D respectively.

Step 3. Obtain an adjusted nominal confidence level ay(ap).

(i)

(vi)

Generate an independent random sample 5Z(b) and 6(b) from {—1, 1} with probability

0.5 each, and define Yf(b) = u(z;) + b)A( i)+ (5(b EU

Based on {(XZ,Y ® ))} Ly obtain Bg ) using or , and calculate
Jj=1l;=
GZSZ using |D or 1)

Construct SCCs for the resampled data {(X Y*(b))} . 1' Bt (a), b=1,--- B,
j=l,=

(2] 1]

Biy(@) = {(2,9) : 2 € 0,5, (2) -5 0(2) Z1_aps <y < B,V (2) 452002 Z1_apa)-
Estimate the coverage rate 7(z;, ) = P{(z;, Bg(zj)) € B*(a)|X} using 7(zj, ) =
B St (25, Bel25)) € By (@)}

Find the root of the equation 7y(z;,a) =1 — ag, for j =1,..., N, and denote it as

{a(z;, Ozo)}é-vzl. The root can be found using the grid method by repeating the last

two steps for different values of a.

Take the minimum of {a,(z;, ao)}N ; and denote it as ay = ap(w).

Step 4. Construct the final SCCs: B(ay) = {(z,y) : z € Q,B@(Z) — Onue(2)Z1—a,2 < Y <
Be(2) + Onee(2) Z1-5,/2}

4. Implementation

The proposed procedure can be implemented using our R package “FDAimage” (Yu et al.,

2019)), in which the bivariate spline basis is generated using the R package “BPST” (Wang et al.,

2019)). When the response imaging seems to be a realization from some smooth function, we

suggest using the smoothing parameter » = 1 and degree d > 5, which achieves full estimation

power asymptotically (Lai and Schumaker, 2007). In contrast, if there are sharp edges on the

images, we suggest considering the PCST presented in Section 2.4.

Selecting suitable values for the smoothing parameters is important to good model fitting.

To select py ¢, for £ =0,...,p, we used K-fold cross-validation (CV). The individuals are ran-

domly partitioned into K groups, where one group is retained as a test set, and the remaining

K — 1 groups are used as training sets. The CV process is repeated K times (the folds), with

each of the K groups used exactly once as the validation data. Then, the K-fold CV score is

CV(pn0s -+ Pup) = 1Z\vk|N ZZ{YW X B_i(2))}?,

i€V j=1
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where Vy, is the kth testing set for k =1,..., K, and E_k is the corresponding estimator after
removing the kth testing set. We use K = 5 in our numerical examples.

To determine an optimal triangulation, the criterion usually considers the shape, size, or
number of triangles. In terms of shape, a “good” triangulation usually refers to one with well-
shaped triangles without small angles and/or obtuse angles. Therefore, for a given number
of triangles, Lai and Schumaker (2007)) and |Lindgren et al. (2011) recommended selecting the
triangulation according to “max-min” criterion, which maximizes the minimum angle of all
the angles of the triangles in the triangulation. With respect to the number of triangles, our
numerical studies show that a lower limit of the number of triangles is necessary to capture
the features of the images. However, once this minimum number has been reached, refining
the triangulation further usually has little effect on the fitting process. In practice, when
using higher-order BPST smoothing, we suggest taking the number of triangles as H, =
min{|c;n'/ 242 N1/2| N/10}, where ¢; is a tuning parameter. We find that ¢; € [0.3,2.0]
works well in our numerical studies. When using the PCST, we suggest taking the number
of triangles as H,, = min{|con /4N |, N/2}, with ¢y € [0.3,2.0]. Once H, is chosen, we can
build the triangulation using typical triangulation construction methods, such as Delaunay

triangulation and DistMesh (Persson and Strang, 2004).
5. Simulation Studies

In this section, we conduct two Monte Carlo simulation studies using our R package
“FDAimage” (Yu et al., 2019) to examine the finite-sample performance of the proposed
methodology. The triangulations used here can be found in the data set in the “FDAimage”
package. To illustrate the performance of our estimation method, we compare the proposed
spline method with the kernel method proposed by [Zhu et al. (2014)) (Kernel) and the tensor
regression method of |Li and Zhang (2017) (Tensor). To implement the kernel method, we
use the R Package SVCM, which is publicly available at https://github.com/BIG-S2/SVCM.
For the tensor method, the accompanying MATLAB code at https://ani.stat.fsu.edu/
~henry/TensorEnvelopes_html.html is used. We compare the proposed method with the
tensor regression approach in |Li and Zhang (2017)) and the three-stage FDA approach in |Zhu
et al. (2014).

5.1. Example 1

To illustrate the advantage of the proposed method over a complex domain, we study
the horseshoe domain in [Sangalli et al. (2013]). The response images are generated from the
following model: Yj; = 53(z;) + Xif7(25) + ni(z5) + ogij, for i =1,...,n, j =1,...,N, and

z; € ). To understand the advantages and disadvantages of different methods, we consider
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Case I (jump functions) Case IT (smooth functions)

g 87

Figure 5.1: The true coefficient functions in Simulation Example 1.

Table 5.1: Estimation errors of the coefficient estimators, o = 2.0.

Function Method =003, A =0006_ A1 =02, d =005
Type " VeHHo Bo B Bo B
BPST  0.0139 0.0182 0.0145  0.0189
PCST  0.0088 0.0090 0.0094  0.0097
50 Kernel  0.0801 0.0819 0.0807  0.0826
Tensor ~ 0.0799 0.0248 0.0799  0.0254
Jump BPST 0.0090 0.0113 0.0093  0.0122
oo PCST 00044 0.0044 0.0047  0.0047
Kernel  0.0400 0.0405 0.0403  0.0409
Tensor ~ 0.0395 0.0166 0.0399  0.0171
BPST  0.0026 0.0032 0.0032  0.0041
PCST  0.0088 0.0090 0.0119  0.0139
50 Kernel 0.0801 0.0819 0.0807  0.0826
Tensor  0.0799 0.0256 0.0806  0.0271
Smooth BPST  0.0016 0.0019 0.0010  0.0022
Loy PCST  0.0070 0.0086 0.0073  0.0090
00 Kernel  0.0400 0.0405 0.0403  0.0409
Tensor  0.0399 0.0168 0.0402  0.0179

two types of coefficient functions in the above image-on-scalar regression model: (I) functions
with jumps; and (IT) smooth functions. The true coefficient functions are shown in Figure

For each image, we set the resolution as 100 x 50 (pixels). The true signal falls only within
the horseshoe domain (3182 pixels); outside the domain is pure noise. We generate the scalar
covariate X; ~ N (0,1), and then truncate it by [~3,4+3]. We set n;(z) = >.7_, )\;16/2&1@7#1@(2),
where (A1, A2) = (0.1,0.02) or (0.2,0.05) and &1 and &2 ~ N(0,1), ¥1(z) = c1sin(2721), and
Pa(z) = cycos(2mzy). Let ¢p = 0.56 and ca = 0.61, such that v; and 1y are orthonormal
functions on 2. The measurement error &;; is independently generated from N(0,1) and
o =1.0, 2.0.

To fit the model, we consider the BPST and PCST methods presented in Section 2. To
obtain the BPST estimators, we set d = 5 and r = 0 when generating the bivariate spline basis
functions. Figure in the Appendix B illustrates the triangulations used for the BPST and
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PCST. The triangulation used for the BPST (A;) contains 90 triangles (73 vertices), and the
triangulation used for the PCST (Az) contains 346 triangles (226 vertices).

We quantify the estimation accuracy of the coefficient functions using the mean squared
error (MSE). Table provides the average MSE (across 500 Monte Carlo experiments) for
two types of coefficient functions. To save space, we present the results for o = 2.0 only; the
results for ¢ = 1.0 are presented in Table in the Appendix B. As expected, the estimation
accuracy of all the methods improves as the sample size increases or the noise level decreases.
In both scenarios, the BPST and PCST outperform the other two competitors, reflecting the
advantage of our method over a complex domain. When the true coefficient functions are
smooth, the BPST provides the best estimation, followed by the PCST. On the other hand,
when the true coefficient function contains jumps, the PCST provides a better result. For the
tensor regression, the estimator of 5{(-) is much more accurate than that of 5§(-), owing to the
design of the coefficient function. Figure shows that, in contrast to the intercept function of
B§(+), the true slope function of 5{(-) is still smooth across the complex boundary. Moreover,
when the coefficient function is smooth across the boundary, the estimation accuracy is also
affected by the domain of the true signal. The performance of the kernel method is not affected
by the design of the coefficient functions. Instead, it depends heavily on the noise level, owing

to the three-stage structure.
5.2. Example 2

In this example, we simulate the data by considering the domains of the fifth and 35th
slices of the brain images illustrated in Section 6 as the domain 2. We generate response images
based on a set of smooth coefficient functions from the following model: Y;; = Z?:o XieB7(z5)+
ni(z;) + ogij, fori =1,...,n, j=1,...,N, and z; € Q, where 3(z) = 5{(21 — 0.5)? + (22 —
0.5)2}, B9(z) = —1.525 + 1.523 and B9(2) = 2 — 2exp[—8{(21 — 0.5)2 + (22 — 0.5)?}]. the true
coefficient images are shown in the first columns of Figures and in the Appendix B for
the fifth and 35th slices, respectively. For each image, we simulate the data at all 79 x 95 pixels.
To mimic real brain images, the true signals are generated only on the pixels/voxels (3476 or
5203 pixels in total) within the brain domain; outside the boundary of the brain, the image
contains only noise. We set X;0 = 1 and generate X; = (X1, Xi2)T ~ N(0,%), with ¥ =
(é:g ?:8) and Xy truncated by [—3, +3]. For the error terms, we set n;(z) = Zzzl A,lg/2§ikwk(z),
where &1 and &o ~ N(0,1), ¢1(z) = 1.488{sin(rz1) — 1.5}, 92(z) = 1.939 cos(2mz2), and
(A1, A2) = (0.1,0.02) or (0.2,0.05). The measurement error ¢;; is independently generated
from N(0,1) and o = 0.5, 1.0. To conserve space, we show only the results for the domain of
the fifth slice for ¢ = 1.0 here. The results for o0 = 0.5 and those based on the domain of the
35th slice are shown in Appendix B.
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Table 5.2: Estimation errors of the coefficient function estimators, o = 1.0.

M =01 A =002 MN=02 )=005
" Method Bo B1 B2 Bo B3 B2

BPST(A3) 0.003 0.005 0.005 0.007 0.011 0.010
BPST(A4) 0.003 0.005 0.005 0.007 0.010 0.009

50 Kernel ~ 0.023 0.032 0.032 0.026 0.037 0.037
Tensor  0.023 0.013 0.019 0.026 0.017 0.024
BPST(A;) 0.002 0.002 0.002 0.003 0.005 0.005
oo PBPST(A1) 0002 0002 0.002 0.003 0.004 0.004

Kernel 0.011 0.015 0.015 0.013 0.018 0.018
Tensor 0.011 0.007 0.011 0.013 0.009 0.013

Because the functions in this example are smooth, for the bivariate spline approach, we
consider only the BPST method. To further study the effect of different triangulations, we
consider Az and Ay; see Figure[B.4]in the Appendix B. Similarly to Section 5.1, we summarize
the MSE for different coefficient functions based on 500 Monte Carlo experiments in Table
Columns 2-5 in Figure in the Appendix B show the estimated coefficient functions using
the kernel, tensor and BPST methods, respectively. Table and Figure in the Appendix
B show that the estimation accuracy improves for all methods as the sample size increases or
the noise level decreases. In all settings, the BPST method has the smallest MSE compared
with the kernel and tensor methods, reflecting the advantage of our method in estimating
the coefficient functions and, hence, the regression function. Because the kernel and tensor
methods are both designed for a rectangle domain, the estimation accuracy can be affected by
the noise outside the domain. Futhermore, the MSE is invariable across two triangulations,
thus, As might be sufficient to capture the feature in the data set. This also implies that when
this minimum number of triangles is reached, further refining the triangulation has little effect
on the fitting process, but makes the computational burden unnecessarily heavy.

Finally, we illustrate the finite-sample performance of the proposed SCCs for the coefficient
functions described in Section 3. In particular, we report the empirical coverage probabilities
of the nominal 95% SCCs using triangulation As. We evaluate the coverage of the proposed
SCCs over all pixels on the interior of €2, and test whether the true functions are entirely
covered by the SCCs at these pixels. Table summarizes the empirical coverage rate (ECR)
for 500 Monte Carlo experiments of the 95% SCCs and the average width of the SCCs. The
results clearly show that the ECRs of the SCCs are well approximated to 95%, particularly as
the sample size increases. Table [5.3| also reveals that the SCCs tend to be narrower when the

sample size becomes larger or the noise level decreases.

6. ADNI Data Analysis
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Table 5.3: The coverage rate of the 95% SCCs for the coefficient functions.

\ Coverage Width
" 7 B b1 B2 Bo b1 B2
0.1.0.02 0.5 0.976 0.928 0.938 0.332 0.362 0.377
(0.1,0.02) 1.0 0976 0.940 0.952 0.358 0.392 0.413

50 5 05 0962 0018 0032 0445 0497 0513
(0.2,0.05) 10 0.970 0930 0.940 0478 0527 0.544
00z 05 0970 0956 0956 0.231 0.2350 0267
100 (0.1,002) 1 00978 0968 0978 0.262 0285 0.297

0.5 095 0958 0.936 0.313 0.348 0.357

(02,0.05) 1 0966 0964 0954 0344 0378 0.389

To illustrate the proposed method, we consider the spatially normalized FDG (fludeoxyglu-
cose) PET data of the Alzheimer’s Disease Neuroimaging Initiative (ADNI). As pointed out
in Marcus et al. (2014), FDG-PET images have been shown to be a promising modality for
detecting functional brain changes in Alzheimer’s Disease (AD). The data can be obtained
from the ADNI database at http://adni.loni.usc.edu/ The database contains spatially
normalized PET images of 447 subjects. Of these 447 subjects, 112 have normal cognitive
functions, considered to be the control group, 213 are diagnosed as mild cognitive impairment
(MCI), and 122 are diagnosed as AD. Table[B.F|in the Appendix B summarizes the distribution
of patients by diagnosis status and sex.

In this study, we examine several patient-level features: (i) demographical features, such as
age (Age) and sex (Sex); (ii) a dummy variable for the abnormal diagnosis status “MA” (1 =
“AD” or “MCI”, zero otherwise); (iii) a dummy variable for “AD” (1 = “AD,” zero otherwise);
and (iv) dummy variables for the APOE genotype, the strongest genetic risk factor for “AD”;
see (Corder et al. (1993). We code APOE; as a dummy variable for subjects with one epsilon
4 allele, and APOE; as subjects who have two alleles.

Noting that the PET images are 3D, we select the 5th, 8th, 15th, 35th, 55th, 62nd, and
6fifth horizontal slices (bottom to up) of the brain from a total of 68 slices to illustrate our
method. Each slice of the image contains 79x95 pixels, but the domains of different brain slices
are quite different. Specifically, the domain boundary for the bottom slices and upper slices
are much more complex than the slices in the middle; more examples can be found in Figure

in the Appendix B. For each slice, we consider the following image-on-scalar regression:

Yi(z5) =Bo(z;) + B1(z;)MA; + Ba(25)AD; + B3(25)Age; + Ba(z;)Sex;
+ B5(z;)APOEy; + 86(2;)APOEy; + ni(2;) + 0(zj)ei(z;), i =1,...,n.

We fit the above model using the BPST method for each slice; see Figure in the
Appendix B for the set of triangulations used for the BPST method. The image maps in Figure
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Table 5.1: 10-fold CV results for the ADNI dataset. (x1072)

Method Slice 5 Slice 8 Slice 15 Slice 35 Slice 55 Slice 62 Slice 65
BPST 1.4508 1.4809 1.5013 1.5633 2.0693 2.3020 2.6239
Kernel 1.4533 1.4828 1.5021 1.5638  2.0715  2.3060  2.6303
Tensor 1.5010 1.5260 1.5400 1.5900 2.1000 2.3340  2.6400

b.T]and Figures[B.8land [B.9]in the Appendix B present the estimated coefficient functions using
the BPST (d = 5, r = 1) method. To evaluate the predictive performance, Table reports
the 10-fold CV (parts of the images are left out as training sets) MSPE results for the BPST
method, kernel method in Zhu et al. (2014)), and tensor regression method in |Li and Zhang
(2017)). The table shows that the MSPEs of the BPST method are uniformly smaller than
those of the kernel method and tensor regression methods.

Next, we construct the 95% SCCs to check whether the covariates are significant. The
yellow and blue colors on the “significance” map in Figure [5.1] indicate the regions in which
zero is below the lower SCC or above the upper SCC, respectively. Using these estimated
coefficient functions and the 95% SCCs, we can assess the impact of the covariates on the
response images. Taking the fifth slice as an example, the main impact of “AD” on in the
PET images is an increase in activity in the cerebellum compared with a normal individual.
The cerebellum obtains information from the sensory systems, spinal cord, and other parts of
the brain, and then regulates motor movements, resulting in smooth and balanced muscular
activities. The significance map of “Age” also shows an increase in activity in the cerebellum,
and “Sex” shows different effects in the male and female brain images. The significance maps
of the covariates for all other slices of the PET image are shown in Figures - in
the Appendix B. From these figures, we can see that the effect of the covariates on the brain
activity level varies between slices, depending on the location of the slice; see the Appendix B
for further details.

7. Conclusion

We examine a class of image-on-scalar regression models to efficiently explore the spatial
nonstationarity of a regression relationship between imaging responses and scalar predictors,
allowing the regression coefficients to change with the pixels. We have proposed an efficient
estimation procedure to carry out statistical inference. We have developed a fast and accurate
method for estimating the coefficient images, while consistently estimating their standard devi-
ation images. Our method provides coefficient maps and significance maps that highlight and
visualize the associations with brain and the potential risk factors, adjusted for other patient-

level features, as well as permitting inference. In addition, it allows an easy implementation

18



Intercept

1.0 ‘
I 0.5

AD

At l
-~ 0.05
NS
- 0.00
\v )
-0.05
Sex
Paldl
- 0.00
& |- B

Figure 5.1: The BPST estimate and significance map of the coefficient functions for the fifth
slice of the PET images. The yellow and blue colors in the significance map indicate the regions
in which zero is below the lower SCC or above the upper SCC, respectively.
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of piecewise polynomial representations of various degrees and smoothness over an arbitrary
triangulation, and therefore can handle irregular-shaped 2D objects with different visual qual-
ities. This provides enormous flexibility, accommodating various types of nonstationarity that
are commonly encountered in imaging data analysis. Our methodology is extendable to 3D
images to fully realize its potential usefulness in biomedical imaging. Instead of using bivariate
splines over triangulation, the trivariate splines over tetrahedral partitions introduced in [Lai
and Schumaker (2007) could be well suited, because they have many properties in common
with the bivariate splines over triangulation. However, this is a nontrivial task, because the
computation is much more challenging for high-resolution 3D images than it is for 2D images,

and thus warrants further investigation.
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Appendix A

In the following, we use ¢, C, ¢y, co, C1, Cs, etc. as generic constants, which may
be different even in the same line. For any sequence a, and b,, we write a, =< b, if
there exist two positive constants c;,co such that ¢ila,| < |b,| < calayl, for all n >
1. For a real valued vector a, denote ||a|| its Euclidean norm. For a matrix A =
(a;;), denote ||Al/o = max;; |a;;|. For any positive definite matrix A, let A\yin(A) and
Amax(A) be the smallest and largest eigenvalues of A. For a vector valued function g =
(90, ---,9p) ", denote [lg|lr,.@ = {37 ||9€||L2(Q)}1/2 and [|glc.0 = maxo<r<y [|9¢l 000,
where ||ge]|z,.0 and ||ge|lco.o are the Ly norm and supremum norm of g, defined at the
where |g¢|p.000 =

beginning of Section 2.2. Further denote ||g||y0o.0 = Maxo<i<p |ge]v.c0,
max; 4 j—y || VL, V2, gi(2)||,0. For notation simplicity, we drop the subscript € in the rest

of the paper. For gV)(2) = (g(()l)( )ye. ,gz(,l)(z))T and g?(z) = (g((f)( ) g 2(2)7,
define the empirical inner product as

n

1 < al 2
g(2) = n_N Z ZXZZXZZ’gé zj)gé’)(zj)7 (Al)
2,0'=0 i=1 j=1

(g,

and the theoretical inner product as

p

1 2
(@, g%) = 3 B(X,Xp) / o0(2)92 (2)dz, (A.2)
4,0=0 Q@
and denote the corresponding empirical and theoretical norms || - ||, v and || - ||
Furthermore, let || - ||¢ be the norm introduced by the inner product (-, -)g, where,

for g (z) and g (2),

(g" MZ / {zﬂ 2( ) (VL Vg >}{+jz:2 (Z)(w Vi gt )}dzldzg.

Let A(€2) be the area of the domain €2, and without loss of generality, we assume
A(2) = 1 in the rest of the article. Note that the triangulation for different coefficient
function can be different from each other. For notational convenience in the proof below,
we consider a common triangulation for all the explanatory variables: By(z) = By(2z) =

-=B,(2) = B(2), and f,(2;) = B'(2;)7,-
A.1. Properties of bivariate splines

We cite two important results from |Lai and Schumaker (2007)).
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Lemma A.1 (Theorem 2.7, Lai and Schumaker (2007)). Let { B, }mea be the Bernstein
polynomial basis for spline space S;(A) defined over a m-quasi-uniform triangulation .
Then there exist positive constants ¢, C' depending on the smoothness r, d, and the shape

2
parameter 7 such that c|\|? Y omem 2 < ||Zm6/\/l vamHLz < CO|A)? Y omem V2.
Lemma A.2 (Theorems 10.2 and 10.10, |Lai and Schumaker (2007)). Suppose that |A|
is a T-quasi-uniform triangulation of a polygonal domian €, and g(-) € WIh>(Q).

(1) For bi-integer (ay,as) with 0 < aj + ay < d, there exists a spline g*(-) € SY(A)
such that V2V (g —g*) | < CIA[HI1792g|414 o, where C is a constant
depending on d, and the shape parameter .

(ii) For bi-integer (a1, a2) with 0 < ay + ay < d, there exists a spline g**(-) € SjH(D)
(d > 3r +2) such that [|[V3V2 (g — g**) [l < C|A[Tm07%2| g4 o, where C s

a constant depending on d, v, and the shape parameter .

Lemma shows that S(A\) has full approximation power, and S;(A) also has full
approximation power if d > 3r + 2. For any ¢(-) in Sobolev space C(?(€2), there exists a
spline g*(-) € PC(A) such that ||g — ¢*[|cc < C|A|||g]loo-

Lemma A.3. Let g(z) = (9o(2),...,9,(2))", where gi(2) =3, c vy VemBm(z). Then,
under Assumptions (A3) and (A5), |lgll <> 7_ol9¢ll .-

Proof. By (A1), [gll* = 320 s—o E(XeX0) [o (2 )ge/( dz = J,8"(2)Zxg(z)dz. Ac-
cording to Assumptions (A3) and (A5), ||g]]* < [, 8" z)dz =< Y0 |lgell L, O

Lemma A.4. Under Assumptions (A4) and (A5), for any Bernstein basis polynomials
B (z), m € M, of degree d > 0, we have

1 k k
NZ:Bm(zj)—/QBm(z)dz

N
,ax N; m(2) B (25) — /QBm(z)Bm/(z)dz =0

=0 (|AINTY?), 1<k < oo, (A.3)

max
meM

(A=), (A.4)

N
1
max |-os Z Gn(zj,zj/)Bm(zj)Bm/(zj/)—/ G,(z,2") By (2) By (2 )dzdz'

m,m’'eM “~ Q2
3i'=1
=0 (N2AP), (A.5)
mase 0B, 31, ~ [0 B3, | = max 232 2)0%(25)~ [ (2B (=)
=0 (N2A]). (A.6)
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Proof. Note that there are d* = (d + 1)(d 4+ 2)/2 Bernstein basis polynomials on each
triangle and [, B (z)dz = fT[ . BE (2)dz, for any k > 1.
For piecewise constant basis functions, we have B,,(z) = I(z € T,), then

%;Bmzn - [ Bizyiz

According to Assumption (A5),

% > 1z € Tn) = A(Tyn)

N

¥ 20 Bhlz) — [ Bz

Jj=1

< CN72|A].

max
meM

For any j =1,..., N, let V; be the jth pixel, and it is clear that

N
1
— Y BF(z; —/Bﬁl z)dz +/ B (2)dz.
N; ( ]) Q ( ) Q\UY;

If d > 1, by the properties of bivariate spline basis functions in [Lai and Schumaker
(2007)), fQ\uvj BF (2)dz = O(N~'?|Al), and

<

> [ (Bhiz) - Bh(2)a

< Y [ Bl - Bl
{4:2;€Trmya*1} Vi

< C(N|AP) x N7Ux (NTV2HAITYH) < ON~Y2A].

> [ (Bhiz) - Bh(2)a

Thus, (A.3)) holds. The proof of (A.4) is similar to the proof ((A.3)), thus omitted.
Next, for any m, m’ € M,

N N
1 / / !/
N2 > > Gylzj25) Bu(z;) Bur(2)1) — /Q2 Gy(2,2") Bn(2) By (2)dzdz
=1 /=1

- ZZ/V_  AGu(z3:20) Bun(z) Bur (27) = G2, 2) B (2) B ()} d2d

=1 j=1
+ / {Gn(zj7 Zj’)Bm(zj)Bm’(zj’) - Gn(z7 Z,)Bm(z)Bm’(zl)} dzdz'.
QQ\Uj j/Vj ><Vj/

As N — oo,

[ 1G5 Bl Bar () = Gl ) Be) B ()} i = 0 (121

2\Uj7j/Vj><Vj/
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Notice that

»3 | Gz 20 Bu25) Bt (31) = G, ) Bo(2) B () i

]1]/1V><V/

= 2. wjj (Gl m, 2N %) dzd2’,
{(.3"):2; €T =121 €Ty} 7 V3V

where K,,(z,2') = B,,(z2)B,,(z') and
wjj (9, 0) = sup l9(z1, 21) — g(z2, 25)]

(21,2/1)7(2272'2)€ijij,
llz1—z2|2+|z} — 25 ||1?=0?

is the modulus of continuity of g on V; x V.. Therefore, by Assumption (A4), we have

SN[ G 2Bl B 1) G, B2 B

j= 1]/ 1 V7><V/
< (NIAP)? x N72x (NT2A17H) = O(N 2 |A ).

Thus, (A.5)) follows.
Finally, note that

N
1
NZBQ zj)o /QUQ(Z)dz <
j=1 Jj=1
n / B2, (2;)0%(2) — B2(2)0%(2)|dz.
Q\UVj

It is easy to see that [y, |B},(2;)0%(2;) — B}, (2)0*(2)|dz = O(N~Y2|A|). Denote
wj(g; 0) = SUP, ey, |2—2=0 [9(2) — g(2')] is the modulus of continuity of g on the jth

{B(2))0%(2)) = By, (2)0° (2) }d=

pixel V;, then by Assumption (A4), we have

Z /\}.{Brzn(zj)a—2<zj) - B;(Z)O'Q(Z)}dz < Z ij(B72n027 2N—1/2)dz

{4:2j€Tmya} Vi

< C(N|AP) x N7Lx (NTYVAITYH) < N2 A
We obtain ((A.6)). O

Lemma A.5. For any m € M, 0 < 0,0' < p, let Oy = E(X,Xy) [, B2(2)dz.
Suppose Assumptions (A3) and (A5) hold, and N'Y?|A| — oo as N — oo, then with
probability 1, one has

max max N ZZB ZJ XX — (I)mgg/ O {n’l/Q\A\Z(logn)l/Q + N71/2‘A‘} .

meMOLl<p|n
=1 j=1
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Proof. Let G = Gimor = % Zjvzl B2 (zj) XX If NY2|A| = o0 as N — oo, then
by (A.3), we can show that E(g ) = + Zjvzl B2(z;)E(X, Xp) =< |A]2, and E (g;,,)° =
LS BA(z)} B (XX = A
Next define a sequence D,, = n® with o € (1/3,1/2). We make use of the following
truncated and tail decomposition X = X; X0 = Xile)ﬂg + Xi%@’ where ng}’l =
X Xip I {|E(X3Xier| > Dy} XZ.L;;’2 = XuXinI {| Xy Xiw| < D,}. Correspondingly the
truncated and tail parts of ¢, are Sy = Simwre = % Zjvzl Bfn(zj)Xi?g},v, v=1,2.

According to Assumption (A3), for any ¢,¢' =0,...,p,
E Xn Xn /
ZP{|XMXM/|>D}<Z E [ XnaXne " CZD < 0.

By Borel-Cantelli Lemma, % Zjvzl B;(zj)Xgéﬁ’l = 0, almost surely. So for any k£ > 1,
SUP, , ¢ It Gima| = Oas.(n7F). Since NY2|A| — 0o as N — o0,

|E(Sima)| = |E( Xz]._éjz? { 232 Zj }
< D72E| XX | {/ B2 (z)dz + O(N‘1/2|A|)} < CDYA%
Q

Next, we consider the truncated part ¢; ,, 2. Define ¢, o =G mo—E (Gim,2), then E¢ o=
0, and

E(gim,2)2 = E(Simp2)” — (Egi,rn? = { ZBQ Zj } {E Xz% )? — (EXilz?e?,z)z}'

Note that E(X[ )2 < DYE [ Xy X < eDyY, thus, E(X]p,)? = E(Xuw)*—E(X 5 ,)? =
E(Xw)?* — o(1). Therefore, there exists ¢, such that for large n, we have E(c}, ,)* >

cE(Xiw)? x {N ijl Bfn(zj)} . Next for any k > 2,

zm2

E

* k —
gi,m,Q{ =F |§z’,m,2 -k (gi,m,Q)lk S 2k ! (E |§z’,m,2|k + ’E(gi,m,Q)’k>

1)}{%21\;33,1(@)} ,

= ok {E X2, + 0
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then there exists C; > 0 such that for any k£ > 2 and large n,

E

k
1 N
Gi*,mg\k < 2" {DEPE (Xuw)? + O(1)} {N > an(zj)}
j=1
N

k-2

which implies that {gz* m,2}:: | satisfies Cramér’s condition with constant C.D,|A]2. Ap-
plying Bernstein’s inequality to Y, Sim.2> for k> 2 and any large enough § > 0,

1 n
P { n ;%,m,z

Assume that |A]7? =< n7 for some 0 < T < 0o, we have

- 62 log(n)
> on~ 2| A (log ”)1/2} e {_4 +2C.D,6(log ) /2n 1/ } '

oo

—-1/2 1/2 —-2—
3223 o 137 2 o0 o g <235 S
n=1 0<2,0'<p n=1 meM 0/l <p

Thus, sup,, ¢ ¢

n Y ol = Ous. {n™12| A2 (log n)/?} asn — oo, by Borel-Cantelli
Lemma. Furthermore,

n- Zgzm Eg@m

=1

max
m,L,0

< max

n- Z§zml n- Z%m?

=1 =1

= 04s.(n%) + O, {n’l/QlAIQ(logn 1/2} +0 (D;2|A12) = Oy {n’1/2|A]2(log n)l/Z} )

—|—max —|—maX\E§1m1\

Finally, we notice that

n N
max E E X Xip — Prnpp
meM TL - w
0<L,0'<p =1 j=1
n 1 N
-1 2 2
= max |n E Sim — ESim| + |EXyXw| max | — E B:(z;) — | Bi(z)dz
meM - meM | N - Q
0<2,0'<p i=1 j=1

=0, {n_l/QlAIQ(log n)l/Q} + O(N~V2A|.
We obtain the desired result. O

The following lemma provide the uniform convergence rate at which the empirical
inner product in (A.1) approximates the theoretical inner product in (A.2)).
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Lemma A.6. Let g( )( ) =D e cﬁiBm(z), géZ)(z) = meM cgngm(z) be any spline
functions in S4(A). Denote g(z) = (go(2),...,9,(2))" with go € S§(A), £ =0,...,p.
Suppose Assumptions (A3) and (A5) hold, and NY/2|\| — oo as N — oo, then

<g(1), 9(2)>n7N - <g(1), 9(2)>

= Op{n~2(logn)"? + N~12|A|7'}.
lg @1l 1@

Ryn = sup
g .gPesy(A)

Proof. 1t is easy to see

<g(1),g(2) ZZ{Z Z sz MB Z] }{Z Z CZ’ ng/Bm/ Zj)}

=1 j=1 (=0 meM 0m’'eM
1 n N
2
Z Z Cfmcé’) , N Z ZXiEXiE/Bm(zj)Bm’<zj)-
Lm L' m/! i=1 j=1
Note that ||g"||?> = D tm e, ,02205, E(XyXy) [o Bn(2)Bu(z)dz, r = 1,2. It fol-

lows from Assumptions (A1), (A2), Lemmas [A.1] and - that,

Gl AP S e < [lg@ ) < G AP {eh?,
Lm Lm

1/2

1/2
1 2 1 2
Ci|AP [Z{cénif S <lg®g?ll < Colaf? [Z{cénif Z{cé/fnf] :
lm ' m! lm m’

With the above preparation, we have

(2)
! /! C mc /
ZZ,Z N [<(d+2)(d+1)/2 | Im=l'm | (A7>

C1lAP [Z@m{céiiw o mrlcion /}2}

Rn,N S

X max | Z Z Bun(2) B (2;) XuXio — E(X, Xy) /Q B (2) By (2)dz
0<4,0'<p i=1 j=1
1 n N
SN W Z Z Bu(2j) Bu (25) X Xiv — E(XeX0) /Q Byu(2) B (2)dz|.
0<6,0'<p i=1 j=1
The desired result follows from (A.7)) and Lemma O

As a direct result of Lemma [A.6] we can see that

up [llgll/ gl = 1| = Optn ™ (logm)! + NP6 (A8)

gesi(n
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A.2. Uniform convergence of the unpenalized spline estimators

In this section, we consider the unpenalized spline smoothing approach. The unpe-
nalized bivariate spline estimator of 8° = (/, . . ., 5];’)T is defined as

n N

B=(o,....B,) =argminy > {y;(zj) - ingﬁg(zj)} . (A.9)
/=0

eGP+ Ty iy

Denote
n N
0, =@ .0 yTor1 L Z{f( % B(z )}XT,BO(z )
2 w,0° s Y u,p - nOnN { J % J
i=1 j=1
~ T ~T 1 KL~ =
077 = (071,07 © en,p)—r - I‘T_L]bm Z {XZ ® B(z])} nl<'z])7
i=1 j=1
~ ~T ~T 1 — N ~
0. = (0.p..-.0.,) = Ti—>" > {X; 0 B(z) } o).
i=1 j=1
where
n N
1 -~ ~ ~
oo =— > ) (XX @ {B(2)B(2;)}. (A.10)
i=1 j=1

Lemma A.7. Under Assumptions (A3) and (A5), if NY?|A| = oo as N — oo, then
there exist constants 0 < cr < Cr < 00, such that with probability approaching 1, as
N — 00, n — 00, cr| AP < Apin(Tho) < Amax(Lno) < Cr|A|?, where L', isin )

Proof. Note that for any vector @ = (8, ,- - - ,HZ)T with v, = (Vem, m € M),
1 n N o
0000 = TS S (XX © (BB (2)hy = lgylow, (A1)
i=1 j=1
where v = Q260, and g., = (g, - -- ,g.,p)T with gy, = > e VemBm- By 1) we have
(=R )| AP[IVII* < A=Run)llgyI* < gy l7 v = (1+Ran) gy I < CO+Ryn) AP,
in which we have used the stability conditions in Lemma [A.T] O

Next, we consider the following decomposition B(z) = ,@“(z) +n(z) + &(z), where

B.(2) = (Buo(2).. ... Bup(2))T = {I@B(2)}"6,, (A.12)
n(z) = (o(2).....7,(2))" = {IeB(2)}'6,, (A.13)
E(z) = (50(2),....5(2)" = {Io B(2)} .. (A.14)
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Lemma A.8. Under Assumptions (A2)-(A5) and (C1), if NY2|A| — 0o as N — oo,
1525 A2 W]l < 00 and n'/@52) <« n/2N-Y2|A|Y for some 8y, then for §j and & in
(A.19) and (A.14), |1l = Op{n="?(logn)/?} and ||€||ec = Op{(nN)"'/?(logn)'/?|A|~}.

Proof. Note that for any £ = 0,1,...,p, n(z) = >, c i gn,gymém(z) for some coefficients
0,0.m, so the order of 7,(z) is related to that of 0, ,,. In fact

(e, ®1)'T, g [ ZZ{X @ B(z; }Mza)]

=1 j=1

177lloc = max [|feloc < C W1nelloo =

where 5,7 = (5777g,m)m€ 7 With M being an index set of the transformed Bernstein basis
polynomials B,,(z) and I',, o is the symmetric positive definite matrix defined in |D
Thus, by Lemma [A.7]

n

il < CIAI? o masx

N
leﬂh z] ) )
1 j=1

almost surely. Next, we show that with probability 1,

Z Z Xzfnz zj

’Ll_]l

1=

=0 {n"2|A]*(logn)"/?} . (A.15)

max maX
0<t<p meM

To prove (A.15), let @; = @i m = 1oy /\,i/Qwaik% z;vzl Em(zj)wk(zj), where F(w;) =
0 and

X2

?) Z Z Em(Zj)Em(zj’)Gﬁ<zj’ zj)

x/ G, (2,2 )Bon(2)Bn(2)dzdz' < | A"

Q?

E(w?) =

We decompose the random variable wo; into a tail part and a truncated part,

oSl
oSl
s

==

(zj)%(zj)} Xieind {| Xieir| > Dn},
m(zj)wk(zj)} Xkl {| Xiekir] < D} — '™,

Bm(zj)¢k(zj)} E [Xwﬁik] {|Xi€€ik’ < Dn}] )

==
mzzmzzmz
ssh]

==
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where D,, = n® (1/(4+ 61) < a < 1/2). At first, we show that tail part vanishes almost
surely. Note that, for any & > 1,

S E X060
§ :P{’angnk| > Dp} < E | G < vy } :D (4+61)
n=1

T phvea
n=1 D '
By the Borel-Cantelli’s lemma, we can show that E | Ls™ | = O (n™"), for any
r > 0. As E(w;) = 0, then it is straightforward to Verlfy that it = —E(wﬁ") =
O(D*|AP).

Next, notice that E(w;3) = 0. Then, Var(w;}) = E(w?) — E(w,1')? — (uP")? =
|AJL. Also, we have, for any r > 3,

N r
1 ~
Elwjy|" = ;i/QN Z By (25)¥r(25) [Xiekird {| Xiekir| < Dp}] —
S 2T71 E Z)\l/2 ZB z_] ¢k(z]) zfgzkjﬂXngzk‘ < D } ( Dn) ]
k=1 j=1

N 00 r—2
1 ~
g{anNZBM)ZAi/%k@)} BB < (CD AR 2Elwy 2
j=1 k=1

Thus, E|wia/n|" < {Cn ' Dy|APY *rlE(w;,/n*) < co with the Cramer constant
¢t = Cn~'D,|A>. By the Bernstein inequality, for any large enough § > 0,

P{ 1 u —62%logn }
n =1

St
: ! 4¢ + 26C'D,,(log n)/2n=1/2

< on73.

> 5n_1/2|A|2(logn)1/2} < 2exp{

Hence,

—sz

for such 6 > 0. Thus, Borel-Cantelli’s lemma implies that ||7]|_, = Op{n~"/2(logn)'/?}.
The result of ||g,, = Op{(nN)~Y2(logn)*/?|A|7} can be established similarly, thus
omitted. O

> on V2| AP (1ogn)1/2} < ClA|” QZn < 00

o0

E P { max max
T 0<l<pmeM

n—=

For ,é (z) defined in 1) Theorem below provides its uniform convergence rate
to 3°.
Theorem A.5. Under Assumptions (A1)-(A6), for B(2) defined in , 1B8—8°]l0 =
Op{IA[HIB | ar1,00 + 12 (log n) 2}
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Proof. Note that || = 8%l < 18, = 8l + llloc + [E]lc, where

B“—argminZZ{ZXw —a0)( )} .

gege+) i=1 j=1

Let 8" = (B5,...,8;)* € GP+D where ;s are the best approximation to 3¢’s with the
approximation rate ||3; — 82|l < C|A1|B°|l4r1.00 for any £ = 0,...,p. By [Lai and
Wang (2013)),

18, = Bl <118, = BNl + 18" = B°lloc < CIAI 8]l a1,00- (A.16)
The desired result follows from Lemma [A.8 O
A.3. Asymptotic properties of penalized spline estimators
Let B(z) = Q] B(z), then for U= X ® (BQ,) defined in Section 2.2, we have
UT = (X @ B(z1),..., X1 @ Blzy),..., X, @ B(z1), ..., X, @ B(zw)),

and UTU = Y20, Y, (X XT) @ (B(z)BT ()}, UTY = Y0, N (X, @ B(=,)} s
Let

n N
1 s ~ ~ Pn
Fn,p = m ; = (XZXJ—> ® {B(zj)BT (zj)} + n_NIp ® Q;KBmv Bm’>5]m7m’6MQ27
(A.17)
which is a symmetric positive definite matrix.
Next, we define
~ ~T ~T 1 — N =~
6= B0---.8,,)" =To)— ZZ {X ® B(z; }Xjﬁo<zj),
~ ~T ~T 1 K&
0,=(0,0,--,0,,) = 71—NZZ{X © B(z; }ZA “Entn(25),
i=1 j=1 k=1
~ AT T n
052(06,0,...,051) = ”pnNZZ{ }O’(Zj)é‘ij.
Note that, for any ¢ = 0,...,p, the penalized bivariate spline estimator Bg can be
written as:
Bi(z) = Bue(z) + 1e(z) + E(2), (A.18)
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where
Bue(z) =B(2)' 0,0, Ti(z) =B(2)'0,, &i(z)=B(2)0.,,

Therefore, we have

Bulz) = B7(2) = Bue(2) — B(2) + ulz) + Eu(2). (A.19)

Lemma A.9. Under Assumptions (A3)-(A5), if NY2|A| — 0o as N — oo, then there
exist constants 0 < cr < Cr < 0o, such that with probability approaching 1 as N — oo

and 1 = 00, er| AP < Awin(Tap) < Amax(Ta) < Cr (I8P + i

Proof. By (A.11)), it is easy to see that, for any vector 8 = (6, - -- ,OZ)T,

p
Pn
GTFWPO = ||g’y||3L7N + n_N Z’Y;—KBma Bm’)cf}m,m’EM'Yév

where v = (vg,---,7,)| = Q20 with v, = (yam,m € M)T. Using the Markov’s
inequality in the supplement of [Lai and Wang (2013) and Lemma [A.1] we have

p
Z Z ’YKmBm ’A’4 Z Z ’Wm m

(=0 ||meM (=0 ||meM

2

C

< 2.

< sl
Lo
Thus, the largest eigenvalue of the matrix I',, , in (A.17) satisfies that Apax(T'yn,) <
C{(1+ R,n)|AP+ (nN|A*)"tp,}. Thus, we have with probability approaching 1,
Max(Trp) < Cr{|A2 + (nN|A]?) tp,} for some positive constant Cr. On the other
hand, we use Lemma and equation (A.8) to have |lg,|Iz v = (1 — Run)llg,lI> >
(1= Ruw)| AP AP

Therefore, Apin(Tnp) > ¢(1 — Ry n)|A]2 = cr| A O

Lemma A.10. Under Assumptions (A1), (A3) and (A5), if NY2|A| — oo, one has
1B, = Blle = Op { stsp 1800 + (14 i ) 1A 18 has o -

Proof. Define

A= sup {”9”“,||g||n,méo}, A, = sup {”g”f ,||g||n,méo}, (A.20)

geg(p+1) ||g||n,N geg+l) ||g||n,N

where random variables A, and A, depend on the collection of Xy’s, i = 1,...,n,

¢ =0,....p. Itis clear that [3° — B#HOO < |B° — B#Hoo + HB# — BMHOO, where B# is
given in (A.12), and |8, — B°[lec < C|A]"||8°]/a11,00 according to (A.16)).
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By the definition of A, in (A.20]), we have

18, — Bulloo < AullB, — Bllnn- (A.21)

Note that the penalized spline ,B' ., of 87 is characterized by the orthogonality relations

o~

nN<ﬂO - /Blug>n,N - pn(Bu7g>57 for all gc g(p+1)7 <A22>

while ,B . 1s characterized by

(B° = B,.g)un =0, forallgegrth. (A.23)

~ o~ ~

By (A.22)) and (A.23), we have nN(B, — B,,9)nn = (B, g)e, for all g € G+l
Inserting g = B, — B, yields that

nN||B, — B2 x = pu(B,. B, — B, (A.24)

Thus, by Cauchy-Schwarz inequality and the definition of A,,.
TlNH,B# - ﬁ/J,H?'L,N S an/B;LHS”IBM - /B;LHS S pnzn”ﬁpufuﬁu - IB/J,HTL,N'

Simﬂarly7 USing A.24 ) nNHBp,: Bu”i,NA: fn{<//6\‘uag/g>g _~<I/B\yaau>5} 2 0. Thus7
by Cauchy-Schwarz inequality, |8,/ < (8., 8,0 < IB,llellB,lle, which implies that
18,.lle < 1IB,lle. Therefore,

18, = Bullny < pu(nN) T A, 18,le- (A.25)
Combining (A.21)) and (A.25]) yields that
||ﬁu - /BMHOO < AnH,@“ - ﬁu”n,N < Pn(nN)ilAnZnHﬁqu‘
By Lemma we have

1B,lle = CL{llBllasot D> IVEVEB = B,)llc} < ColllB° |20 + A1 18] a1,00)-

a1+as=2

It follows

18, = Bulloe = pa(nN) T A A Co([18 3,0 + |1 118 i1,00): (A.26)

Next we derive the order of A, and A,. By Markov’s inequality, for any g € G@+1,
gl < CIAIT Igll, llglle < ClAIT?[lgll. Equation (A.8) implies that

_ _ _ 1/2
oup (gl llgll} = [1 = Op {(logn)/2n72 4 N2 )] o
ge
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Thus, we have

-1/2

A, < CIAITH 1= 0p {(logn) P~ + N7V |IAI7] 7 = 0p (1A,
A, < CIAI2 [1= 0p {(logn) 2012 4 N2 A" 72 = 0p (10]72) .

Plugging the order of A, and A, into (A.26) yields that

> - Copn d—1
J— OO:O —_— o 0 A °© 0o .
1B, = Bullx = Op { 200 (167 e + 1811801
Hence,
2 o d+1 0 021071 o d—1 0
1B = Bl < CUAY 8 1+ O { =S (16 e+ 1A 8 i1.2) -
Therefore, Lemma is established. O

Lemma A.11. Suppose Assumptions (A2)-(A5) hold and N'2|A| — oo as N — oo,
then, [|0,]* = Op(n™!|A7?).

Proof. Note that 577 =T, >0, Z;Vﬂ {)N(z ® ﬁ(z])} Y orey )\,lg/zgik@/)k(zj). According
to Lemma [A.9]

N n N N _ T
1B = ez 2 > (%@ Bz

iil=1j,j'=1
<3N e (z;) {Xz ® E(Zj')} S NP (zp).
k=1 k=1

Note that

X; ® ]§(zj) Z Ai/Zfik¢k(zj)

k=1

o0 o T
= (mes@f YN Gun(zy), o XeB(z) Y Ai%%@) :
k=1 k=1

so one has
N 1 P n N N N 00
16,17 = N2AL Z Z Z XuXB(2;) B(zy) Z (i) 2Ewbn (25) Eon b (250).
0=0 4,i'=1j,j'=1 ko k=1
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Because the eigenvalues of QoQ, are either 0 or 1, under Assumptions (A2) and (A3),
for any /¢, 1,

w Z Z E {X 'B(z;) B(z;) Y (AkAk/)l%kwk(zj)&kfz/fk/(zjf)}

j=1j'=1 ke k' =1
1 N N

S ¢ Z mZZBm(z])Bm(Z]/)Gn(z],zj/)
meM j=1j'=1

Assumption (A4) and (A.5)) imply that
ST B () Bunl2) G2, 25) = Go(2,2') B (2) B(#')d2d%’
e m(2j)Bm (2 nzj,z]r—TXT 0(2,2")Bp(2)B,(2")dzdz
J#3’
x {1+ O(N"2|AP)} = O(|AY).

Thus,
1 N N 00
N2 > D EXIB(z) Blzy) Y () PEatbn(z)) e tw (25) < CAP.
Jj=1j'=1 kk'=1

Next for any ¢, i # 4, j, j', we have

E {Xiin'eB(zj)TB(zj’) Z (AkAk’)l/zgik¢k(Zj>§ik’¢k’(Zj')}

kK =1

= E(XuXue) Y Ba(z))Bo(25) > E{(0edw) i ton(2) 0w (250)} = 0.

meM o k!
Therefore, E||6,]|> < Cp(n~!|A|2). The conclusion of the lemma follows. O

Lemma A.12. Suppose Assumptions (A2)-(A5) hold and N'2|A| — oo as N — oo,
then ||0.> = Op(n N7 A|™).

Proof. By the definition of 6. in 1' we have

n N

6.1 = sz (A1 T0) " S {Kie Bz} ol
=1 j=1
’A| 2F ZZ{XZ®B }O‘(Zj/)gij/.

=1 j'=1
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By Lemma [A.9]

161> = QNQW D3 (X @B(z)} olz))ey {Xe @Blzp) } oz

i,i'=17,7'=1

Note that

~ ~ ~ —~ ~ T
X;®B(z5)0(z;)ei; = (XioB(Zj)TU(Zj)é‘ij,XilB(Zj)TU(Zj)gij»--->XipB(Zj)TU(Zj)€ij> :

so one has
H05H2 2N2|A|4 Z Z Z XMX’EB (25) B( 1o (z5)o(zj)eijin;.
=0 i,i'=1j,j'=1

Because the eigenvalues of Q,Q, are either 0 or 1, under Assumption (A2), for any ¢, 1,

by (A.6),

_ZB (25) TB (2))0%(25) = B(z;) ' Q2Q, B(z;)0” Z %232

=1

meM
<c Z/ (2)B2 (2)dz{1 + O(N-Y2|A| )} < C.

meM T(m/d*w

Next note that for any ¢,14,j # j/, E{Xiﬁ(zj)Tﬁ(zj/)eijeij/} =0, and for any ¢, i # 7',
j, j/, E{XigXi/gB(Zj)TB(Zj/)O'(Zj)O'(Zj/)€ij€i/j/} = 0. Therefore,

N 1 Ld 1A~ ~ _ _
BIO-I° = xram 2 B 7 D Bla) Blzy)o*(=;) < Cpln) Al
=0 j=1

The conclusion of the lemma follows. O]

Proof of Theorem [1. By Lemma [A1]] Lemma | and the properties of the
bivariate spline basis functions in Lemma |A.1} ||77g||L2 = |A| 16,412 = Op(n~1) and
€7, =< [APO-)> = Op(n ' NTHA[?), for any ¢ = 0,1,...,p. It is clear that

18e=B2IIZ, < 1Be—B7NIZ, + IllZ, + [|E]IZ,, where the asymptotic order of [|3,,— 57 L,
is the same as |80 — 57|l The desired result follows from Lemma m O

Lemma A.13. Under Assumptions (A1)-(A6), if for any € =0,1,....p, | Xiu| < Cpr <
o0, then as N — oo andn — oo, one has for any vectora = (a, , . . . ,a;)T witha'a =1,

[Var{a’ ( +6.)} 2 {a" ( +6.)} £, N(0,1), where /0\,7 and 0. are given in (A.37).
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Proof. For coefficient vectors 5,,, 55 and the matrix I',, , defined in 1} Var{aT(an +
~ AT AT
05>} = aT{E(Onen ) + E(OEOE )}a Denote \I’n = (‘Iﬁ,&gl)&gl and \1’5 = (‘Ifﬂg’gl)g’@, with

n N N
1 -~
Ui = 7 D D) XuXuwB(z)B' (2;1)Gy(25, 27,

i=1 j=1 j'=1

n N
1 ~ ~
W, op= INZ Z Z XieXiZ'B(zj)BT(zj)‘72<zj)7
i=1 j=1
then, we have

n

N
P -~ T
aTE(OWOZ) EaTI‘;p 2N2 Z {X ® B( (z; } {XZ ® B(zj/)} Gy(zj,27)T,la

i=1 j,j'=1

:EaTr;;\I/nr; a,

n N
aTE(aﬁT) —Ea'T;} 2N2 Z{X ® B( z])}{X @B(zj)}T *(z;)T,

=1 j5=1

=Ea'l, | W.T', a.

Note that for any vector a with a’a = 1, we can rewrite as a' (8,40.) = 2", a3,

where

(a7i7+5)2 _ TF—

"pn2N2 Z Z {X ® B (z; } {5(1 ® ﬁ(zj/)}T Gn(zj,zj/)l";}pa

N
FaTT) s S K @Bz HK e Blz)) o2(z)0,ka = (@) + (@)
nanZNZ' g J 2 J J)* n,p i i)

and conditional on {il,z =1,...,n}, 3; are independent with mean zero and variance
one. Thus, Y7 (a])? =a'T, ¥, T, Jaand Y (af)*=a'l,  W.T, a
According to Lemma[A.9] Assumptions (A2) and (A4),
—2
Pn
Ea'T, W, a>c; (|A|2 + W) Ea'W,a,
where
1 P n N N _ .
aT\IJ,]a = W Z Z Z ZXMXZ'[/a;B(Zj)B(Zj/)TaglGn(Zj, Zj/)
00=0 i=1 j=1 j/=1
1 o) 1 p N
SINNREDS
/=0 j

k=1 i=1 =1

n

2
N Xiege(z5)tn(z)) }
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with g¢(z) = @] B(z). Therefore, by Assumption (A3), we have

o P 2
EaT\Ilna=%ZZ{ Z)‘k 9¢(2) ¥ Z])}

k=1 (=0

> — ZZZge<zj>ge<zj/>Gn<zj,zj/>

(=0 j=1 j'=1
1 p
<52 /Q 9:(2)9:(2') Gy (2, ') dzdz".
=0

Noting that the eigenvalues of G, are strictly positive, we have

P
Ea'W,a>cnt Z/ gi(z)dz > con M| A ||al?
— Jo

2
Therefore, we have Ea'I', W, "a > cn™! (1 + nN\A\“) |A|72. Similarly, one can

show that Fa'I', W', "a > c¢(nN)™! (1 + nN|A|4) |A|72. In addition,

y/

C 1l S (o or o~ o~
max(a) < g’ 30 {(RED @ Ble)Ble) | Gulzso2p)a
J=L3=

C P 1 N N ) )
|A|4 Z n2N2 m?X’XMX”’lZde(zj)ge’(zj’)(;n(zj,zj/) <Cn 2|A\ 2

00 = j=1 j'=1

C I Aot =, o~
max(af)? < a3 {(XX]) @ B(2)B(2))" } o*(2))a
j=1
C & 1 al
< A 2 e e KXol 3 auzs)ae (20 (2) < O PN AL

L0 = j=1

Thus, if p,n N7 A= — 0, we have

maX1<i<n(av + &5)2 -1 Pn ?
< 1 — 0
S ar =00 U aNaR) 7

which satisfies the Lindeberg condition. O]

Theorem A.6. Under Assumptions (A1)-(A6), if for any € =0,1,....p, | Xu| < C, <
00, supcq[Var{Be(2)}] 7 *(Bue(z) — B(2)) = op(1), for £=0,....p
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Proof. Using similar arguments as in the proof of Lemma and the result of Lemma
, we have for any [lal| = 1, Ea'T', | @, T, "a < C*|Al™Ea’ ®,a < Cn~!|A|7%, and
Ea'l, W.T, 'a<Cr?|Al™*Ea™W.a < C(nN)"'|A|72 Therefore, based on the proof
of Lemma[A.13] for any ||la]| =1,

-2
—1| A |—4 Pn Tp-1 -1 —1 A -2
cn |A| <]. -+ W) S Fa I‘mp\IlnI‘n,pa S CTL |A| y

-2
c(nN)™* (1 + W) AP < Ea'T, ) W.T'a < C(nN) A2

Thus,

Var(By) = {e, ® B(2)} E{T, L (¥, + )T, L} e, @ B(2)}
= {e,®B(2)} BT, ¥,T,}){e,®B(z)} < {e,®B(2)}

n N
o S S K@ B K e B} Gz 2000

i=1 j,j'=1

By Lemma we have

)
)

x E {e, @ B(2)}.

~ 1

Var(B) S rarap 2o 2 (e @ B(2)) TB(2))B(z) T{er @ B(2)} G (2, 27)

=1 j/=1

> {er®B(2)}'B(z))B(z;) {er ® B(2)}G,(z;. z11)

j=1 j'=1
p —2
x |1 “
(1+ )
-2 ~
and according to Lemmas|A.1|and |A.4] we have cn™* (1 + ﬁ) < Var(3,) < Cn™'.

According to Lemma [A.10} if p,n 2N A= — 0 and n'/2|A|%*! — 0, the bias term
in (A.19) is negligible compared to the order of [Var{3,(z)}]"/%. O

Proof of Theorem|[4 Theorem 2| follows from (A.19), Lemma and Theorem [A.6]

_ 1
>_ - 0
Var(f,) ~N2[A2

O
A.4. Asymptotic properties of piecewise constant spline estimators

In this section, we study the asymptotic properties of the piecewise constant spline

estimators defined in the spline space PC(A). Define piecewise constant bivariate spline
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functions

e . . 1 n N
/B,u(z) = ( Z,O<z>? : 7ﬂ;p(z))—r {nN ZZBm z] MZﬂW z] 'Lé/} )
i=1 1
" (A27)

n

A(z) = [o(2).... A=) = {niN > Buis(2)) wazkwkz]} ,

i=1 j=1

£=0
(A.28)
1 n N p
8(2) = (Bol2),...,5(2) =V, 1 {n—N 3 Bm(z)(zj)xweij} , (A.29)
i=1 j=1

=0

where {/'m(z) is defined in 1}

The next two theorems concern the functions Bﬁ’g(z), ne(z),&(z),L=0,...,p, given
in dA.Z?I), (]A.QSI) and (]A.QQI). Theorem gives the uniform convergence rate of 3, /(z)

to B7(z).
Theorem A.7. Under Assumptions (A1), (A2)-(A6), the constant spline functions
< (2), €= 0, p, sotisfy sup.cosubi<e, |B4(2) — B7(2)] = Op(1A).

In the following, we provide detailed proofs of Theorems[A.7] For the random matrix

V. defined in 1} the lemma below shows that its inverse can be approximated by
the inverse of a deterministic matrix A;'33", where A, = [, B

Lemma A.14. Under Assumptions (A3) and (A5), for any m € M, we have

V= A5+ 0p {n 72| AP (logn) /2 + N7V A ) (A.30)

Proof. By Lemma |A.5| va - AmZXH = Op {n""?|A|*(logn)'/? + N7'2|A)}. Us-

ing the fact that for any matrices A and B, (A +0B)™' = A~ — A 'BA~! + O(6?),
we obtain (|A.30]). O

Proof of Theorem . According to Lemma there exist functions ; € PC(A)
that satisfies ||8; — 57|, = O(|A|) for £ = 0,1,...,p. By the definition of 3, ,(z) in

~c ~ ~ T ~ - T -
A27), B(2) = (Bio(2) Boa(2), - B2 >) = (Fn(10s- -+ Fn2)0) | = Fon(e). Where

5 =V {(nN)*l S SN Bulz) X Y0, ﬁg(zj)xw}p for V,, defined in 4p
gi
Let

B(2) = (Bo(2), Bi(2),.... Bp(2)) =V, [nNZZB (%)) MZB@ z)) w] ,
=0

=1 j=1
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n N p
ﬁ;(z) —B(z) = NZZBm (=)(%5) zfz{ﬁe' zj) — Bu(z5)} X
i=1 j=1 =0
Observing that 3, = 62 as 526 PC(A), ;vg(z) = Bﬁﬁg(z) —Bg(z)+62‘(z), @A: 0,1,...,p.
It is easy to see [|85 , — Bellc = Op(|A]). Hence, for £ =10,1,...,p, [|85, — Bl <
||5Z¢ Billoo 1182 /Bg ||C>O = Op(]A]), which completes the proof.
By Lemma [A.14 the inverse of the random matrix V,, can be approxurnated by that
of a determmlstlc matrix A,,Xx. Substituting Vm with A,,X x in and m,
we define the random vectors

7'(2) = @(2),.... 7)) = Ayl B¥ { S5 B (2)) w§jgm¢kz]} ,

=1 j=1

(A.31)

ew:wmw@»f%z{%zzmwmm%. (A.32)

i=1 j=1 i—o
The next lemma implies that the difference between " (z) and 7(2) and the differ-

ence between €°(z) and €(z) are both negligible uniformly over z € Q.

Lemma A.15. Under Assumptions (A2)-(A5) and (C1), if NY2|A| — oo as N — oo,

1> e, )\1/2?/%”00 < 0o (md nl/(4+52) < n2NTV2 AT for some 3y, then for 1j(2), €(2)

given in (A.28), [A.29) and 7 (2), €(2) given in . (A-39), as N — oo and

n — 00, we h(we

sup [7(2) — "(2)l|. = Op {n"!| Al log(n) +n™2N"2| A (logn)'/?} (A.33)

z€e€)

sup ||e(z) — €7 (2)|l,, = Op {n’lN’l/2|A|3 log(n) + n*1/2N71|A|2(10g n)l/Q} . (A.34)

z€e€)

Proof. Comparing 7j(z) and 7"(2) given in - and - we have
n N p
= = _ Iyt 1
n(Z)—T](Z)—{Vm — A m(z) E }{nNzljlemz) Z] Mz&kwk Zj }
= =0

Now let (ime = ¢ = n! [XM S, {% Z;Vﬂ Bm(zj')wk(zj)}fik}y then it is easy to

see that - >, Zjvzl Bin(2j) Xie > opey Entn(25) = % 2oiy Gimye- 1t s easy to see that
E(¢) =0, and

aa’n =F ((-2) = nQE(XZQ)/ G, (u,v) dudv{l + O(N’1/2|A|’1)}.

(3
T XTm
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Note that {a;}ng}; are uncorrelated random variables with mean 0. Assume that
|A|7? < n7 for some 0 < T < oo, we can show that for any large enough § > 0,
p []Z?:l Gl > (5{Clog(n)n‘l\A\‘lE(Xfe)}l/ﬂ < 2n7277. Therefore,

zp{ ap S
n=1

Thus, sup,, ;|37 Gmel = Op {n™2|A*(logn)'/?} as n — oo by Borel-Cantelli Lemma.
It follows that sup,, , [n ' 31, Gimyel = Op {n~'/%|A*(logn)'/?}. Finally, according to
(A.30]), we obtain (A.33). The result in (A.34]) can be proved similarly. O

Lemma A.16. For any z € Q, the covariance matrices of 1" (z) and €°(z) are

S5 = E{i (207 (5)) = 47,50 5 D u {Z Bm<z><zj>¢k<zj>} ,

S.(2)=E {g*<z>g”(z)}

meM,0<4<p

> on 12| AP (logn)l/g} < 00.

N
_ 1
147n%z)23X1 nN2 Z Bgm(z) (zj)O-Z(Zj)y
j=1
i addition,

o

SUp [[%y(2) + 2e(2) = 2n(2)ll, = O(n™'N~'2AIT, (A.35)

where £,,(z) is given in (2.9).
Proof. Note that Afn(z)'ﬁ*(z)ﬁ”(z) is equal to

p

{n2N2 ZZB Z] zfzgzkwk Zj ZZBm(z Z] i’ﬁ’ Z&i’k’wk’(zj’)} 2)_(1
k'=1

i=1 j=1 i'=1j'=1 £,0'=0

Thus,

3y(z) = E {ﬁ*(z)ﬁT(z)} = A;%Z)leﬁ > M {Z Bm(z)(zj)l/)k(zj)} :
k=1 j=1

Similarly, we can derive the covariance of €"(z): X.(z) = A 2 EXl 4 Zjvzl Bfn(z) (z;)0%(2;).
Observe that

N

ZM{ > Bu <z]>¢k<z1>} = 33 2= 2 Gnl25:27) Boie) (2) B (27)

7=1



Hence, by (A.F)) and (A.6) in Lemma[A.4] (A.35) holds. Therefore,

¥, (2) + Be(z) =(nA%, ) T / Gy (u,v) dudv{l + O(N~*|A|™)}
m(z) X Tm(z)

(VA2 ) ey /T o2 (w)dufl + O(N-Y2| A1)}

m(z)

—n 'S G, (2, 2) {1+ O(N 2| A7)}

Therefore, sup,q [|3,(2) + :(z) — n ' G, (=, z)HOo = O(n~'N=Y2|A|™). The de-
sired result in ([A.35) follows. O

Proof of Theorem @ Note that, for any vector a = (aq, . .. ,ap)T e RP+Y we have
Eioac{m;(z) +€(2)} =0, and

A~ 1 E 1 n
Za’énﬁ T mnN Zl ZlB z] Z&kdﬁc Z] ZO'TAm}z Z]X 317
i=1 j
1 1 n N
ZCL(?E(Z) = 2 Bm z] 5ZjX ZG’TA 1 2X 37,7
— i=1 j=1

where 3/ = LN Z;V L Binz)(25) D iy Eanton(z5) X and 35 = %\7 Z;V | Binz)(25)€; X are
independent sequences Wlth variances Var(3]) = —iz 2. o Bin(z)(25) Bm(z) (25) Gy (25, 2;) 2x
and Var(35) = — ijl Bi(2)(25) B2y (25)0%(2) x, respectlvely Therefore, we have

-2

1 Anis) - _
Var( TAml Z]X 31) = EO’TEU(’Z)G’ = nzlifz) Z Bm(z)(zj)Bm(z)(zj/)Gn(zj7zj')a’TzXla’a

jj—l

1 _
Var ( TA 1 EX 31) = EO’TZ = n2N2 ZBm(z z] m( z)(zj)0-2<zj)aT2Xla"
Using central limit theorem, we have

(@ {Z(2) + Ze2)}a] 7D ar {7 (2) + E(2)} <5 N(O, 1),

£=0

By (A.35), as N — oo and n — oo, {aTE (z)a}~1/2 ag{ne( )+E1(2)} =
N(0,1). Therefore, {a'%,(2)a } 1/2 CL({BZ( ) — B(= )} £ N(0,1) follows from
(A.18]), Theorem , Lemma and Slutsky s Theorem. Applying Cramér-Wold’s
device, we obtain 2;1/2(z){§§(z) - B2(z)}_, AN (0, X1 1)x(p+1)), as N — oo and
n — oo, and consequently, Ji}e(z){gg(z) — B2(2)} N N(0,1), for any z € Q and
(=0,...,p. 0
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A.5. Convergence of the covariance estimator

Forany i = 1,...,n, and estimated residuals ﬁ =Y,— Zgﬁg(z]) denote 1?}Z =
arg ming Z] 1 {R - B, (2,)Q, 29} , where B, (2) is the set of bivariate spline basis

functions used to estimate 7;(2), and Q)2 is given in the following QR decomposition of

the transpose of the smoothness matrix H,;: HT Q,R,=(Q,: Q, 2)( ) Then, the
bivariate spline estimator of 7;(z) can be written as 7;(z) = B, (2 )TQmQﬁl = ,7( )Tﬁl.
Let

1 N
n:NZ zJBTz]

then we have

. 1L~ ~
9; = Tﬁlﬁ B, (z;) R
j=1
1 & _
= TZIN > B, (2;) Z Xl B7(z5) — Be(z5)} +mi(z5) + o(z5)e5| . (A.306)

1

J

Lemma A.17. Under Assumptions (A3)-(A5), if (NYV2A,])/log(|A,|™Y) — oo as
N — oo, then there exist constants 0 < cy < Cy < 00, such that with probability
approaching 1 as N — oo, n — o0, cy| A% < Amin(Yn) < Amax (L) < Cr|A,)2.

The proof is similar to the proof of [A.7] thus omitted.
Next we define

bi(z) = B,(2)" ;! ZB z, ZXM{@ z;) — Bu(z)} (A.37)
()~ Be) T S Bz ). E(2) - BT 2Bz

Then, the estimation error D;(z) = 7;(z) — n;(z) in (3.1) can be decomposed as the
following;:
Di(z) = bi(2) + Vii(z) + &i(2).

For any z, 2’ € Q, denote

Gl 2) =™ Y mi()m(’

The following lemma shows the uniform convergence of én(z, z') to G, (2, 2’) in proba-
bility over all (z,2') € Q2.
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Lemma A.18. Under Assumptions (A1)-(A5) and (C1)-(C3), sup, neq2 G(z,2) —
G2, )| = Op{n~"2(log )12},

Proof. Let &g =n~' 30 &, then
Gy(z.2)) - Z Mtk (2)0k(2) (€ = 1) + ) Eawr (Nkdw) i (2) 00w (2).
KAk

As B[00 Mtn(2)n(2') (Exe — 1)] = 0, then B{G,(2,2') — G,(2,2')} = 0. Note
that E{n*(2)n*(2")} = G,(2,2)G,(2',2") +2G} (2, 2') + 352 ME(E — 3)i(z)vi(2).
Next,

E{én(z,z’)—Gn(z,z } = { an ni( (z,z’)}

_ ! {Gn(z 2)G, (2, 2') + Gz, 2 +Z>‘2 (& — WZ(ZW%(ZI)}-

n k=1
~ 2
Therefore, E {Gn(z, Z') —Gy(z, 2 )} = n~'. Hence, following from Bernstein inequal-

ity, SUp(, »)eq2 én(z, z') — G,(z, z’)’ = Op{n~2(logn)'/?}, and the desired result fol-
lows. O

Proof of Theorem[]. Note that
sup |Gy(z,2)—Gy(z,2)] < sup {|Gy(2,2")—Gylz, 2')|+|Gy(2, 2') — Gy(2, 2|},

(2,2")eQ? (2,2")€0?

where sup, ,neqo2 |én(z, z') — Gy(z,2')| = op(1) according to Lemma |A.18, and

= 277’
n! Z D;(z)D;(2
i=1

sup |an(z,z’) — én(z,z/)| < sup
(2,2")eQ? (2,2")€N?

an z

With some simple calculations, we have

Zni(z>Di(z/> = Zni(z i + Zm Vnz + an z 7
i=1 i=1

where Vn; = n; — n;. According to (A.39)), (A.42) and (A.47)), we have
n Y mi(z)Di(2) + 0 Y ni(2)Di(z)
i=1 i=1
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Note that

3
3

n

> Dilz)Di(z) =3 bi(2)hi(2) + Z Vii(2) V(') + Z bi(2)Vii(2) + ) _Ei(2)E ()
+ iVm )+ Zb

It follows from (A.38), (A.41), (A.43)-(A.46) that sup, ,ieqe 7" 311 Di(2)Di(2")| =

op(1). The desired result is established. O
Lemma A.19. Under Assumptions (A1)-(A5), (C1)-(C3), we have
sup Z by ( = Op{n7A,|2(logn)/?}, (A.38)
(2,2")eQ?
sup Zn, bi(2")| = Op{n~t(logn)/?}. (A.39)
(z,2")eQ?

Proof. According to and - we have

bi(z) = B,(2)' ;" ZB (2)) ZXM{/BK (2)) — Bilz;)}

B,(=) T, < ZBzg ZM@ 25) = Bue(z)) = (z) = Eulz;)}. (A40)

l%z (2) Y Xl B (25) — )

N
" [% S Bl S X (82 (2) — Bz} | X, B2
Jj'=1 =0
1 = 1 L. o P R
xnlA |4 ZBU(’Z)T [m Z B(zj)B(Zj/)T Z XiZXié’{BgO(zj) _Bﬁ(zj)}
"=l §.3'=1 0,01=0

x {B2(25) — Bu(z;)} | Bu(2).

Therefore, by Theorem [I], we have
1 p P N N
E{ 3SR b <373 - Al - Bl =<7
i=1 =0 ¢'=0

46



B {Bi(2)hu(2 Vb (200 (=) } = |23,

X EBy(2)" [Ni > B=)B(2)" D XuXin{57(2)) = Bulzp) HBi (27) = Be(27)} | By(2')
4.3'=1 £,0/=0
B,(2)" [% > B(z)B(z))" > XueXow{B3(2)) — Bulz) HB(25) — Bo(z0)} | By(2)
4.3'=1 £,0'=0

= n72 A,

Thus, (A.38)) follows from the Bernstein inequality after the discretization.
Following from (A.40]), we have, for any i,7' = 1,...,n,

E {Mz')%<z’>m<z>m/<z>}
= |A, "B, (2 N2 Z B(z,;)B E{ Z XMXM’ﬁZ(zj)ﬁE’(zj’)ni(z)ni’(z)} B,(2),

J.j'=1 £,0'=0
- 1 - ~ T
B0 XXz iz ym(zne () = o > B[ {Xi@B(z)} T
£,0'=0 i i =1
N -~ -~ ~
X Z Xi//X;/r// ® B(Zj//)B(Zj///)TF;;Xi/ ® B(Zj/) E {ni(Z)T]i/(Z)T]i//(Zj//)?’h-///(zj-///)}
G 5" =1
1 ~ T N _ B N
= en? {X" © B(Zj)} L., > XuXj @B(z)B(z») T, {X ® B(zj,)}]
G, =1

X E{n;(z)n (2)ni(z0 )0 (zjm) + 0i(2)ne (2)ns (250 )ni(z5m) } < 02

Therefore, B {250, m(2)hi(2)} = & St G5 (2 n(2me(2)} = O(n~?).
O

Lemma A.20. Under Assumptions (A1)-(A5), (C1)-(C3), we have

o o va V(2 _op{m 206+ ZAk UNE Akuwkuio},
z,2")eN? k=K,+1
(A.41)
Kn o0
sup Zm )Vni(z —OP{|An|s+1Z/\k||1/1k||s+1,oo|\¢k||oo+ > Ak”%“io},
(2,2")€0? k=1 k=K,+1
(A.42)
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Kn
( Sl;pm > Vni(2)bi(2) =OP{(bgn)mn_llﬁnlsﬂZAk||¢k||s+1,oo||¢k|loo}
z,2")eQ? | k=1

+0P{ logn)/*n Z Aellvell% } (A.43)

k=Kn+1

Proof. For any k > 1, denote 3(2) = B(z)TY; 'L Z;.V:l]é(zj)wk(zj), and Vi =
U — . According to Assumption (C2), we hav(C3)e, for any k > 1, [|[Vii|e <
Cl A enllr1,00 and [[efloo < [k lloo + [ Vebelloo < 2l[tklloos as n — oo, Tt is easy to
see that Vn;(2') = Ziozl A}/Q&kvwk(z').

We first show . Let {p = ! Yoy &ikinr, where E(€w) = I(k = k') and
BEw)? < (E kaglk,)l/Q < C. Simple calculation yields that = > | Vn,(2)Vii(2') =
> hki—1 f.kk/()\k)\k/)l/QV@Dk(z)Vwk/(z’). Thus, by Assumption (C2), we have

{ va Vﬁz } ‘ = Sup

Sup
(z,2")e?

wak )Vibi(2')

(z,2")eQ?

< | Ayt Z)\k"wk"erloo_'—Cw Z Nellon 1%

k=Kn+1

In addition, we have

2
sup E{Vm(Z)Vm(Z’)} = sup E

Z@m (Vi) Z@m Vi) (2 )]

2,2'€0 z,2'€) -1
2
{m |2<s+1>zxknwkus+m+ 3 Aknwknzo}.
he= 41
Thus,
- 2
SUEQVar{ va 2)Vni(z } {|A IZ(S“ZMIIWIISHOOJr >, Akll%“i}'
2,2/ k=Kn+1

Therefore, using the discretization method and Bernstein inequality

sup

(z,2)eQ2 | 1

—()P{(logﬂ)”2 T2 AP ZMH%HsHm(lOgn )'/n Z Aille % }
k=1 k=Kn+1
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Next we derive (A.42). Noting that n™* S°" | 0:(2)Vn;(2') = Eaw (Me e )20k (2") (V) (27),

we have

1 n o0
sup |ES =) ni(2)Vii(z Z el koo | V0w |
(2,2")€N? n i—1 ke
Ky o)
ClLANT Y Nellellasroollrllse + D AullebullZ,
k=1 k=K1

var{n Zm 2)Vn;(z } [E{m 2)Vni(2')*} — {Eni(z )Vm(Z’)}Q]’

sup E {1} (2)Vni(2')*} = sup {Z BN () (V) (2) + D M ti( )(V¢k)2(zl)}

z,2'eQ) z,2'€Q Py
o0
<c{m 2o zxkumusﬂw 3 Akwg@},
k=K,+1

and

K, %)
sup |E{n;(z)Vii(2)}] < O{|An|s+1Z)‘k||¢k||s+l,oo||¢k||oo+ >, Akll@/)kllio}

z,2’€Q) k=1 k=Kn+1
Therefore,

2 Ky 0o 2
sup E{ Zm z)Vini(z } =0 {|An|s+1ZAkH@kas—i—l,qu/Jlﬂ“oo+ >, A/<:I|¢k||§o}
z,2'€Q k=1 k=Kn+1
Hence,

sup Zvnz 7, E{vnl( ) Z( />}‘
(2,2")eQ?
=0P{(1ogn)”2 24,2 ZMIWHSHW (logn)'/*n Z Mell el }
k=1 k=Kn+1

using the discretization method and Bernstein inequality.
Finally, we provide the proof of (A.43]). Note that

E {Exz')%;/<z’>w<z>w<z>} = |28,

B.(=) 1 S By(2)B, (=) E{ S XX (27 (230) V(2 )Vm'(Z)}ﬁn(z')v

J:.3'=1 £,0'=0
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and by (A-32),
D n
A~ ~ 1
E{ 3 Xieanazj)mf<zjf>w<z>w<z>} === > F

0,0=0 i it =1

{x ®]§(zj)}Tr;j,

N
< S XX @ Bz B(z) T Xy @ B(2y) | E {n (20 no (250 Vi 2) Vi (2)}

j//7j///:1
N
1 ~ L . B _ o N
= n2N2E {Xz ® B(Z])} I‘mp Z XZ‘NX.i/// & B(Zj//)B(ij) I‘TMP {XZ' X B(z],>}
j//,j///zl

x EA{ni(zjo)ne(zm)Vni(2)Vnu(2) + 0w (z)ni(zm)Vni(2) Ve ()} -
If i # 4, we have

E {m(zjff)mf (250 )Vni(2) Vi (2) + i (250 )0i (250 ) Vi (2) Vigir (2) }

Ky 00 2
x{ZMAIZ“IIwkHsH,oollwklloo+ > Akllwklﬁo} :
k=1

k=Kn+1

If i =4, then we have

E{m(zj//)m(zjm)vm( )Vini(z } ZAZEékwk( ") (2") Vb (2) Vib(2)

k=1

<ZA2IAI2S+2I|WII ez + Y ARl

k=Kn+1
Thus,
p
E{ > Xinz'ﬁe(Zj)ﬁe’(Zj’)vﬁz‘(z)vm’(z)}
2,6'=0
2
{Z Ml AL Il s1,00 el oo + Z Al ¥nllSe }
k=Kn+1
Therefore,
1 < ~
E{ﬁzvm(z)bi( } — Z Eby(2)by (2)Vn;(2) Vi (2)
i=1 i,0/=1

‘QZA AL Rl ol l9lZ +0 72 D AEIIWH‘;] :

k=Kn+1

Thus, (A.43)) is obtained. O
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Lemma A.21. Under Assumptions (A1)-(A5), (C1)-(C3), we have

sup ('Y E(2)E(2)| = Op(N A7), (A.44)
(2,2")€Q? i1
n Kn
sup |n 'Y Vii(z)E(2)| = Op {n1/2N1/2<log )00y Ai/z\lwk\lsﬂ,m}
(z,2")€Q? i—1 k=1
+Op {n‘”QN‘”QIAnFI(logn)”2 > Ai”ll@bklloo} , (A4D)
k=Kn+1
sup Z by( = Op{n N7 A %(logn)"/?}, (A.46)
(2,2)€Q?
sup Z’h g(2)| = Op{n VAN"Y2|A, | (logn)/?}. (A.47)
(2,2")eQ?

Proof. We first show (A.44). Let &5 = n™' Y1 e85, where E(g,;) = I(j = j').
Note that

n N N
1 o~ ~ _ 1 ~ ~ _ =
S> E(ER) =B {N— > B<zj)3<zj,)Tg(zj)(,(zj,)g,ﬂ,} T,'B(2).
i=1 Jj=1y'=1

It is easy to see that,

E {% > a<z>a<z'>} =B(2)' T, {% > ﬁ(zj>1§(zj,>%2(zj)} Y, 'B(2).

Therefore, sup , ,neoe |E {2 >0, € z)}| = O(N7!A,|7%). In addition, note that

E{&(2)a(2)} =B(= { Z )’ 2(z])}?fﬁlﬁ(Z’)ZO(N_IIAn!‘Q),

Ty {% >N En(zj)ﬁn(Zj’)TU(Zj)U(zj’)sijgij’} Y,'B,(2)

2

E{E(2)2()Y =E |B,(2)

=1 /=1
AN S = TH 5 T
=i > By(2)By(2) By(20)B,(2jm)
4.0, =1
(Z])O' Zj/) (Zj//)O'(Zj///)5”‘51‘]‘/51‘]‘//8@‘]'/// = N_2|A77|_4'

(
Thus, var {2 3" &i(z )51(z’)} = L3 var{€(2)&(2")} < n ' N72|A,|*. Therefore,

n
1

n'Y E(=)E() - E {67(z)5i(z’)}’ = Op{n "N ""(logn)' 2|25, %}

=1

sup
(2,2")€N?

o1



using the discretization method and Bernstein inequality.

Next we derive . Note that
N
- Z Vini(z)&i( Z Z fzk)\l/szk { Z n(zj)o(z; &j}

=1 k=1

{% 2 V”i(zmz”} =90 ) D) DI WUE AR

i=1 i'=1 k=1 k'=1

X Vi (2)B, (2)) T} {% >N En(zj)ﬁn(zj,)Ta(zj)a(zj,)eijei/j/} Y,'B,(2).

j=1j'=1

Next observe that E [2 3" | Vi;(2)&;(2)] = 0 and

{va (Vi) } ZZAkwk

=1 k=1
x By ()T {Ni > Bi(z)By(2)) o 2<zj>} T.'B, ()

So,

C A - >
{ va (Vi) <z>}_%{m |28+1>2Ak||¢k||s+m+ 3 Aknwkné}-

k=Kn+1

Thirdly, we prove (A.46)). Note that for any 4, i, j, j', we have

E {sz)giﬁi,(z)gi,j/}

— E B TTn1N2 Z B ZJN Zj/// Z X’MEK Z]//)XMIEE/(Z]///)g,UEZ]/T 1B ( )
J//J/// 1 ezl 0
— O(n*N2|A[™).
Therefore,
-~ ~ ~ 1 X ~ ~ ~
E{bi(=)8(= )b (2)5(2) | = By() X7 5 2 B {bi(2)ebe(2)eny ) X7 By ()
Ji.g'=1
=0 *N?|AI™),
2
no_ 1 n - _
-1 > — () ()2, _ —2 \7—2
E|n ;bz(z)a(z )] = lE{bZ(z)sz(z Jou(2)20(2)) } = O 2N 2| )
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Finally, we show ({A.47). Note that
n n N 00
- ~ 1 ~
D mi(2)E(2) =) By(2)' T, lﬁ > By(z))o(2)e Y Sy “Un(2),
i=1 i=1 j=1 k=1
where E{n~'Y""  n;(2)&;(z')} =0, and
. 2
E{"l Zm(z)a(z’)} = n E{mi(2)"} E{E(2')°} = 071Gy (2, 2))B, ()
i=1

x Y

N

4 1 ~ ~ o~ L B

2 D0 Bu(2)By(2,) 0 (2) 0, By (2) = O(n N, | ),
j=1

Thus, (A.47)) is obtained. O

Appendix B

In this section, we provide some additional results from simulation studies and real

application analysis.
B.1. More results of simulation studies

In Section 5.1 of the main paper, we illustrated the advantage of the proposed method
over the complex horseshoe domain in [Sangalli et al. (2013). Figure shows the two
triangulations used for the horseshoe domain in this example. For implementation, the
BPST method is conducted over triangulation, A;, while triangulation, A,, is used
for PCST method. To visually compare different methods, we display the estimated
coefficient functions for Case I (jump function) and Case II (smooth function) in Figures
and [B.3] respectively. The plots are obtained based on the setting: n =50, A\; = 0.2,
Ay = 0.05, 0 = 1.0. Table summarizes the estimation results based on the noise level
o=1.0.

From these figures, one sees that the BPST and PCST estimates are both very close
to the true coefficient functions. When the true coefficient functions are smooth, BPST
provides the best estimation, while when the true coefficient function contains jumps,
PCST provides a better estimation. The performance of the Tensor method will be
affected by the design of the coefficient function. Moreover, from Figure and [B.3],
one can see that even when the coefficient function is smooth across the boundary, the
estimation accuracy is also affected by the domain of the true signal, especially the pixels
which are closed to the boundary. The performance of the Kernel method is not affected

by the design of the coefficient functions, instead, it heavily depends on the noise level
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due to the three-stage structure. As the noise level increases, the Kernel estimates are
getting more blurred.

Al AQ

Figure B.1: Triangulations for the horseshoe domain.

TRUE Tensor Kernel BPST (A4) PCST (A2)

gggg I

.
»
o

Figure B.2: True coefficient functions and their different estimators for Case I in Example 1.

In Section 5.2 of the main paper, we conduct a simulation study based on the domain
of the 5th slice of the brain images illustrated in Section 6. Table demonstrates the
estimation results for ¢ = 0.5. In this example, we focus on the domain of the 35th slices
of the brain image. Based on this domain, we consider two types of triangulations: Aj
and Ag; see Figure[B.4l Table[B.3|summarizes the MSE results of the BPST, kernel and
tensor methods. The findings are similar to those described in Section 5.2. Tables
and summarize the ECRs of the 95% SCCs for the 5th and 35th slices, respectively,
and they are all close to 95%. As the sample size increases, the ECRs are getting closer
to 95%. Figures and show the true coefficient functions and an example of their
estimators and 95% SCCs based on the 5th and 35th slices, respectively. The plots are
generated based on the setting: n = 50, A\; = 0.1, Ay = 0.02 and o = 0.5.
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BPST (A1)  PCST (Ay)

Figure B.4: Triangulations for the fifth slice (Asz, A4) and 35th slice (A5, Ag) of the brain

image in Simulation Example 2.

B.2. Additional ADNI data analysis results

For the ADNI data described in Section 6 in the main paper, Table below
summarizes the distribution of patients by diagnosis status and sex. Next, Figure
displays the triangulations of slices used for the BPST method in the model fitting and
constructing the SCCs. Finally, Figures and provide the image maps of the
estimated coefficient functions for eighth, 15th, 35th, 55th, 62nd, and 65th slices, and
Figures [B.10] and [B.11]show the corresponding significance maps. The significance maps

in the eighth and 15th slice show that the increase of age increases the brain activities
in the cerebellum and temporal lobe, and people with the Alzheimer’s disease are more
active in the cerebellum, while less active in the temporal lobe. The significance maps
of the 35th slide display that the age has a negative effect on the brain activities in the
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Table B.1: Estimation errors of the coefficient estimators, o = 1.0.

Function Mothod ML= 008, 2o = 0006 A =02, do =005
Type erno Bo B Bo B
BPST  0.0050 0.0075 0.0066  0.0082
PCST  0.0023 0.0023 0.0028  0.0030
50 Kernel  0.0201 0.0206 0.0207  0.0213
Tensor 0.0201 0.0132 0.0206 0.0142
Jump BPST 0.0038 0.0050 0.0042 0.0054
PCST  0.0011 0.0011 0.0014  0.0015
100 gerel  0.0100 0.0102 0.0104  0.0105
Tensor ~ 0.0099 0.0112 0.0103  0.0120
BPST  0.0010 0.0012 0.0016  0.0019
PCST  0.0049 0.0065 0.0054  0.0072
50 Kerel 0.0201 0.0206 0.0207  0.0213
Tensor  0.0189 0.0132 0.0207  0.0153
Smooth BPST 0.0006 0.0007 0.0009  0.0010
oo POST 00087 0.0054 0.0040  0.0057
Kernel  0.0100 0.0102 0.0104  0.0105
Tensor ~ 0.0100 0.0113 0.0103  0.0128

anterior cingulate gyrus, corpus callosum, and part of the cerebral white matter, while
the female has a higher level of activities in these regions. These regions connect the left
and right cerebral hemispheres and enabling communication between them. From the
significance maps of the 55th, 62nd, and 65th slices, we could see an increase of brain
activities in the frontal gyrus, precentral gyrus and postcentral gyrus for people with
Alzheimer’s disease. Our findings are consistent with the findings in the literature, see
Andersen et al. (2012)), Bernard and Seidler (2014)), and |Dubb et al. (2003).
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Table B.3: Estimation errors of the coefficient function estimators in the 35th slice.
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Table B.4: The coverage rate of the 95% SCCs for the coefficient functions defined over the
35th slice.
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