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Abstract
This work is motivated by a gap in the functional data anal-
ysis literature, particularly in the context of neuroimaging,
regarding the ability of functional models to robustly accom-
modate intra-observation dependence. In response, we pro-
pose an M-estimator based on generalized empirical likelihood
for the varying-coefficient model with a functional response.
We develop statistical inference procedures, simultaneous con-
fidence regions, and a global general linear hypothesis test
for the model’s functional coefficient. Our theoretical results
establish the weak convergence of the log-likelihood ratio
process, a nonparametric version of Wilks’ theorem for the
log-likelihood ratio, and asymptotic properties of the pro-
posed estimator. Through a simulation study, we show that
the proposed confidence sets have close-to-nominal coverage
probabilities. In a real-world application to a neuroimaging
dataset, we show that mini-mental state examination score and
apolipoprotein E genotype have significant associations with
fractional anisotropy, while associations with gender and age
are only present at high quantile levels.
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1 INTRODUCTION

Functional data measure a response as a curve or surface over a spatiotemporal region. This type
of data is prevalent in neuroimaging through electroencephalography (EEG) and other modalities
in the study of brain connectivity and neurodegeneration. Unsurprisingly, the varying-coefficient
regression model, which estimates associations between a repeatedly measured response and
covariates with a nonconstant effect (Zhu et al., 2012), has become a staple in this field. Since
its introduction in Hastie and Tibshirani (1993), the model has been adapted for time series
and longitudinal data (e.g., Wang et al., 2008), but has only recently been applied to functional
data (e.g., Zhang & Chen, 2007; Zhu et al., 2012). Consequently, gaps exist in the literature per-
taining to robustness and intra-observation dependence structures. This deficiency is a hindrance
in neuroimaging data analysis, where sample sizes are small, imaging artifacts are common,
and spatiotemporal correlations have significant impacts on statistical power. We are particularly
interested in delineating the structure of the variability of the functional response and their asso-
ciation with a set of covariates of interest. In the real data analysis, we have applied our developed
method to diffusion tensor imaging dataset from the Alzheimer’s Disease Neuroimaging Initia-
tive, and mined some valuable information, which is beneficial for the prevention and treatment
of such diseases.

In this work, we focus on robust estimation and inference in the presence of intra-observation
dependence for the varying-coefficient model

yi(s) = x⊤i 𝛽(s) + vi(s) + 𝜀i(s), i = 1,…,n, (1)

where s is a spatiotemporal location, yi is a functional response, xi is a p-vector of covariates,
𝛽 is a vector-valued function of covariate effects, vi is an observation-specific effect; and 𝜀i is a
stochastic error. We assume that vi and 𝜀i are independent stochastic processes (sp) and, respec-
tively, copies of the low-frequency signal process SP(0, 𝛾v) and the noise process SP(0, 𝛾𝜀) with
𝛾𝜀(s, t) = 𝜎2(s)I(s = t) for s ∈ [0, 1]. Here, we do not need the distributions of the two stochas-
tic processes to be symmetric. Our empirical likelihood M-estimation is suitable for outliers and
symmetric/asymmetric error distributions. As typical in neuroimaging, we assume that every
yi is observed at the same set of s, namely, (sj)mj=1. Similar settings to the model (1) have also
been used for various other models. For example, multivariate varying coefficient model for
functional responses (Zhu et al., 2012), single-index varying coefficient model for functional
responses (Luo et al., 2016), functional varying-coefficient single index model for functional
response data (Li et al., 2017), functional response quantile regression models (Zhou et al., 2023),
and so on.

A few works have considered model (1) for functional data. Zhang and Chen (2007) estimated
𝛽 with local polynomial kernel smoothing and used an L2-based hypothesis-testing procedure for
inference. Zhu et al. (2012) established the convergence of a local linear estimator and derived
corresponding simultaneous confidence bands. Both of these approaches, however, are based on
least-squares and are not robust to outliers or heavy-tailed error distributions. For longitudinal
data, You et al. (2006) and Wang et al. (2010) used empirical likelihood to accommodate inter-
and intra-observation dependence. This nonparametric, data-driven approach has numerous
advantages over methods using generalized least squares or normal approximations. However,
confidence sets based on empirical likelihood that does not account for robustness are sensitive
to outliers (Owen, 2001, Chap. 2). Tang and Leng (2011) proposed inference procedures based on
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ZHOU et al. 3

quantile regression, which is known to be efficient in settings with heavy-tailed error and robust
to outliers (Koenker & Bassett, 1978). Nonetheless, empirical likelihood remains nearly absent in
functional data analysis: the unified tests in Wang et al. (2018) are the only relevant developments.
Robust methods for estimation and inference do not yet exist in the literature.

We propose an M-estimation framework for model (1) that accommodates intra-observation
dependence and naturally includes mean regression, quantile regression, and other robust
approaches as special cases. The intra-observation dependence among the observations within
the same subject, which is an inherent characteristic of function data, is introduced to improve the
efficiency of statistical inference. For the estimation of models, many important works on func-
tional data estimate the coefficient functions of model by kernel methods based on repeated mea-
surement data, not considering the within-curve dependence (Li et al., 2017; Luo et al., 2016; Zhou
et al., 2023; Zhu et al., 2012). Based on this simple estimation strategy, their estimators of varying
coefficient functions can achieve

√
n-consistency and asymptotic normal distribution under the

suitable m = m(n)→∞ as n → ∞. For statistical inference such as the pointwise/simultaneous
confidence regions and the local/global hypothesis tests, Zhu et al. (2012), Luo et al. (2016), Li
et al. (2017) and Zhou et al. (2023) all applied the within-curve dependent structure of functional
data, because ignoring the structure of the data may lead to the loss of efficiency in inference
(Wang et al., 2010). In addition, for longitudinal/functional data, some distinguished works also
gave the naive local linear estimation of the repeated measurement data without considering the
within-curve dependence. For instance, Yao (2007) considered asymptotic distributions of non-
parametric regression at

√
nmh𝜈-consistent rate, where h = h(n,m) is bandwidth and the order

𝜈 > 0; Li and Hsing (2010) gave uniform convergence rates for nonparametric regression in a
unified framework, and

√
n-rates of convergence can be achieved if m is at least of the order

(n∕ log n)1∕4 for functional data.
Further, we establish the weak convergence of the log-likelihood ratio process, a nonpara-

metric version of Wilks’ theorem for the empirical log-likelihood ratio, and asymptotic properties
of the proposed estimator. Notably, our 𝛽(s) also is

√
n-consistent and asymptotically Gaussian

neither on m nor on bandwidths h, h1, and h2. In contrast, our proposed empirical likeli-
hood M-estimation using local kernel smoothing avoids a stringent assumption of Zhang and
Chen (2007) such that n = O(m4∕5) on the numbers of grid points and subjects. Readers are
referred to Condition A.4 and Theorem 4 in Zhang and Chen (2007) for more details. Moreover,
our m can be less than of the order (n∕ log n)1∕4 with proper choices of bandwidths by Theo-
rems 1 and 2. For example, we have the order m = O((n∕ log n)1∕5), if take h2 = O((n∕ log n)−1∕6)
and q3 = 7 which satisfies Condition 9(c). This requirement for m is loose relative to the order
(n∕ log n)1∕4 of Li and Hsing (2010). Similar conclusions were also reached in Zhu et al. (2012), Luo
et al. (2016) and Li et al. (2017) for the naive local linear kernel estimation approach. We leverage
the latter to propose confidence sets and inference procedures for 𝛽. The paper is devoted to devel-
oping statistical inference procedures of simultaneous confidence regions and a global general
linear hypothesis test for the model’s functional coefficient via empirical likelihood M-estimation;
meanwhile, the intra-observation dependence of functional data is accommodated in estimation
and inference, rather than simply regarding observations as repeated measurement data.

This paper is organized as follows. In Section 2, We give the empirical likelihood M-estimation
methods, including MELE, the ELL ratio construct, estimation of within-curve dependence and
bandwidth selection. The theory of the estimator and the global test statistic are established in
Section 3. In Section 4, we give a global general linear hypothesis test and simultaneous con-
fidence bands/regions. Their proofs are given in Appendix. A Monte Carlo simulation study is
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4 ZHOU et al.

presented in Section 5. In Section 6, we illustrate the estimation and inference procedures on
MELEs of varying coefficient models to diffusion tensor imaging data.

2 ESTIMATION

2.1 M-estimation

Under model (1), yi(sj) = x⊤i 𝛽(sj) + 𝜂i(sj), where 𝜂i = vi + 𝜀i. Let K(s) be a kernel function and h a
bandwidth, and define K̃h

j (s) = h−1Kh
j (s)with Kh

j (s) = K((sj − s)∕h). Define b̂ as an M-estimator of
𝛽, namely, where b̂(s) minimizes

∑n
i=1

∑m
j=1𝜌(yi(sj) − x⊤i b(s))Kh

j (s) for some given convex function
𝜌. Equivalently, b̂(s) is a solution to the estimating equation

n∑

i=1

m∑

j=1
xi𝜓(yi(sj) − x⊤i b(s))Kh

j (s) = 0,

for a suitable choice of 𝜓 . Least-squares estimators, least-absolute-deviation estimators, and
quantile estimators are included in this framework through the choice of 𝜓 (Hample et al., 1986,
Chap. 2.3a).

2.2 Generalized empirical likelihood M-estimation

The covariance structure of 𝜂i satisfies 𝛾𝜂(s, t) = cov(𝜂i(s), 𝜂i(t)) = 𝛾v(s, t) + 𝜎2(t)I(s = t). Thus,
Γ = (𝛾𝜂(sk, sl))mk,l=1 is the covariance matrix for the observation vector yi = (yi(sj))mj=1. We
assume that Γ is positive definite. Let Xi = (xi,…, xi)⊤ be an m × p matrix and define Dh

K(s) =
diag(Kh

1 (s),…,Kh
m(s)) and Ψi(b) = (𝜓(yi(sj) − x⊤i b(sj)))mj=1. Define (ui,j(b, s))mj=1 = Γ

−1Dh
K(s)Ψi(b) as

an auxiliary random vector and Ui,j(b, s) = (mh)−1xiui,j(b, s): we suppress the explicit dependence
on h for convenience. To accommodate within-curve dependence, a defining feature of functional
data, we consider estimators that satisfy the generalized estimating equation

∑n
i=1

∑m
j=1Ui,j(b, s) =

0. With the well-known relationship between empirical likelihood and estimating equations
(Qin & Lawless, 1994) in mind, the corresponding empirical log-likelihood ratio function is

L(b, s) = −2sup
P∈

{ n∑

i=1

m∑

j=1
log(nmpi,j)|

n∑

i=1

m∑

j=1
pi,jUi,j(b, s) = 0

}

, (2)

where  is the set of n ×m matrices (pi,j)i,j satisfying pi,j ≥ 0 and
∑n

i=1
∑m

j=1pi,j = 1. Then
the optimal weights {p̂ij} are obtained by the Lagrange multiplier method from (2):
p̂ij = 1∕

[
nm(1 + 𝜆TUij(b, s))

]
(See Subsec. 2.9 and 3.14 in Owen, 2001), and the function L(b, s)

can be written as

L(b, s) = −2
n∑

i=1

m∑

j=1
log(nmp̂ij) = 2

n∑

i=1

m∑

j=1
log

(
1 + 𝜆TUij(b, s)

)
, (3)

where 𝜆 satisfies 1
nm

∑n
i=1

∑m
j=1Uij(b, s)∕

{
1 + 𝜆TUij(b, s)

}
= 0. We propose the maximum empirical

likelihood estimator 𝛽 via 𝛽(s) = arg minb L(b, s).
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ZHOU et al. 5

In statistical inference of Section 4, the covariance matrix Γ = (𝛾𝜂(sk, sl))mk,l=1 in L(b, s) needs to
be estimated, which is given in Section 2.3. In Theorem 2 of Section 3.1, we show that the 𝛾𝜂(s, t)
and its estimator 𝛾̂𝜂(s, t) is uniformly consistent. Correspondingly, we have the L̂(b, s), and

𝛽(s) = arg min
b

L̂(b, s). (4)

Remark The above approach takes an elementwise approach by using a distinct weight pi,j
for each yi(sj). A subjectwise approach with a single weight pi for each yi yields similar theoretical
guarantees and empirical performance, so we do not discuss it further in this article.

Remark The covariance matrix Γ is a m ×m matrix. If m is very large, the inverse of Γ has
a high complexity of the order O(m3) on computation. Fortunately, we find that our model esti-
mation and inference do not require very large m, which also is consistent with our theoretical
results. By Theorems 1 and 2, a

√
n-consistency of our 𝛽 can be achieved that the m can be less

than of the order (n∕ log n)1∕4 with proper choices of bandwidths, which implies that the m can
be not too large. In practice, if m is indeed very large, we can reduce the number of grid points by
some techniques, such as “smoothing first, then estimation” to get the number of data points avail-
able for empirical likelihood M-estimation. This has little impact on estimation and inference,
since our theoretical results do not require too large m.

2.3 Intra-observation dependence

We now wish to obtain a consistent estimator ofΓ. Denote K̃hl
j (s) = h−1

l K((sj − s)∕hl) for j = 1,…,m

and l = 1, 2, 3. Define zh1
i,j (s) =

(
x⊤i , x

⊤

i (sj − s)∕h1
)⊤ for some bandwidth h1. Take 𝛽(s) = ((1, 0)⊗

Ip)ã(s) as a preliminary estimate of 𝛽(s), where ã(s)minimizes the weighted least squares criterion
∑n

i=1
∑m

j=1(yi(sj) − zh1
i,j (s)

⊤a)2K̃h1
j (s) over a. Under some smoothness assumptions, we can estimate

vi(sj) through a Taylor expansion at s as vi(sj) ≈ di(s)⊤zh2
j (s), where di(s) =

(
vi(s), h2vi(s)⊤

)⊤, zh2
j (s) =

(1, (sj − s)∕h2)⊤, and h2 is a bandwidth. A weighted least-squares estimate of di(s) is

d̂i(s) =

( m∑

j=1
K̃h2

j (s)z
h2
j (s)z

h2
j (s)

⊤

)−1 m∑

j=1
K̃h2

j (s)z
h2
j (s)(yi(sj) − x⊤i 𝛽(sj)).

We can then estimate 𝛾v(s, t) via the empirical covariance of v̂i(s) = (1, 0)d̂i(s) as 𝛾̂v(s, t) =
(n − p)−1∑n

i=1v̂i(s)v̂i(t). A kernel estimator of the measurement error variance (Fan & Yao, 1998) is

𝜎̂
2(s) =

(

n
m∑

j=1
K̃h3

j (s)

)−1 n∑

i=1

m∑

j=1
K̃h3

j (s)𝜀̂i(sj)2,

where 𝜀̂i(sj) = yi(sj) − x⊤i 𝛽(sj) − v̂i(sj) and h3 is a bandwidth. The above results suggest the covari-
ance estimator 𝛾̂ 𝜂(s, t) = 𝛾̂v(s, t) + 𝜎̂2(s)I(s = t). In Section 3, we show that 𝛾̂𝜂(s, t) converges
uniformly in probability to 𝛾𝜂(s, t) so that Γ̂ =

(
𝛾̂𝜂(sk, sl)

)m
k,l=1 is a consistent estimator of Γ.

For the sake of computational efficiency, we implement a different estimator of Γ based on the
spectral decomposition (Mercer, 1909) 𝛾𝜂(s, t) =

∑∞
k=1𝜆k𝜙k(s)𝜙k(t), where (𝜆k)∞k=1 is a sequence of

nonincreasing eigenvalues and (𝜙k)∞k=1 is a sequence of corresponding orthogonal eigenfunctions
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6 ZHOU et al.

in L2[0, 1]. We estimate Γ by truncating the spectral decomposition above to k0 terms that explain
at least 85% of the variation in the data and then estimate (𝜆k)

k0
k=1 and (𝜙k)

k0
k=1. For additional

details, see Rice and Silverman (1991).

2.4 Bandwidth

The choice of bandwidth is an important consideration for the proposed estimators, as in other
methods for kernel smoothing. We adopt the tuning procedure in Zhu et al. (2012) to select h1
and h2. For h, we use the standard leave-one-curve-out cross-validation (cv) criterion

CV(h) = (nm)−1
n∑

i=1

m∑

j=1
𝜌(yi(sj) − x⊤i 𝛽

h
(−i)(sj)),

where 𝛽
h
(−i) is the maximum empirical likelihood estimator of 𝛽 obtained using the band-

width h after removing data from the ith observation. This procedure has previously been used
for empirical likelihood estimators in varying coefficient models for longitudinal data (Xue &
Zhu, 2007).

For h3, we use a least-squares cross-validation (lscv) procedure (Hall et al., 2004). In short,
we choose h3 to minimize

LSCV(h3) =
∫

1

0
𝜎̂(s)2ds − 2

∫

1

0
𝜎̂

2(s)𝜎̃2(s)ds,

where

𝜎̃
2(s) =

{

n(n − 1)
m∑

j=1
K̃h3

j (s)

}−1 n∑

i=1

n∑

k=1
k≠i

m∑

j=1
K̃h3

j (s)(yk(sj) − x⊤k 𝛽
h
(−i)(sj) − v̂k(sj))2,

is a leave-one-curve-out estimate of 𝜎2(s). The criterion above can be derived from the integrated
square error ∫ 1

0 (𝜎̂
2(s) − 𝜎2(s))ds after replacing 𝜎2 with 𝜎̃2.

3 THEORY

3.1 Estimator properties

We use the following conditions to establish the theoretical properties of the proposed estimator,
which in turn support the inference procedures proposed in the following section. In partic-
ular, Theorem 2 implies that 𝜎̂2 is a uniformly consistent estimator of 𝜎2 and, together with
Theorem 3(i) of Zhu et al. (2012), that Γ̂ = (𝛾̂ 𝜂(sk, sl))mk,l=1 is a consistent estimator of Γ.

Condition 1. Let CH denote the convex hull of a set. As n,m → ∞, pr(0 ∈
CH{Ui,j(𝛽, s)|s ∈ [0, 1]; i = 1,…,n; j = 1,…,m}) → 1,

Condition 2. The xis (over i = 1,…,n) are independent and identically distributed
copies of a random variable x. Additionally, ||x||∞ = Op(1) and Ω = E(xx⊤) is positive
definite.
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ZHOU et al. 7

Condition 3. The functions 𝛽l (l = 1,…, p) and 𝜂 have continuous derivatives
on [0, 1]. The processes (𝜓(𝜂(s)))s∈[0,1] and (x𝜓(𝜂(s)))s∈[0,1] are Donsker classes.
Moreover, E[sups∈[0,1] |v|r1] < ∞ and E{sups∈[0,1] [|v′(s)| + |v′′(s)|]r2} <∞ for some
r1, r2 ∈ (2,∞).

Condition 4. The design points  = {sj|j = 1,…,m} are sampled from a density
function 𝜋 that has a continuous derivative and a support of [0, 1].

Condition 5. The kernel function K is a Lipschitz-continuous, symmetric density
function supported on [−1, 1].

Condition 6. The function𝜓 is a subgradient of 𝜌. For any s ∈ [0, 1], the distribution
function of 𝜂i(s) vanishes at the discontinuity points of 𝜓 .
Condition 7. Where |sj − s| = op(1) and sups∈[0,1] |u(sj, s)| = op(1) for a function
u, there exists a function A1 such that E(𝜓(𝜂(sj) + u(sj, s))|sj) = A1(sj)u(sj, s) +
op(u(sj, s)) and A1(s + ht) = A1(s) + O(ht) when h → 0 and |t| ≤ 1. Additionally,
E(𝜓(𝜂(sj) + u(sj, s)) − 𝜓(𝜂(sj))|sj)2 = Op(A2(|u(sj, s)|)) holds uniformly over sj ∈ 
for some function A2 that is continuous at u(sj, s) and satisfies A2(0) = 0.
Lastly, E(𝜓(𝜂(s))2) is continuous and strictly positive for s ∈ [0, 1], and
E(sups∈[0,1] 𝜓(𝜂(s))2) <∞.
Condition 8. Define 𝜔𝜓 (s, t) = E(𝜓(𝜂(s))𝜓(𝜂(t))) and Γ−1 = (𝜛(sk, sl))mk,l=1. There
exist functions 𝜅1 and 𝜅2 satisfying

∑m
j=1𝜛(sj, s)k = 𝜅k(s)(1 + op(1)) uniformly for s ∈

[0, 1] and sups∈[0,1] |𝜅k(s)| < ∞ for k = 1, 2.

Condition 9. Assume the asymptotic setting with n → ∞, m → ∞, (a) h → 0,
mh → ∞, and h−1| log h|1−2∕q1 ≤ m1−2∕q1 for some q1 ∈ (2, 4); (b) h1 → 0, mh1 →
∞ and h−1

1 | log h1|1−2∕q2 ≤ m1−2∕q2 for some q2 ∈ (2, 4); (c) h2 → 0, mh2 →∞ and
h−4

2 (log n∕n)1−2∕q3 → 0 for q3 ∈ (2,∞).
Condition 10. On [0, 1], 𝜎2 has a continuous derivative and var(𝜀(s)2) < ∞ for all
s ∈ [0, 1].
Condition 11. On [0, 1]2, 𝜔̃𝜓 (s, t) = 𝜔𝜓 (s, s)−1∕2

𝜔𝜓 (t, t)−1∕2
𝜔𝜓 (s, t) has a finite trace.

Remark Condition 1 is a conventional assumption for empirical likelihood (Owen, 2001;
Wang et al., 2010). Condition 3 guarantees that 𝛽(sj) can be approximated by 𝛽(s) when
|sj − s| = op(1), and the conditions on v are similar to C2 and C9 in Zhu et al. (2012). Con-
ditions 2,4–6, and 9 are used in Zhu et al. (2012). Conditions 6 and 7 are mild in robust
regression (Huber & Ronchetti, 2009, Chap. 7). Also see Bai et al. (1992), Fan et al. (1994),
and Huber and Ronchetti (2009). For example, the LSE case of 𝜓(u) = 2u, A1(sj) = 1 and
𝜔𝜓 (s) = 4𝛾𝜂(s, s); the LADE case of 𝜓(u) = |u|, then A1(sj) = 2f𝜂(0; sj) and 𝜔𝜓 (s) = 𝛾𝜂(s, s), where
f𝜂(0; sj) = F′𝜂(0; sj) and F𝜂(z; sj) = P(𝜂(sj) < z); the Huber’s (Huber, 1973) 𝜓(⋅), that is, 𝜓(u) = u if
|u| ≤ c, otherwise c ⋅ sign(u) if |u| > c for a fixed constant c > 0, then A1(sj) = ∫

c
−cdF𝜂(z; sj) and

𝜔𝜓 (s) = c2 − ∫ c
−c(c

2 − u2)dF𝜂(u; s). Condition 11 aligns with a condition in Thm. 7 of Zhang and
Chen (2007) and ensures that 𝜔̃𝜓 has a singular value decomposition.

Remark We know that 𝛾(s, t) is a continuous symmetric nonnegative definite kernel. By
Mercer’s theorem (Mercer, 1909), then there is an orthonormal basis {𝜙i} of L2[0, 1] and the
corresponding sequence of nonnegative eigenvalues {𝜆i} such that

∫

1

0
𝛾(s, t)𝜙i(t)dt = 𝜆i𝜙i(s). (5)
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8 ZHOU et al.

Let 𝜙i = (𝜙i(s1),…, 𝜙i(sm))T , and 𝜙 = (𝜙1,…, 𝜙m), Δj = sj − sj−1, j = 1,…,m. Note that
maxj Δj → 0 as m →∞. From (5), we have

Γ ≈ diag(Δ1,…,Δm)𝜙diag(𝜆1,…, 𝜆m)𝜙T
.

Therefore,

Γ−1 ≈ 𝜙diag(𝜆−1
1 ,…, 𝜆

−1
m )𝜙Tdiag(Δ−1

1 ,…,Δ−1
m ),

whose (k, l)th component is
∑m

j=1𝜆
−1
j 𝜙j(sk)𝜙j(sl)Δj and denotes𝜛(sk, sl) =

∑m
j=1𝜆j𝜙j(sk)𝜙j(sl)Δj. So,

Υ−1 has the form (𝜛(sk, sl))m×m.
Let  = {j, |sj − s| < c}. If there exists a constant c, 0 < c < 1, such that Card( ) is finite and

|𝜔(sj, s)| = O(m−1) for j ∈  , where  is a complement of  . Then Condition (C8) holds.
From here on, let GΣ and G𝜔

𝜓
denote centered Gaussian processes indexed over [0, 1]with the

covariance functions Σ(s, t) = A1(s)−1A1(t)−1
𝜔𝜓 (s, t)Ω−1 and 𝜔𝜓 (s, t)Ip, respectively.

Theorem 1. Under Conditions 1–9, we have
(i) n1∕2(𝛽 − 𝛽)→ GΣ and (ii) L(𝛽, s) → 𝜅1(s)2𝜅2(s)−1

𝜔𝜓 (s, s)−1G𝜔
𝜓
(s)⊤G𝜔

𝜓
(s). Fur-

thermore, 𝜅−2
1 (s)𝜅2(s)L(𝛽, s)→ 𝜒

2
p .

Remark Theorems 1 gives the asymptotic results of MELE process 𝛽(s) and ELL ratio
process L(𝛽(s), s) indexed over s ∈ [0, 1] according to three EL methods, which are the
foundations for the above statistical inferences. Under the covariance structure Υ, the proposed
three empirical likelihoods lead to the same asymptotically efficient point estimator. For any
s ∈ [0, 1], based on the ELL ratio functions, we construct an asymptotic 𝜒2(p) statistic.

Theorem 2. (i) Under Conditions 1–7, 9(b)(c) and 10 and the assumptions that
sups∈[0,1] E(𝜓4(𝜂(s))) <∞ and h2 = O(m−1∕5), it follows that

sup
s∈[0,1]

|𝜎̂2(s) − 𝜎2(s)| = Op(| log(m)|m−4∕5 + h4
1 + n−1 + (nmh3)−1∕2(log h3)1∕2 + h3).

(ii) Under Conditions 1–7 and 9(b), it follows that

sup
(s,t)∈[0,1]2

|𝛾̂v(s, t) − 𝛾v(s, t)| = Op((mh2)−1 + h2
1 + h2

2 + (log n∕n)1∕2).

Remark From Theorem 2, we see that 𝜎̂2(s) and 𝛾̂v(s, t) are the uniformly consistent
estimators of 𝜎2(s) and 𝛾v(s, t), respectively. So 𝛾̂ 𝜂(s, t) is a uniformly consistent estimator of 𝛾𝜂(s, t).
Therefore, Γ̂ formed by 𝛾̂ 𝜂(sk, sl), k, l = 1,…,m, can be used to statistical inferences in Section 3
since Γ̂ = Γ + op(1).

3.2 Global general linear hypothesis test

For a given r × p matrix C of full rank and a given vector of functions c = (c1,…, cr), consider
the hypothesis test of H0 ∶ C𝛽(s) = c(s) for all s versus H1 ∶ C𝛽(s) ≠ c(s) for some s. Toward

a formal testing procedure, define dC(s) = n1∕2Â1(s)𝜔̂𝜓 (s, s)−1∕2
(

CΩ̂
−1

C⊤

)−1∕2
(C𝛽(s) − c(s))

 14679469, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sjos.12717 by U

niversity O
f C

alifornia, W
iley O

nline L
ibrary on [05/06/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



ZHOU et al. 9

and let Â1(s) be a consistent estimator of A1(s). Define 𝜔̂𝜓 (s, s) = n−1∑n
i=1𝜓(𝜂̂i(s)2) and

Ω̂ = n−1∑n
i=1xix⊤i , both of which are consistent estimators. Consider the global test statistic

Tn = ∫
1

0 dC(s)⊤dC(s)ds. By Theorem 1, dC(s) converges to the centred Gaussian process
GC(s) = A1(s)𝜔𝜓 (s)−1∕2(CΩ−1C⊤)−1∕2CG(s).

Theorem 3. (a) Under Conditions 1–9, Tn → ∫
1

0 GC(s)⊤GC(s)ds + op(1). If
Condition 11 additionally holds, then Tn →

∑l0
l=1𝜏l𝜒

2
r,l, where (𝜒2

r,l)
l0
l=1 are independent

and identically distributed following a central 𝜒2 distribution with r degrees of freedom
and (𝜏l)

l0
l=1 is a sequence of strictly positive eigenvalues of 𝜔̃𝜓 .

Remark Theorem 3 presents the theoretical result for the global test statistic based on
MELEs. The result of Theorem 4.5 shows that the distribution of Tn is asymptotically the same
as that of a 𝜒2-type mixture. So, the 𝜒2-approximation and bootstrap methods can be used to
approximate the null distribution of Tn; see Zhang and Chen (2007). In the paper, we approxi-
mate critical values of Tn using the bootstrapping. Note that we have to take a well-chosen integer
𝜄 such that the eigenvalues 𝜏l, l = 1,…, 𝜄, explain a sufficiently large portion of the total variation
tr( ̂̃𝜔𝜓 (s, t)) =

∑∞
l=1𝜏 l and 𝜏 l, l = 𝜄 + 1, 𝜄 + 2,…are essentially 0.

4 PROCEDURES FOR STATISTICAL INFERENCE

4.1 Global general linear hypothesis test

The form of Tn hinders an analytic study of its critical values, so we propose a three-step inferen-
tial approach based on the wild bootstrap (Zhu et al., 2012). First, obtain 𝛽 and the 𝜂̂i(sj)s under
H0. Second, for b = 1,…,B, generate a random sample {𝜍(b)(sj)|i = 1,…,n; j = 1,…,m} from a
standard normal distribution and compute ŷ(b)i (sj) = x⊤i 𝛽(sj) + 𝜍(b)i (sj)𝜂̂i(sj). Calculate 𝛽(b) by fit-
ting the model to the ŷ(b)i s. Further compute T(b)n , the corresponding value of the test statistic,
using the resampled data. Third, compute the p-value for the test as

B−1
B∑

b=1
I(T(b)n ≥ Tn).

4.2 Simultaneous confidence bands and regions based on coefficient
estimates

A simultaneous confidence band for 𝛽 takes the form (L𝛼l (s),U
𝛼

l (s)) over s ∈ [0, 1] and sat-
isfies pr(L𝛼l < 𝛽 < U𝛼

l ) = 1 − 𝛼 for l = 1,…, p. By Theorem 1, sups∈[0,1] |n1∕2{𝛽 l(s) − 𝛽l(s)}|→
sups∈[0,1] |e⊤l GΣ(s)|, so we choose a scalar C𝛼

l such that pr(sups∈[0,1] |e⊤l GΣ(s)| ≤ C𝛼

l ) = 1 − 𝛼 for
a simultaneous confidence band of the form (𝛽 l(s) − n−1∕2C𝛼

l , 𝛽 l(s) + n−1∕2C𝛼

l ). To estimate C𝛼

l ,
we take C𝛼

l as the empirical level-(1 − 𝛼) quantile of {sups∈[0,1] |elG(b)
1 (s)||b = 1,…,B} (Zhu

et al., 2012), where

G(b)
1 (s) =

{

(nmh)−1
n∑

i=1
xix⊤i J⊤mΓ̂

−1Â(s)

}−1

n−1∕2
n∑

i=1
𝜍
(b)
i

m∑

j=1
Ui,j(𝛽, s),
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10 ZHOU et al.

{𝜍(b)i |i = 1,…,n; b = 1,…,B} is a random sample from a standard normal distribution, Jm is an
m-vector of ones, and Â(s) = (Â1(s1)Kh

1 (s),…,Â1(sm)Kh
m(s))⊤.

We can also construct simultaneous confidence regions for 𝛽 as a whole. By
Theorem 1, sups∈[0,1] n(𝛽(s) − 𝛽(s))⊤(𝛽(s) − 𝛽(s)) → sups∈[0,1] GΣ(s)⊤GΣ(s), so we choose C𝛼

such that pr(sups∈[0,1] GΣ(s)⊤GΣ(s) ≤ C𝛼) = 1 − 𝛼 for the simultaneous confidence region
{b| sups∈[0,1] n(𝛽(s) − b(s))⊤(𝛽(s) − b(s)) ≤ C𝛼}. We can efficiently approximate C𝛼 as the empirical
level-(1 − 𝛼) quantile of {sups∈[0,1] |G

(b)
2 (s)||b = 1,…,B}, where G(b)

2 (s) = (Φ̂(s)g
(b)
2 (s))

⊤(Φ̂(s)g(b)2 (s))
with g(b)2 (s) = n−1∕2∑n

i=1𝜍
(b)
i
∑m

j=1Ui,j(𝛽, s) and

Φ̂(s) = (nmh)−1
n∑

i=1
xix⊤i

m∑

j=1

m∑

k=1
𝜛(sj, sk)J⊤mΓ̂

−1Â(s).

We refer to this approach as the Gaussian-approximation method.

4.3 Confidence regions based on empirical log-likelihood

As shown in (A.9) of Appendix, L(𝛽, s) → GL(s)⊤ΣL(s, s)−1GL(s), where GL is a centered Gaussian
process with the covariance function

ΣL(s, t) = 𝜅1(s)𝜅1(t)𝜇0(K; s, h)𝜇0(K; t, h)𝜋(s)𝜋(t)𝜔𝜓 (s, t)Ω,

and 𝜇0(K; s, h) = ∫
1

0 h−1K((u − s)∕h)du. We choose a scalar C𝛼 such that

pr
(

sup
s∈[0,1]

GL(s)⊤ΣL(s, s)−1GL(s) ≤ C𝛼

)
= 1 − 𝛼,

for the confidence region {b| sups∈[0,1] L(b, s) ≤ C𝛼}. We can efficiently approximate C𝛼

as the level-(1 − 𝛼) empirical quantile of {sups∈[0,1] |G
(b)
3 ||b = 1,…,B}, where G(b)

3 (s) =

T A B L E 1 Empirical coverage probabilities of simultaneous confidence bands based on the least-squares
estimator in the simulation study.

𝜶 = 0.05 𝜶 = 0.01

m = 40 m = 60 m = 40 m = 60
Case I n = 100 𝛽1 0.9633 0.9500 0.9867 0.9900

𝛽2 0.9500 0.9300 0.9933 0.9733

n = 150 𝛽1 0.9633 0.9533 0.9900 0.9867

𝛽2 0.9368 0.9467 0.9967 0.9833

Case II n = 100 𝛽1 0.9467 0.9600 0.9867 0.9900

𝛽2 0.9700 0.9467 0.9967 0.9900

n = 150 𝛽1 0.9467 0.9567 0.9900 0.9933

𝛽2 0.9500 0.9433 0.9933 0.9867
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ZHOU et al. 11

g(b)3 (s)
⊤

(∑n
i=1

∑m
j=1Ui,j(𝛽, s)Ui,j(𝛽, s)⊤

)−1
g(b)3 (s) and

g(b)3 (s) =
n∑

i=1
𝜍
(b)
i

m∑

j=1
Ui,j(𝛽, s).

Theorem 4. Under Conditions 1–9 and the assumption that sups∈[0,1] E(𝜓4(𝜂(s))) <
∞, it follows that G(b)

1 (s)→ GΣ(s), G(b)
2 (s) → GΣ(s)⊤GΣ(s), and

G(b)
3 (s) → 𝜅1(s)2𝜅2(s)−1

𝜔𝜓 (s)−1G𝜔
𝜓
(s)⊤G𝜔

𝜓
(s, s).

Remark Theorem 4 validates the bootstrapped processes used in Section 3.

T A B L E 2 Empirical coverage probabilities of simultaneous confidence bands based on the
least-absolute-deviation estimator in the simulation study.

𝜶 = 0.05 𝜶 = 0.01

m = 40 m = 60 m = 40 m = 60
Case I n = 100 𝛽1 0.9667 0.9433 0.9867 0.9833

𝛽2 0.9467 0.9467 0.9933 0.9800

n = 150 𝛽1 0.9400 0.9700 0.9867 0.9833

𝛽2 0.9500 0.9533 0.9867 0.9800

Case II n = 100 𝛽1 0.9400 0.9400 0.9900 0.9967

𝛽2 0.9667 0.9667 0.9867 0.9967

n = 150 𝛽1 0.9467 0.9633 0.9866 0.9900

𝛽2 0.9633 0.9400 0.9933 0.9900

T A B L E 3 Empirical coverage probabilities of simultaneous confidence regions based on the least-squares
estimator in the simulation study.

𝜶 = 0.05 𝜶 = 0.01

m = 40 m = 60 m = 40 m = 60
Case I n = 100 MELE 0.9500 0.9433 0.9933 0.9833

ELLR 0.9533 0.9433 0.9933 0.9869

n = 150 MELE 0.9467 0.9433 0.9800 0.9967

ELLR 0.9500 0.9500 0.9767 0.9900

Case II n = 100 MELE 0.9467 0.9467 0.9867 0.9900

ELLR 0.9667 0.9600 0.9933 0.9966

n = 150 MELE 0.9433 0.9600 0.9867 0.9867

ELLR 0.9533 0.9633 0.9867 0.9933
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12 ZHOU et al.

T A B L E 4 Empirical coverage probabilities of simultaneous confidence regions based on the
least-absolute-deviation estimator in the simulation study.

𝜶 = 0.05 𝜶 = 0.01

m = 40 m = 60 m = 40 m = 60
Case I n = 100 MELE 0.9667 0.9400 0.9933 0.9933

ELLR 0.9400 0.9500 0.9867 0.9800

n = 150 MELE 0.9400 0.9467 0.9867 0.9800

ELLR 0.9433 0.9633 0.9867 0.9867

Case II n = 100 MELE 0.9400 0.9667 1.0000 0.9967

ELLR 0.9400 0.9700 0.9967 0.9967

n = 150 MELE 0.9533 0.9433 0.9867 0.9966

ELLR 0.9667 0.9467 0.9900 0.9833
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2
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F I G U R E 1 Typical simultaneous confidence bands for 𝛽1 and 𝛽2 with (n,m) = (100, 40) (top) and
(n,m) = (150, 60) (bottom) for Case I of the simulation study. The bands are estimated using the estimate-based
method under the least-squares loss. The solid blue curves denote the true coefficient functions, while the dashed
red and black curves denote 95% and 99% simultaneous confidence bands, respectively.
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ZHOU et al. 13

5 SIMULATION STUDY

The following simulation studies illustrate the performance of the proposed estimator and
confidence sets. We generate data from the heteroscedastic model

yi(sj) = 𝛽1(sj) + xi𝛽2(sj) + 𝜂i(sj),

where the xis are independent and identically distributed following the standard normal
distribution. As Case I, we take 𝛽1(s) = s2 and 𝛽2(s) = 0.5{1 − (2s − 1)2}. Additionally, we
generate (vi(s1),…, vi(sm))⊤ from a zero-mean, multivariate normal distribution such that
corr(vi(sj), vi(sl)) = exp(−|j − l|). As Case II, we take 𝛽1(s) = 4(s − 0.5)2 and 𝛽2(s) = sin(0.5𝜋s) and
generate vi(s) = 𝜉i,1𝜑1(s) + 𝜉i,2𝜑2(s), where 𝜉i,1 ∼ N(0, 1.22), 𝜉i,2 ∼ N(0, 12), 𝜑1(s) = 21∕2 sin(2𝜋s),
and 𝜑2(s) = 21∕2 cos(2𝜋s). We obtain both least-squares and least-absolute-deviation estimates.
For the former, 𝜂i(sj) = vi(sj) + 𝜀i(sj), where 𝜀i(sj) ∼ N(0, 0.12). For the latter, 𝜂i(sj) = 𝜗i(sj) −
F−1(0.5), where F is the marginal density function of 𝜗i(sj) = vi(sj) + 𝜀i(sj).

0 0.2 0.4 0.6 0.8 1
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0 0.2 0.4 0.6 0.8 1
(n,m) = (150,60)
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1
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0 0.2 0.4 0.6 0.8 1
(n,m) = (150,60)

–0.5

0

0.5

1.0

1.5
SCB of 

2
( )

F I G U R E 2 Typical simultaneous confidence bands for 𝛽1 and 𝛽2 with (n,m) = (100, 40) (top) and
(n,m) = (150, 60) (bottom) for Case II of the simulation study. The bands are estimated using the estimate-based
method under the least-squares loss. The solid blue curves denote the true coefficient functions, while the dashed
red and black curves denote 95% and 99% simultaneous confidence bands, respectively.
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F I G U R E 3 Simultaneous confidence bands for 𝛽1 and 𝛽2 with (n,m) = (100, 40) (top) and
(n,m) = (150, 60) (bottom) for Case I of the simulation study. The bands are estimated using the estimate-based
method under the least-absolute-deviation loss. The solid blue curves denote the true coefficient functions, while
the dashed red and black curves denote 95% and 99% simultaneous confidence bands, respectively.

Tables 1 and 2 present empirical coverage probabilities of simultaneous confidence bands for
the least square estimator and least-absolute-deviation estimator in Cases I and II based on 300
datasets with n = 100,150 and m = 40, 60, respectively. Tables 3 and 4 summarize the empirical
coverage probabilities of simultaneous confidence regions for (𝛽1(s), 𝛽2(s)). The coverage proba-
bilities are close to the nominal level for both 𝛼 = 0.01 and 𝛼 = 0.05. Figures 1–4 depicts typical
simultaneous confidence bands in the same setting. As expected, the bands narrow as n and m
increase. As shown in Figures 5 and 6, our approach based on empirical log-likelihood yields
smaller simultaneous confidence regions relative to the Gaussian-approximation method.

Thus, we see that our proposed methods based on empirical likelihood inference and robust
regression work well on varying coefficient models for functional responses.

6 REAL DATA ANALYSIS

We next consider a diffusion tensor imaging dataset from the Alzheimer’s Disease Neuroimaging
Initiative, which we preprocess following Zhu et al. (2012). See Acknowledgment. The analytic
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F I G U R E 4 Simultaneous confidence bands for 𝛽1 and 𝛽2 with (n,m) = (100, 40) (top) and
(n,m) = (150, 60) (bottom) for Case II of the simulation study under the least-absolute-deviation loss. The bands
are estimated using the estimate-based method. The solid blue curves denote the true coefficient functions, while
the dashed red and black curves respectively denote 95% and 99% simultaneous confidence bands.

sample consists of 203 subjects (119 males and 84 females) from the total 217 subjects after quality
control and the exclusion of incomplete observations. Subject ages range from 48 to 91 years, with
a mean of 73.3 years and a SD of 7.4 years.

We take fractional anisotropy, measured at 83 points as a function of arc length along the
corpus callosum, as the functional response in the model. As scalar covariates, we include gender
(female and male), age, years of education, diagnosis (normal control, mild cognitive impairment,
Alzheimer’s disease), mini-mental state examination score, and apolipoprotein E genotype (three
levels). We take 𝜌 as the quantile loss function due to the presence of outlying response values
and consider the quantile levels 𝜏 = 0.25, 0.50, 0.75.

At each quantile level, we estimate 𝛽 and perform a global hypothesis test, with B = 500
replications, of the null hypothesis that 𝛽l = 0. Figure 7 presents the coefficient function esti-
mate for each covariate and the corresponding p-values. At the 𝛼 = 0.10 level, education level,
diagnosis, mini-mental state examination score, and apolipoprotein E genotype have significant
associations with all three conditional quantiles of fractional anisotropy. This is consistent with
Zhu et al. (2012). On the other hand, the weak association between gender and mean fractional
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F I G U R E 5 Slices of a typical 95% simultaneous confidence region for (𝛽1, 𝛽2) at s = 0.2, 0.4, 0.8 m. The
estimated regions are based on the empirical log-likelihood ratio under the least-squares loss (red) and the
Gaussian approximation method (blue) for (n,m) = (100, 40) (left), (n,m) = (150, 60) (right), Case I (top), and
Case II (bottom). The true coefficient function at each s is denoted by +.

anisotropy identified by the least-squares estimator in Zhu et al. (2012) is better contextualized by
our results, which finds a significant association only at the high quantile level of 𝜏 = 0.75. This
result highlights the ability of quantile regression to provide more-specific insight into the distri-
bution of the response of interest relative to mean regression as well as the general utility of our
M-estimation framework.

7 CONCLUSION

For our functional data model, it is very interesting to test whether a particular coefficient func-
tion is different from 0, or whether it is really varying or whether it is increasing in a compact
subset. To address the latter two questions, it needs to construct simultaneous confidence bands,
which is of particular interest in data analysis, instead of pointwise confidence bands. In many
applications, the pointwise confidence bands are not satisfactory because they do not reflect the
overall pattern of the coefficient functions. The construct of simultaneous confidence bands has
been a very difficult problem when the model has dependent errors, such as within-subject/curve
dependence in longitudinal data and functional data. In the paper, we propose an M-estimator
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F I G U R E 6 Slices of a typical 95% simultaneous confidence region for (𝛽1, 𝛽2) at s = 0.2, 0.4, 0.8 m. The
estimated regions are based on the empirical log-likelihood ratio under the least-absolute-deviation loss (red) and
the Gaussian approximation method (blue) for (n,m) = (100, 40) (left), (n,m) = (150, 60) (right), Case I (top), and
Case II (bottom). The true coefficient function at each s is denoted by +.

based on the generalized empirical likelihood for the varying-coefficient model with a func-
tional response, and develop statistical inference procedures, simultaneous confidence regions,
and a global general linear hypothesis test for the model’s functional coefficient. Our theoreti-
cal results establish the weak convergence of the log-likelihood ratio process, a nonparametric
version of Wilks’ theorem for the log-likelihood ratio, and asymptotic properties of the proposed
estimator.

Our approach based on empirical log-likelihood yields smaller simultaneous confidence
regions relative to the Gaussian-approximation method. We analyze a diffusion tensor imaging
dataset from the Alzheimer’s Disease Neuroimaging Initiative based on our approach. Then, we
have some important findings. For example, the weak association between gender and mean
fractional anisotropy identified by the least-squares estimator in Zhu et al. (2012) is better contex-
tualized by our results, which find a significant association only at the high quantile level. This
result highlights the ability of quantile regression to provide more-specific insight into the distri-
bution of the response of interest relative to mean regression as well as the general utility of our
M-estimation framework.
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F I G U R E 7 Estimated coefficients in the neuroimaging analysis. The red, blue, and black curves represent
𝜏 = 0.25, 𝜏 = 0.5, and 𝜏 = 0.75, respectively. MMSE, mini-mental state examination score; APOE4,
apolipoprotein E genotype.
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APPENDIX A

In this section, we give proof of this work’s theoretical results. In the following proofs, we use
the notation introduced in the main text. Additionally define 𝜃(b, s) = b − 𝛽(s) and 𝜇r(K; s, h) =
∫

1
0 (u − s)rK((u − s)∕h)h−(r+1)du for r ≥ 0.

A.1 PROOF OF THEOREM 1
Define

D(𝛽, s) = 1
n

n∑

i=1

m∑

j=1
Ui,j(𝛽, s),

Φ(s) = 𝜅1(s)A1(s)𝜇0(K; s, h)𝜋(s)Ω, and

ΣL(s, t) = 𝜅1(s)𝜅1(t)𝜇0(K; s, h)𝜇0(K; t, h)𝜋(s)𝜋(t)𝜔𝜓 (s, t)Ω.

First, the proof of (i) consists of five steps.
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Step 1. We show that

a. n−1∑n
i=1

∑m
j=1Ui,j(b, s) = Op

(
n−1∕2),

b. n−1∑n
i=1

∑m
j=1Ui,j(b, s)Ui,j(b, s)⊤ = ΣL(s, s){1 + op(1)}, and

c. 𝜆(b, s) = Op
(

n−1∕2)

All hold uniformly over Θn = {(b, s)|s ∈ [0, 1], ||𝜃(b, s)|| ≤ dn}, where dn → 0 as n → ∞ and
𝜆(b, s) is a Lagrange multiplier in the problem of minimizing the empirical log-likelihood ratio
function in (2) of the main text: that is, 𝜆(b, s) satisfies

n∑

i=1

m∑

j=1

Ui,j(b, s)
1 + 𝜆(b, s)⊤Ui,j(b, s)

= 0.

To establish (a), first note that

Ui,j(b, s) =
1

mh
xiui,j(b, s)

= 1
mh

xi

m∑

k=1
𝜛(sj, sk)𝜓(yi(sk) − x⊤i b(s))Kh

k (s)

= 𝜛(sj, s)𝜇0(K; s, h)𝜋(s)xi𝜓(𝜂i(s))(1 + op(1)).

Under Condition 3, it follows by the Donsker Theorem (van der Vaart & Wellner, 1996, Chap. 2.5)
that n−1∕2∑n

i=1xi𝜓(𝜂i(s)) → G(s), where G is a centered Gaussian process. Furthermore,

sup
s∈[0,1]

‖‖‖n−1∕2
n∑

i=1
xi𝜓(𝜂i(s))

‖‖‖ = Op(1).

Therefore, by Lemma 2 of Zhu et al. (2012),

1
n

n∑

i=1

m∑

j=1
Ui,j(b, s) =

1
n

n∑

i=1

m∑

j=1
𝜛(sj, s)𝜇0(K; s, h)𝜋(s)xi𝜓(𝜂i(s))(1 + op(1))

= 𝜅(s)𝜇0(K; s, h)𝜋(s)
1
n

n∑

i=1
xi𝜓(𝜂i(s))(1 + op(1)) = Op

(
n−1∕2)

,

uniformly on Θn.
To establish (b), we use a similar argument. By the weak law of large numbers,

1
n

n∑

i=1

m∑

j=1
Ui,j(b, s)Ui,j(b, s)⊤

= 1
n

n∑

i=1

m∑

j=1
𝜛(sj, s)2𝜇0(K; s, h)2𝜋(s)2xix⊤i 𝜓(𝜂i(s))2(1 + op(1))

= 𝜅2(s)𝜇0(K; s, h)2𝜋(s)2
1
n

n∑

i=1
xix⊤i 𝜓(𝜂i(s))2(1 + op(1))

= ΣL(s, s)(1 + op(1)),

uniformly for s ∈ [0, 1].
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22 ZHOU et al.

To establish (c), let 𝜆(b, s) = 𝜌(b, s)𝛼, where 𝜌(b, s) > 0 and ||𝛼|| = 1. By an argument similar to
that in the proof of (2.12) of Owen (1990),

𝜌(b, s)
1 + 𝜌(b, s)max

i,j
sup

(b,s)∈Θn

||Ui,j(b, s)||
𝛼
⊤

(
1
n

n∑

i=1

m∑

j=1
Ui,j(b, s)Ui,j(b, s)⊤

)

𝛼 ≤
‖‖‖

1
n

n∑

i=1

m∑

j=1
Ui,j(b, s)

‖‖‖.

From the proof of (a), we know that

max
i,j

sup
(b,s)∈Θn

||Ui,j(b, s)|| = max
i,j

sup
s∈[0,1]

|𝜛(sj, s)𝜓(𝜂i(s))𝜇0(K; s, h)𝜋(s)|||xi||∞(1 + op(1))

≤ C max
i

sup
s∈[0,1]

|𝜓(𝜂i(s))|(1 + op(1)).

Under Condition 3, E(sups∈[0,1] 𝜓
2(𝜂i(s))) < ∞, and sups∈[0,1] |𝜓(𝜂i(s))|, for i = 1,…,n, are

independent and identically distributed. Thus, by Lemma 3 of Owen (1990),
maxi sups∈[0,1] |𝜓(𝜂i(s))| = op(n1∕2) and so

max
i,j

sup
(b,s)∈Θn

||Ui,j(b, s)|| = op(n1∕2). (A.1)

By (A.1) and (a)–(b), sup(b,s)∈Θn
𝜌(b, s) = Op

(
n−1∕2). Thus,

sup
(b,s)∈Θn

||𝜆(b, s)|| = sup
(b,s)∈Θn

𝜌(b, s) = Op
(

n−1∕2)
. (A.2)

Step 2. We show that

𝜆(b, s) =

(
1
n

n∑

i=1

m∑

j=1
Ui,j(b, s)Ui,j(b, s)⊤

)−1(
1
n

n∑

i=1

m∑

j=1
Ui,j(b, s)

)

+ op
(

n−1∕2)
,

uniformly over Θn.
By applying (A.1) and (A.2) and noting that

max
i,j

sup
(b,s)∈Θn

||𝜆(b, s)⊤Ui,j(b, s)|| = sup
(b,s)∈Θn

||𝜆(b, s)||max
i,j

sup
(b,s)∈Θn

||Ui,j(b, s)||

= Op
(

n−1∕2) op(n1∕2) = op(1), (A.3)

it follows that

0 = 1
n

n∑

i=1

m∑

j=1

Ui,j(b, s)
1 + 𝜆(b, s)⊤Ui,j(b, s)

= 1
n

n∑

i=1

m∑

j=1
Ui,j(b, s) −

1
n

n∑

i=1

m∑

j=1
Ui,j(b, s)Ui,j(b, s)⊤𝜆(b, s)

+ 1
n

n∑

i=1

m∑

j=1

Ui,j(b, s)(𝜆(b, s)⊤Ui,j(b, s))2

1 + 𝜆(b, s)⊤Ui,j(b, s)
. (A.4)
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ZHOU et al. 23

By (A.2) and (A.3),

sup
(b,s)∈Θn

‖‖‖
1
n

n∑

i=1

m∑

j=1

Ui,j(b, s)(𝜆(b, s)⊤Ui,j(b, s))2

1 + 𝜆(b, s)⊤Ui,j(b, s)
‖‖‖

= Op(1)max
i,j

sup
(b,s)∈Θn

||Ui,j(b, s)|| sup
(b,s)∈Θn

1
n

n∑

i=1

m∑

j=1
||Ui,j(b, s)||2 sup

(b,s)∈Θn

||𝜆(b, s)||2

= op(n1∕2)Op(1)Op
(

n−1)

= op
(

n−1∕2)
. (A.5)

The claim in this step holds by (A.4) and (A.5).
Step 3. We show that

n−1∕2
n∑

i=1

m∑

j=1
Ui,j(𝛽, s) → GL(s), (A.6)

where GL is a centered Gaussian process with the covariance function ΣL(s, t).
We know that

n−1∕2
n∑

i=1

m∑

j=1
Ui,j(𝛽, s) = n−1∕2

n∑

i=1
xi𝜓(𝜂i(s))𝜇0(K; s, h)𝜅(s)𝜋(s)(1 + op(1)).

Note that sups∈[0,1] |𝜇0(K; s, h)𝜋(s)| = O(1) and that {xi𝜓(𝜂i(s))|s ∈ [0, 1]} is a Donsker class. The
claim in (A.6) follows by Chap. 2.5 of van der Vaart and Wellner (1996). It is easy to verify that

cov

(

n−1∕2
n∑

i=1

m∑

j=1
Ui,j(𝛽, s),n−1∕2

n∑

i=1

m∑

j=1
Ui,j(𝛽, t)

)

= ΣL(s, t)(1 + o(1)),

which completes the proof for this step.
Step 4. We show that

𝛽(s) − 𝛽(s) = 1
n
Φ(s)−1

n∑

i=1

m∑

j=1
Ui,j(𝛽, s) + op(1),

uniformly for s ∈ [0, 1].
First, we have that

1
n

n∑

i=1

m∑

j=1
Ui,j(b, s) =

1
n

n∑

i=1

m∑

j=1
Ui,j(𝛽, s) − Φ(s)𝜃(b, s)(1 + op(1)).

By (A.3),

L(b, s) = 2

{ n∑

i=1

m∑

j=1
𝜆(b, s)⊤Ui,j(b, s) −

1
2

n∑

i=1

m∑

j=1
(𝜆(b, s)⊤Ui,j(b, s))2

}

+ 2
n∑

i=1

m∑

j=1
𝜉i,j, (A.7)
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24 ZHOU et al.

where

pr

(

|𝜉i,j| ≤ sup
(b,s)∈Θn

|𝜆(b, s)⊤Ui,j(b, s)|3 for i = 1,…,n; j = 1,…,m

)

→ 1,

as n →∞.
Note that

|||

n∑

i=1

m∑

j=1
𝜉i
||| ≤ sup

(b,s)∈Θn

||𝜆(b, s)||3 sup
(b,s)∈Θn

n∑

i=1

m∑

j=1
||Ui,j(b, s)||3 = Op(n−3∕2)op(n3∕2) = op(1),

so by the result of Step 2, we can rewrite (A.7) as

L(b, s) = 2

( n∑

i=1

m∑

j=1
𝜆(b, s)⊤Ui,j(b, s) −

1
2

n∑

i=1

m∑

j=1
(𝜆(b, s)⊤Ui,j(b, s))2

)

+ op(1)

= n

(
1
n

n∑

i=1

m∑

j=1
Ui,j(b, s)

)⊤(
1
n

n∑

i=1

m∑

j=1
Ui,j(b, s)Ui,j(b, s)⊤

)−1

×

(
1
n

n∑

i=1

m∑

j=1
Ui,j(b, s)

)

+ op(1)

= (D(𝛽, s) − Φ(s)𝜃(s))⊤ΣL(s, s)−1(D(𝛽, s) − Φ(s)𝜃(s)) + op(1). (A.8)

By a similar argument,

L(𝛽, s) = nD(𝛽, s)⊤ΣL(s, s)−1D(𝛽, s) + op(1). (A.9)

By (A.8) and (A.9),

L(b, s) − L(𝛽, s) = −2nD(𝛽, s)⊤ΣL(s, s)−1Φ(s)𝜃(s) + n𝜃(s)⊤Φ(s)ΣL(s, s)−1Φ(s)𝜃(s) + op(1), (A.10)

uniformly over Θn. We know that L(𝛽, s) − L(𝛽, s) ≤ 0, so by (A.10),

n||𝜃(s)||2||Φ(s)ΣL(s, s)−1Φ(s)|| + op(1) ≤ 2n||D(𝛽, s)||||ΣL(s, s)−1Φ(s)||||𝜃(s)||,

where 𝜃(s) = 𝛽(s) − 𝛽(s).
By the result of Step 3, sup(b,s)∈Θn

||D(b, s)|| = Op
(

n−1∕2). Note that

sup
s∈[0,1]

||Φ(s)ΣL(s, s)−1Φ(s)|| ≤ C||Ω|| = Op(1),

and sups∈[0,1] ||ΣL(s, s)−1Φ(s)|| = Op(1). Therefore, sups∈[0,1] ||𝛽(s) − 𝛽(s)|| = Op
(

n−1∕2).
Let ̃̃𝛽(s) = 𝛽(s) + (Φ(s)ΣL(s, s)−1Φ(s))−1Φ(s)ΣL(s, s)−1D(𝛽, s). By (A.8) and (A.9),

L(𝛽, s) − L(𝛽, s) = −2nD(𝛽, s)⊤ΣL(s, s)−1Φ(s)𝜃(s) + n𝜃(s)⊤Φ(s)ΣL(s, s)−1Φ(s)𝜃(s) + op(1). (A.11)

Similarly,

L( ̃̃𝛽, s) − L(𝛽, s) = −2nD(𝛽, s)⊤ΣL(s, s)−1Φ(s) ̃̃𝜃(s) + n ̃̃𝜃(s)⊤Φ(s)ΣL(s, s)−1Φ(s) ̃̃𝜃(s) + op(1). (A.12)
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ZHOU et al. 25

By (A.11) and (A.12),

0 ≥ L(𝛽, s) − L( ̃̃𝛽, s) = n(𝛽(s) − ̃̃
𝛽(s))⊤Φ(s)ΣL(s, s)−1Φ(s)(𝛽(s) − 𝛽(s)) + op(1).

Therefore,

𝛽(s) − 𝛽(s) = 𝛽(s) − ̃̃
𝛽(s) + op(1) = Φ(s)−1D(𝛽, s) + op(1). (A.13)

Step 5. We now compute the covariance matrix of n1∕2(𝛽(s) − 𝛽(s)). By (A.13),

ncov(𝛽(s) − 𝛽(s), 𝛽(t) − 𝛽(t)) = nΦ(s)−1cov(D(𝛽, s),D(𝛽, t))Φ(t)−1 = Φ(s)−1ΣL(s, t)Φ(t)−1
.

Thus, we obtain n1∕2(𝛽 − 𝛽) → GΣ. By Remark for Theorem 2, we have Γ̂ = Γ + op(1). Together
with the definition of 𝛽 and L̂(b, s), we have n1∕2(𝛽 − 𝛽)→ GΣ. This completes the proof of
Theorem 1(i).

Second, for any s ∈ [0, 1],

L(𝛽, s) = n

(
1
n

n∑

i=1

m∑

j=1
Ui,j(𝛽, s)

)⊤(
1
n

n∑

i=1

m∑

j=1
Ui,j(𝛽, s)Ui,j(𝛽, s)⊤

)−1

×

(
1
n

n∑

i=1

m∑

j=1
Ui,j(𝛽, s)

)

+ op(1)

→GL(s)⊤ΣL(s, s)−1GL(s) = 𝜅1(s)2𝜅2(s)−1
𝜔𝜓 (s, s)−1G𝜔

𝜓
(s)⊤G𝜔

𝜓
(s).

Thus, for any s ∈ [0, 1], L(𝛽, s) → 𝜅1(s)2𝜅2(s)−1
𝜒

2
p . This completes the proof of Theorem 1.

APPENDIX B. PROOF OF THEOREM 2

(i) By the definition of 𝜎̂2in the main text,

𝜎̂
2(s) =

∑n
i=1

∑m
j=1K̃h3

j (s)(yi(sj) − x⊤i 𝛽(sj) − v̂i(sj))2

n
∑m

j=1K̃h3
j (s)

=

∑n
i=1

∑m
j=1K̃h3

j (s){x⊤i (𝛽(s) − 𝛽(sj)) + (vi(sj) − v̂i(sj)) + 𝜀i(sj)}2

n
∑m

j=1K̃h3
j (s)

=

∑n
i=1

∑m
j=1K̃h3

j (s)𝜀i(sj)2

n
∑m

j=1K̃h3
j (s)

+

∑n
i=1

∑m
j=1K̃h3

j (s){x⊤i (𝛽(s) − 𝛽(sj))}2

n
∑m

j=1K̃h3
j (s)

+

∑n
i=1

∑m
j=1K̃h3

j (s)(vi(sj) − v̂i(sj))2

n
∑m

j=1K̃h3
j (s)

+
2
∑n

i=1
∑m

j=1K̃h3
j (s)x

⊤

i (𝛽(s) − 𝛽(sj))𝜀i(sj)

n
∑m

j=1K̃h3
j (s)

+
2
∑n

i=1
∑m

j=1K̃h3
j (s)x

⊤

i (𝛽(s) − 𝛽(sj))(vi(sj) − v̂i(sj))

n
∑m

j=1K̃h3
j (s)
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26 ZHOU et al.

+
2
∑n

i=1
∑m

j=1K̃h3
j (s)(vi(sj) − v̂i(sj))𝜀i(sj)

n
∑m

j=1K̃h3
j (s)

= J1(s) + · · · + J6(s),

where the last equality serves to define J1,…, J6 in the obvious manner. Note that
sups∈[0,1] ||𝛽(s) − 𝛽(s)|| = Op

(
n−1∕2) and sups∈[0,1] |v̂i(s) − vi(s)| = Op(| log m|1∕2m−2∕5 + h2

1 +
n−1∕2) if h2 = O(m−1∕5) by Thms 1 and 2 of Zhu et al. (2012). Furthermore,

J1(s) = 𝜎2(s) + Op(h3)𝜇1(K; s, h3) + Op(h2
3)𝜇2(K; s, h3),

sup
s∈[0,1]

|J2(s)| = Op
(

n−1)
,

sup
s∈[0,1]

|J3(s)| = Op(| log m|m−4∕5 + h4
1 + n−1),

sup
s∈[0,1]

|J4(s)| = Op
(

n−1∕2)
|||
∑n

i=1
∑m

j=1K̃h3
j (s)𝜀i(sj)

|||
n
∑m

j=1K̃h3
j (s)

= Op

(
log h3

nmh3

)1∕2

,

sup
s∈[0,1]

|J5(s)| = Op(n−1∕2(| log m|1∕2m−2∕5 + h2
1 + n−1∕2)),

sup
s∈[0,1]

|J6(s)| = Op

((
log h3

mh3

)1∕2

(| log m|1∕2m−2∕5 + h2
1 + n−1∕2)

)

.

Therefore,

sup
s∈[0,1]

|𝜎̂2(s) − 𝜎2(s)| = Op

(
| log m|m−4∕5 + h4

1 + n−1 +
log h3

nmh3
+ h3

)
.

Thus, we complete the proof of Theorem 2(i).

(ii) Let K
h2
j (s) = [1 0]

(∑m
j=1K̃h2

j (s)z
h2
j (s)z

h2
j (s)

⊤

)−1
K̃h2

j (s)z
h2
j (s), which is the empirical equivalent

kernel (Fan & Gijbels, 1996). We define 𝜀i(s) =
∑m

j=1K
h2
j (s)𝜀i(sj), Δvi(s) =

∑m
j=1K

h2
j (s)[vi(sj) − vi(s)],

Δ𝛽(s) =
∑m

j=1K
h2
j (s)[𝛽(sj) − 𝛽(sj)], Δi(s) = 𝜀i(s) + Δvi(s) + x⊤i Δ𝛽(s). From the definition of v̂i(s), we

have v̂i(s) = vi(s) + Δi(s). So

1
n − p

n∑

i=1
v̂i(s)v̂i(t) =

1
n − p

n∑

i=1
Δi(s)Δi(t) +

1
n − p

n∑

i=1
vi(s)Δi(t)

+ 1
n − p

n∑

i=1
Δi(s)vi(t) +

1
n − p

n∑

i=1
vi(s)vi(t). (B.1)

The proof consists of two steps. The first step is to prove that the first three terms on the
right side of (B.1) converge to zero uniformly for all (s, t) ∈ [0, 1]2 in probability; the second
step is to prove the 1

n − p
∑n

i=1vi(s)vi(t) converges to 𝛾v(s, t) uniformly over (s, t) ∈ [0, 1]2 in

probability.
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ZHOU et al. 27

For Step 1, we first show that the first term

sup
(s,t)

1
n − p

|||||

n∑

i=1
Δi(s)Δi(t)

|||||
= Op

(
(mh2)−1 + (log n∕n)1∕2 + h4

1 + h4
2
)
. (B.2)

For a positive constant C, we have

|||||

n∑

i=1
Δi(s)Δi(t)

|||||
= Csup

(s,t)

[
|||||

n∑

i=1
𝜀i(s)𝜀i(t)

|||||
+
|||||

n∑

i=1
𝜀i(s)Δvi(t)

|||||
+
|||||

n∑

i=1
Δvi(t)x⊤i Δ𝛽(s)

|||||

+
|||||

n∑

i=1
𝜀i(s)x⊤i Δ𝛽(t)

|||||
+
|||||

n∑

i=1
Δvi(s)Δvi(t)

|||||
+
|||||

n∑

i=1
x⊤i Δ𝛽(s)Δ𝛽(t)

⊤xi

|||||

]

. (B.3)

By Thm. 1 of Zhu et al. (2012), sups∈[0,1] ||Δ𝛽(s)||2 = Op(n−1∕2 + h2
1). Notice that sups∈[0,1] |Δvi(s)| =

sups∈[0,1] |v′′i (s)|Op(h2
2) = Op(h2

2). Further, from Lemmas 6 and 7 in Zhu et al. (2012) or Lemma 4
in Luo et al. (2016), it follows that

sup
(s,t)

1
n − p

|||||

n∑

i=1
𝜀i(s)𝜀i(t)

|||||
= Op

(
(mh2)−1 + (log n∕n)1∕2)

,

sup
(s,t)

1
n − p

|||||

n∑

i=1
𝜀i(s)Δvi(t)

|||||
= Op

(
(log n∕n)1∕2)

,

sup
(s,t)

1
n − p

|||||

n∑

i=1
Δvi(t)x⊤i Δ𝛽(s)

|||||
= sup

s∈[0,1]
||Δ𝛽(s)||2 sup

t∈[0,1]
|Δvi(t)|

1
n − p

n∑

i=1
||xi||2 = Op

(
(n−1∕2 + h2

1)h
2
2
)
,

sup
(s,t)

1
n − p

|||||

n∑

i=1
𝜀i(s)x⊤i Δ𝛽(s)

|||||
= sup

s∈[0,1]
||Δ𝛽(s)||2 sup

t∈[0,1]
|𝜀i(t)|

1
n − p

n∑

i=1
||xi||2

= Op
(

n−1∕2 + h2
1
)

Op

⎛
⎜
⎜
⎝

√
log h2

mh2

⎞
⎟
⎟
⎠
,

sup
(s,t)

1
n − p

|||||

n∑

i=1
Δvi(s)Δvi(t)

|||||
= O(1) sup

s∈[0,1]
(Δvi(s))2 = Op

(
h4

2
)
,

sup
(s,t)

1
n − p

|||||

n∑

i=1
x⊤i Δ𝛽(s)Δ𝛽(t)

⊤xi

|||||
= Op(n−1 + h4

1).

Therefore, together with (B.3), we obtain (B.2). Then, we show that the second term

sup
(s,t)

1
n − p

|||||

n∑

i=1
Δi(s)vi(t)

|||||
= Op

(
n−1∕2 + h2

1 + h2
2 + (log n∕n)1∕2)

. (B.4)

Since

|||||

n∑

i=1
Δi(s)vi(t)

|||||
≤

|||||

n∑

i=1
𝜀i(s)vi(t)

|||||
+
|||||

n∑

i=1
Δvi(s)vi(t)

|||||
+
|||||

n∑

i=1
x⊤i Δ𝛽(s)vi(t)

|||||
, (B.5)
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28 ZHOU et al.

Furthermore, we have

sup
(s,t)

1
n − p

|||||

n∑

i=1
𝜀i(s)vi(t)

|||||
= O

(
(log n∕n)1∕2)

,

from Lemma 6 in Zhu et al. (2012) or Lemma 4 in Luo et al. (2016),

sup
(s,t)

1
n − p

|||||

n∑

i=1
Δvi(s)vi(t)

|||||
≤

1
n − p

n∑

i=1
sup
(s,t)

|Δvi(s)vi(t)| = Op(h2
2),

sup
(s,t)

1
n − p

|||||

n∑

i=1
x⊤i Δ𝛽(s)vi(t)

|||||
≤

1
n − p

n∑

i=1
||xi||2 sup

s∈[0,1]
||Δ𝛽(s)||2 sup

t∈[0,1]
|vi(t)| = Op(n−1∕2 + h2

1).

So, together with (B.5), we obtain (B.4). Similarly, we have the 3rd term
sup(s,t) (n − p)−1∑n

i=1Δi(t)vi(s) = Op(n−1∕2 + h2
1 + h2

2 + (log n∕n)1∕2). Thus, we complete the proofs
of Step 1.

For Step 2, we show that

sup
(s,t)

|||||

1
n − p

n∑

i=1
[vi(s)vi(t) − 𝛾v(s, t)]

|||||
= Op

(
n−1∕2)

. (B.6)

This can be argued by noting that

|vi(s1)vi(t1) − vi(s2)vi(t2)| ≤ 2(|s1 − s2| + |t1 − t2|) sup
s∈[0,1]

|v′i(s)| sup
s∈[0,1]

|vi(s)|

holds for any (s1, t1) and (s2, t2). Therefore the functional class {v(s)v(t) ∶ (s, t) ∈ [0, 1]2} is a VC
class (van der Vaart & Wellner, 1996). So, it yields that (B.6) is true. Thus, we complete the proof
of Theorem 2(ii).

APPENDIX C: PROOF OF THEOREM 3

Recall that dC(s) = Â1(s)𝜔̂𝜓 (s, s)−1∕2
(

CΩ̂
−1

C⊤

)−1∕2
d(s) with d(s) = n1∕2(C𝛽(s) − c(s)). Let Δ(s) =

dC(s) − GC(s). Thus,

Δ(s) = Â1(s)𝜔̂𝜓 (s, s)−1∕2
(

CΩ̂
−1

C⊤

)−1∕2
d(s) − A1(s)𝜔𝜓 (s, s)−1∕2(CΩ−1C⊤)−1∕2CG(s)

= {Â1(s)𝜔̂𝜓 (s, s)−1∕2
(

CΩ̂
−1

C⊤

)−1∕2
− A1(s)𝜔𝜓 (s, s)−1∕2(CΩ−1C⊤)−1∕2}d(s)

+ A1(s)𝜔𝜓 (s, s)−1∕2(CΩ−1C⊤)−1∕2(d(s) − CG(s))
= op(1)Op(1) + Op(1)op(1) = op(1).

Therefore,

Tn =
∫

1

0
GC(s)⊤GC(s)ds + 2

∫

1

0
GC(s)⊤Δ(s)ds +

∫

1

0
Δ(s)⊤Δ(s)ds

=
∫

1

0
GC(s)⊤GC(s)ds + op(1),

and so the first part of the claim holds.
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ZHOU et al. 29

To complete the proof, it is sufficient to show that ∫ 1
0 GC(s)⊤GC(s)ds →

∑l0
l=1𝜏l𝜒

2
r,l. Recall that

GC(s) is a centered Gaussian process with the covariance function

ΣC(s, t) = A1(s)𝜔𝜓 (s, s)−1∕2(CΩ−1C⊤)−1∕2CΣL(s, t)C⊤A1(t)𝜔𝜓 (t, t)−1∕2(CΩ−1C⊤)−1∕2

= 𝜔𝜓 (s, s)−1∕2
𝜔𝜓 (t, t)−1∕2

𝜔𝜓 (s, t)Ir

= 𝜔̃𝜓 (s, t)Ir.

Let GC,l denote the components of GC so that GC(s) = (GC,1(s),…,GC,r(s)). By the above result,
it is clear that the GC,l(s), over l = 1,…, r, are independent, and that GC,l(s) follows an
asymptotic Gaussian process distribution with a mean function of 0 and a covariance function
of 𝜔̃𝜓 .

By Condition 11, ∫ 1
0 ∫

1
0 𝜔̃𝜓 (s, t)dsdt < ∞, so by the Cauchy–Schwarz inequality, 𝜔̃𝜓 has an

eigendecomposition of the form 𝜔̃𝜓 (s, t) =
∑l0

l=1𝜏l𝜑l(s)𝜑l(t), where (𝜏l)
l0
l=1 is a nonincreasing

sequence of eigenvalues and (𝜑l)
l0
l=1 is a corresponding sequence of orthogonal eigenfunctions.

By the above eigendecomposition, GC,l(s) =
∑l0

k=1𝜁l,k𝜑k(s), where

𝜁l,k =
∫

1

0
GC,l(s)𝜑k(s)ds ∼ AN(0, 𝜏k),

and AN denotes an asymptotic normal distribution.
Consequently,

∫

1

0
GC(s)⊤GC(s)ds =

∫

1

0
GC(s)⊤GC(s)ds =

r∑

l=1
∫

1

0
GC,l(s)2ds

=
r∑

l=1

l0∑

k=1
𝜁

2
l,k =

l0∑

k=1

r∑

l=1
𝜁

2
l,k →

l0∑

k=1
𝜏l𝜒

2
r,l,

which completes the proof of the theorem.

APPENDIX D: PROOF OF THEOREM 4

The following proof considers only the claim pertaining to G(b)
3 : proofs for the claims regarding

G(b)
1 and G(b)

2 are similar.
Let D(𝛽, s) = n−1∕2∑n

i=1
∑m

j=1Ui,j(𝛽, s), D(b)(𝛽, s) = n−1∕2∑n
i=1𝜍

(b)
i
∑m

j=1Ui,j(𝛽, s), and

V(𝛽, s) = n−1
n∑

i=1

m∑

j=1
Ui,j(𝛽, s)Ui,j(𝛽, s)⊤.

Recall that G(b)
3 (s) = D(b)(𝛽, s)⊤V(𝛽, s)−1D(b)(𝛽, s) and that

𝜅1(s)2𝜅2(s)−1
𝜔𝜓 (s, s)−1G𝜔

𝜓
(s, s)⊤G𝜔

𝜓
(s, s) = GL(s)⊤ΣL(s, s)−1GL(s).

We will prove that G(b)
3 (s) → 𝜅1(s)2𝜅2(s)−1

𝜔𝜓 (s, s)−1G𝜔
𝜓
(s, s)⊤G𝜔

𝜓
(s, s). It is sufficient to prove that

D(b)(𝛽, s) → GL(s) and that V(𝛽, s) = ΣL(s, s) + op(1). The latter statement follows immediately
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30 ZHOU et al.

from the proof of Theorem 1. We now prove the former claim by following the arguments in
Kosorok (2003) and Zhu et al. (2012).

First, we establish the weak convergence of D(b)(𝛽, s). Observe that

D(b)(𝛽, s) = n−1∕2
n∑

i=1
𝜍
(b)
i

m∑

j=1
(mh)−1xi

m∑

k=1
𝜛(sj, sk)𝜓(yi(sk) − x⊤i 𝛽(s))K

h
k (s)

= n−1∕2
n∑

i=1
𝜍
(b)
i xi

m∑

j=1
(mh)−1

m∑

k=1
𝜛(sj, sk)𝜓(𝜂i(sk))Kh

k (s)

+ n−1∕2
n∑

i=1
𝜍
(b)
i

m∑

j=1
(mh)−1xi

m∑

k=1
𝜛(sj, sk)A1(sk)x⊤i (𝛽(sk) − 𝛽(s))Kh

k (s)

= J1(s) + J2(s),

where the last equality defines J1(s) and J2(s) in the obvious manner. Regarding J1(s), if we treat
𝜍
(b)
i as a “covariate vector,” then similar to the proof of Theorem 1, we see that J1(s) converges to

GL(s). Regarding J2(s), we have that, uniformly, J2(s) = Op(h)n−1∕2∑n
i=1𝜍

(b)
i xix⊤i and E(J2(s)) = 0.

Thus, J2(s) = op(1) uniformly for s ∈ [0, 1]. We can thus conclude that D(b)(𝛽, s) converges to GL(s)
in distribution.

We now consider the weak convergence of D(b)(𝛽, s) conditional on the data  = { ,},
where  = {x1,…, xn}. By standard calculations, D(b)(𝛽, ⋅) is a Gaussian process with a mean
function of 0 and a covariance function that evaluates to cov(J1(s), J1(t)|) + cov(J1(s), J2(t)|) +
cov(J2(s), J1(t)|) + cov(J2(s), J2(t)|) at (s, t). Now,

cov(J1(s), J1(t)|)

= 1
n

n∑

i=1
xix⊤i

{ m∑

j=1
(mh)−1

m∑

k=1
𝜛(sj, sk)𝜓(𝜂i(sk))Kh

k (s)

}

×

{ m∑

j=1
(mh)−1

m∑

k=1
𝜛(sj, sk)𝜓(𝜂i(sk))Kh

k (t)

}

= 1
n

n∑

i=1
xix⊤i 𝜅1(s)𝜋(s)𝜇0(K; s, h)𝜓(𝜂i(s))𝜅1(t)𝜋(t)𝜇0(K; t, h)𝜓(𝜂i(t))(1 + op(1)).

Furthermore, E(cov(J1(s), J1(t)|)) = ΣL(s, t) and cov(cov(J1(s), J1(t)|)) = O
(

n−1). Thus,
cov𝜍(D(b)(s),D(b)(t)|), calculated with respect to the 𝜍is, converges to ΣL(s, t) in probability. We
can then establish the marginal convergence of D(b)(𝛽, s) in the conditional central limit theorem
by applying the Cramér–Wald method.

For 𝛿 > 0, let 𝛿 = {l𝛿|l = 0,…, ⌊𝛿−1⌋} be a 𝛿-grid and let [0, 1]𝛿(s), for any s ∈ [0, 1], denote
an element of 𝛿 that is closest to s. For a metric space (, d), let BL1() denote the space of
real-valued functions on  with a Lipschitz norm bounded by one, i.e., for any g ∈ BL1(),
supx∈ |g(x)| ≤ 1 and |g(x) − g(y)| ≤ d(x, y) for all x, y ∈. We have that

sup
g∈BL1(𝓁∞[0,1])

|E𝜍(g(D(b)([0, 1]𝛿))) − E(g(GL([0, 1]𝛿)))|→ 0,
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ZHOU et al. 31

in probability as n → ∞. Since GL is continuous, GL([0, 1]𝛿(s))→ GL(s) almost surely as 𝛿 → 0,
that is,

lim
𝛿→0+

sup
g∈BL1(𝓁∞[0,1])

|E𝜍(g(D(b)([0, 1]𝛿))) − E(g(GL([0, 1])))| = 0.

Additionally,

sup
g∈BL1(𝓁∞[0,1])

|E𝜍(g(D(b)([0, 1]𝛿(⋅)))) − E𝜍(g(D(b)([0, 1](⋅))))|

≤ E𝜍
⎛
⎜
⎜
⎝
sup

s,t∈[0,1]
|s−t|<𝛿

|D(b)(s) − D(b)(t)|
⎞
⎟
⎟
⎠
.

The expectation on the right-hand side of the above inequality was computed previously in this
proof. This completes the proof of Theorem 4.
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