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ABSTRACT

As a crucial tool in neuroscience, mediation analysis has been developed and widely adopted to elucidate the role of intermediary
variables derived from neuroimaging data. Typically, structural equation models (SEMs) are employed to investigate the influ-
ences of exposures on outcomes, with model coefficients being interpreted as causal effects. While existing SEMs have proven to
be effective tools for mediation analysis involving various neuroimaging-related mediators, limited research has explored scenar-
ios where these mediators are derived from the shape space. In addition, the linear relationship assumption adopted in existing
SEMs may lead to substantial efficiency losses and decreased predictive accuracy in real-world applications. To address these
challenges, we introduce a novel framework for shape mediation analysis, designed to explore the causal relationships between
genetic exposures and clinical outcomes, whether mediated or unmediated by shape-related factors while accounting for potential
confounding variables. Within our framework, we apply the square-root velocity function to extract elastic shape representations,
which reside within the linear Hilbert space of square-integrable functions. Subsequently, we introduce a two-layer shape regres-
sion model to characterize the relationships among neurocognitive outcomes, elastic shape mediators, genetic exposures, and
clinical confounders. Both estimation and inference procedures are established for unknown parameters along with the corre-
sponding causal estimands. The asymptotic properties of estimated quantities are investigated as well. Both simulated studies and
real-data analyses demonstrate the superior performance of our proposed method in terms of estimation accuracy and robustness
when compared to existing approaches for estimating causal estimands.

1 | Introduction study and the UK Biobank (UKB) study [1, 2], there has been
a significant surge in comprehensive research aimed at under-
With the rapid growth of large-scale medical imaging studies, standing the causal mechanisms underlying neurocognitive

like the Alzheimer’s Disease Neuroimaging Initiative (ADNI) disorders such as Alzheimer’s Disease (AD). One of the most
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important scientific questions is whether and how genetic
exposure affects mental health through the changes in brain
microstructures, typically treated as a causal mediation analysis
problem [3]. Mediation analysis, a crucial tool in neuroscience,
has been developed and widely adopted to elucidate the role of
intermediary variables derived from neuroimaging data. These
variables are situated along the path connecting exposures (or
treatments) and clinical outcomes [4-7]. Both the direct effects
of exposures on outcomes and the indirect effects mediated by
these intermediary variables can be examined using statistical
inference tools [8-10]. Typically, structural equation models
(SEMs) are employed to investigate the influences of exposures
on outcomes, with model coefficients being interpreted as causal
effects [11-13]. Within the SEM framework, the primary focus
lies in dissecting the total causal effects of exposures on out-
comes into distinct direct and indirect components. Meanwhile,
neuroimaging-related mediators in the SEM are usually repre-
sented as random variables or stochastic processes, depending
on the characteristics of the extracted imaging features. These
features can encompass univariate or multivariate variables (e.g.,
Region of Interest (ROI) based volumetric data [14, 15]), high
dimensional variables (e.g., voxel-wised imaging signals [16]),
and functions (e.g., fMRI or time series data [4, 17]).

In recent years, numerous significant scientific endeavors have
aimed to examine the shapes of specific brain regions, revealing
their pivotal roles in uncovering the causes of various mental
disorders. One notable example is the shape of the corpus cal-
losum (CC), the largest white matter structure in the human
brain [18]. It has garnered increasing attention in Alzheimer’s
Disease (AD) studies [19, 20] due to the significant atrophy
observed in the CC subregion among AD patients [21] and
mildly demented AD patients [22] in comparison to healthy
controls. While existing SEMs have proven to be effective tools
for mediation analysis involving various neuroimaging-related
mediators, limited research has explored scenarios where these
mediators are derived from the shape space. The shape is broadly
defined to be a characteristic that is left after certain nuisance
or shape-preserving transformations, such as rotations, transla-
tions, and scale, have been removed [23-25], with the result that
shape representation spaces are nonlinear, high-dimensional,
and have quotient space geometry [20]. Therefore, the con-
ventional normality assumptions often applied to mediators in
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existing SEMs cannot be directly extended to shape data. Further-
more, most existing SEMs assume linear relationships between
mediators and clinical outcomes [4, 15, 16]. However, this lin-
ear relationship assumption may lead to substantial efficiency
losses and decreased predictive accuracy in real-world applica-
tions, where constrained nonlinear relationships may indeed
exist [26, 27].

This article aims to introduce a novel framework for Shape
Mediation Analysis (SMA), designed to explore the causal
relationships between genetic exposure and clinical outcomes,
whether mediated or unmediated by shape-related factors while
accounting for potential confounding variables. Figure 1a illus-
trates a Directed Acyclic Graph (DAG) depicting these causal
connections.

To our knowledge, our SMA framework represents the first SEM
tailored explicitly for shape mediators. Within our SMA frame-
work, we initiate the process by applying the square-root velocity
function (SRVF) [28] to extract elastic shape representations,
which reside within the linear Hilbert space of square-integrable
functions, denoted as .%([0,1]). Subsequently, we introduce a
two-layer shape regression model (2SRM). This model com-
prises two components: (i) a shape-on-scalar regression model,
which explores the associations between elastic shape mediators,
genetic exposure, and clinical confounding factors; and (ii) a
scalar-on-shape partial linear single-index model, designed to
characterize the nonlinear relationships among neurocognitive
outcomes, elastic shape mediators, genetic exposure, and clin-
ical confounders. The corresponding path diagram is depicted
in Figure 1b. We employ a two-step estimation procedure to
estimate unknown parameters within the 2SRM framework,
along with the corresponding causal estimands. Additionally,
we establish a bootstrap-based inference method to construct
confidence intervals (CIs) and simultaneous confidence bands
(SCBs) for these causal estimands. We also conduct a thor-
ough investigation into the asymptotic properties of estimated
quantities within 2SRM. Moreover, both simulated studies and
real-data analyses demonstrate the superior performance of our
proposed method in terms of estimation accuracy and robust-
ness when compared to existing approaches for estimating causal
estimands.

Genetic Exposure

O

a;(s) i

Neurocognitive
Outcome

Vi

Shape
Mediators

(15 (5), 11 (5 g (5 (01 (5), 73 (5)) B (5)dl)

Outcome &
llj (s) i
Clinical Confounders m
Clinical Confounders
(a) (b)
FIGURE1 | (a)DAG illustrating the causal relationship among genetic exposure (blue), shape mediators (orange), clinical confounders (blue),

and the neurocognitive outcome (green); (b) Path diagram including (i) a shape-on-scalar regression model and (ii) a scalar-on-shape partial linear

single-index model to investigate the genetic causal effects on the neurocognitive outcome through the shape mediators.
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The article is organized as follows. Section 2 introduces 2SRM
and outlines the estimation and inference procedures for the
parameters and causal estimands. Subsequently, we delve into
exploring the theoretical properties of parameters of interest in
2SRM. In Section 3, simulation studies on synthetic curve data
are presented to validate the finite performance of our proposed
2SRM across different scenarios. Finally, in Section 4, we apply
our method to the CC shape dataset in the ADNI study.

2 | Methods
2.1 | Notation

Suppose we obtain the neuroimaging data, the genetic exposure,
clinical confounders, and the neurocognitive outcome from n
unrelated subjects. Instead of the whole brain image, we are inter-
ested in the contour of the ROI. For the ith subject, let L, be a
n, X d matrix with n, landmarks representing the contour of the
ROI in R?, where d = 2 or 3 (in this article, we only consider
the contour of the planar CC on the middle-sagittal slice, that
is, d = 2: see Figure 2a,b; x;, € R be the genetic exposure (e.g.,
selected causal SNP); w; € R? be clinical confounders (e.g., gen-
der, age, and APOE ¢4); and y, be the neurocognitive outcome
(e.g., Alzheimer’s Disease Assessment Scale Cognitive Subscale
13 score (ADAS-13)). As shown in the causal DAG (Figure 1a),
our goal is to identify the causal effect of genetic exposure x;
on the neurocognitive outcome y; implicitly through the shape
mediators L;, with adjustment for the clinical confounders w;.

2.2 | Elastic Shape Representation

Given the landmarks L; from the contour of the planar CC,
we first derive the coordinate functions, f;(s) = ( fi108), fi2(5)),
with fij(9) 1 10,1] > R,j=1,2, in the x-axis and the y-axis,
respectively (see Figure 2c). Since shapes are invariant to
shape-preserving transformations, for example, rotation, trans-
lation, and scaling [23], f;(s) can be derived via removing
these nuisance transformations from the landmarks L, (detailed
processing steps can be found in Srivastava and Klassen [28]).
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After that, we derive the square-root velocity function (SRVF)
representations for the ith subject:

q,(s) 1 [0,1] = R?, g,(s) = (g;1(5), 4, ,(5))
qf,j(S) = fi,j(s)/ |fi,j(s)|, Jj=12 @

According to the results in Srivastava et al. [29], if the functions in
[f(s) are absolutely continuous, the corresponding SRVF repre-
sentations are square integrable, that is, q,(s) € L2([0,1], R?),i =
1, ...,n. Under this representation, we can further determine
the optimal registration (or re-parameterization) group action for
each SRVF representation, which corresponds to the following
optimization problem:

7/i,*(s) = arginfy(s)el"”ﬂ(s) - (qiDY(s)) \% Y(s)”v i= 1v2’ ceesn (2)

where u(s) is a template, such as the mean of {q;(s),i =1, ..., n},
I" includes all possible diffeomorphisms of [0, 1] that preserve the
boundaries, thatis, I' = {y(s) : [0,1] = [0,1]]y(0) = 0,y(1) =1},
and the composition g,°y(s) is a re-parameterization of g;(s).
Then, we can obtain the aligned SRVF representations as follows:

u/(q,-,j(S), )/,-’*(S)) = (q,-’joy,-,*(s)) 7./,-,*(5), Jj=12i=1,...,n
3
and the aligned SRVF representations of CC shapes are illustrated
in Figure 2d.

2.3 | Shape Mediation Analysis

To conduct the mediation analysis with elastic shape media-
tors, we propose a 2-layer Shape Regression Model (2SRM).
First, a shape-on-scalar regression model is introduced to
investigate the relationship among the elastic shape mediators
{w(g; ;(5),7:.(s)), s €10,1]}, the genetic exposure x;, and the
clinical confounders w;:

l//(l]l-yj(S), 7/,',*(5)) = xiaj(s) + w;rllj(s) + ’1,',1'(5) + ei’j(s)
se€[0,1],i=1,...,n j=1,2 4)
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FIGURE2 | Preprocessing procedures for shape mediator: (a) raw MRI brain images with 2D CC segmented at the middle-sagittal slice; (b) land-
marks sampled along the 2D contour of CC; (c) coordinate functions of landmarks with rotation, translation, and scaling removed; (d) aligned SRVF

representations of shape mediators; and (e) aligned landmarks by mapping the aligned SRVF representations back to the planar CC contour space.
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where a(s) = (a;(s), ay(s)" and A(s) = (4] (s), 4] (s))", includ-
ing coefficient functions with continuous derivatives on [0, 1],
respectively represent the effects related to the genetic expo-
sure and clinical confounders. The individual functions
n,(s)=(;1,Y1(s),;1,.yz(s))T, independent of x;, characterizes the
subject-specific spatial variability and follows a Gaussian process
(GP) with mean 0 and covariance function X,(s,t). The mea-
surement error {e; ;(s)};-,, are independent of {x;,n; ;(9)} and
Gaussian distributed with mean 0 and variance o-j?(s), j=12.
Second, to characterize the nonlinear relationship between
the neurocognitive outcome y; and the elastic shape mediators
{w(g; ;(s), yl-,*(s))}f.:l, we consider a scalar-on-shape partial
linear single-index model:

2 1
yi=xT+wl K+ g(Z / (g, (s), yi,*<s))ﬂ,-(s)ds>
j=170

+6,i=1,...,n (5)

where g(-) is an unknown link function, and p(s) =
(B1(5), ()T, including coefficient functions with continu-
ous derivatives on [0, 1], represent the effect related to the elastic
shape mediators. In addition, the errors {4;}!_, are independent
and Gaussian distributed with mean 0 and constant variance
o;. An illustration of 2SRM is presented in Figure 1b. Since
the individual optimal re-parameterizations {y;.(s)}!_, are
already determined in the preprocessing step, for simplifying
the notation, hereafter we denote y; ;(s) = y(q; ;(5),7;..(s)) for
Jj=1,2and y,(s) = (y; 1 (5), 1;/,-,2(s))T fori=1,...,n

2.4 | Causal Effect Estimands

Our aim is to quantify the causal effect of a genetic exposure
(i.e., X) on the neurocognitive outcome (i.e., Y') mediated by the
elastic shape mediator (i.e., ¥) given some clinical confounders
(i.e., W). Using the potential outcome framework [30, 31], we
first formulate the causal estimands of interest, that is, the indi-
rect effect and the direct effect. Let W(s; x) denote the outcome
of elastic shape mediators under genetic exposure x and Y (x, )
the potential outcome of the neurocognitive outcome when the
genetic exposure and elastic mediators are at the level x and
{w(s)} 01 respectively. Under the framework of 2SRM, the
average total causal effect (ATE) is decomposed as

AT E(x,x*) = E[Y (x, y(s; x))] — E[Y (x*, y(s; x*))] = AT E(x, x*)
+ ADE(x, x") (6)

where x and x* are two distinct observations of genetic exposure
(without loss of generality, we assume that x > x*),

ADE(x,x") = E[Y (x,y(s; x)] — E[Y ", w(s; x")] = (x —x")7

@)
is the average direct effect (ADE) of genetic exposure on the
neurocognitive outcome, and

ALE(x, x*) = E[Y (x, w(s; x))] — E[Y (x, p(s: x7))]

1
=E [g</ W(S;x)T.B(S)dS>
0

1
—g</0 W(S;x*)Tﬂ(S)dS>] ®)

is the average indirect effect (AIE) of genetic exposure on the
neurocognitive outcome. In particular, the AIE can be further
derived as

2 1
AIE(x,x") = (x — x*)Cx,x*’ﬁZ/ a;(s)f;(s)ds )
j=170

where C, .. ;= [E[g(folw(s; %)TP(s)ds)] and X% =tx+ (1 —1)x*
for some ¢ € (0, 1). Here we are also interested in the spatial ATE
(SAIE), the average indirect effect mediated through each grid s,
which is defined as

2
SAITE(s,x,x*) = (x — x*)cxvxﬂﬁﬁzaj(s)ﬂj(s) (10)
i=1

which is consistent with the result in linear functional mediation
analysis [4] when the nonlinear link function g(-) degenerates
to an identity function. Furthermore, we impose the following
causal assumptions to identify the ADE and AIE.

Assumption 1. There is no “exposure-outcome con-
founder”, that is,
Y(x,y) L X|W

Assumption 2. There is no “exposure-mediator con-
founder”, that is,

{¥(s; x)}ge[o,l] 1 X|W

Assumption 3. There is no “mediator-outcome con-
founder”, that is,

Y(x*,p) L W(s;x)| X, W
for all x, x* and {y(s)} 0.1

Assumptions 1 to 3 are extensions of the standard causal media-
tion assumptions [3] to the elastic shape mediators. Assumptions
1 and 2 state that the genetic exposure assignment is ignorable,
as would be the case in a randomized experiment. Assumption 3
states that the neurocognitive outcomes Y (x*, y) are ignorable
concerning the elastic shape intermediate outcomes ¥(s;x),
given X = x, as would be the case if subjects were randomly
assigned to W at both levels of X. In addition, we still need the
stable unit treatment value assumption (SUTVA) [30, 32]. From
Assumption 2, we have

E[W(s; x)|W = w] = E[W¥(s; x)| X = x, W = w]
= E[¥(s; X)|X = x, W = w]

and under Assumptions 1 to 3,

E[Y (x, y)|W = w]
=E[Y(x,p)|X =x, W =w]

=E[Y (x,p)| X = x, {¥(s; x)}se[o,u = {‘I/(S)}Se[o,l],w =w]
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= E[Y (X, {'¥(s; X)}Se[o,l])p( =X, {\I‘(SUC)}S@[OJ]

= {V’(s)}se[o,l]’w =w]

Therefore, if Assumptions 1 to 3 are valid, our 2SRM is correctly
specified, and the causal estimands, that is, both ADE and AIE,
can be estimated from the observed data.

2.5 | Model Estimation
For the purpose of estimating the parameters in 2SRM (4) and (5),
the corresponding models can be rewritten as follows:

wi(s) =u] 0,(s) +m;(s) + € (s, k=1,....n,
i=1,...,n j=1,2 1)

and

1
V= u’.TD+g(/ y/j(s)ﬂ(s)ds) +6,i=1,...,n (12)
0

where u; = (x;, w7, 0,() = (a;(-), /le('))T, BC) =BT B (DT
andov = (7,k")".

First, we consider the estimation procedure of the parameters of
interest in (11) by using local linear kernel smoothing method
[33], which can be divided into two steps [34], including (i) esti-
mating varying coefficient functions {0,(-) }Jz.=1 and (ii) smoothing
individual functions {, ;(s) }12.:1 .

Step 1.1: Estimating varying coefficient function 0,(-). We
employ multivariate local linear regression to derive the weighted
least squares estimator of the coefficient function 6, (s). We apply
the Taylor expansion for 0,(-) at s as follows:

0,(s;) = 0,(s) + Qj(s)(sk —5) = Aj(s)zH”(sk —5)

where A;(s) =10;(s), Hgéj(s)], ZH,,(Sk —s5) = (1,H0_1(sk -7,
and H, is a bandwidth. In practice, the generalized
cross-validation (GCV) method [34, 35] is adopted to select
the optimal bandwidth H,. In particular, we standardize all
covariates to have mean zero and standard deviation one, thus,
we may choose a common bandwidth H, for all covariates.
Denote Ky, (s) = |Hy| "' K(H,'s), where K(-) is the kernel func-
tion and H, is the positive definite bandwidth diagonal matrix.
Let e®? = ee' for any vector, C ® D be the Kronecker product
of two matrices C and D, and vec(A) be the vectorization of a
matrix A by vertically stacking the columns of the A. We estimate
0,(s) via estimating A, (s) by minimizing the following weighted
least squares function:

D25 —u Aj()z g, (5 = P Ky, (51— 9)

i=1 k=1

which yields

aj(s) =, ®0, 01><d)]UeC(2j)

nb

=WUTU)UTY ay(s, Hpw (s0) (13)

k=1

where U = (u,, ...,u,)", y;(s,) = (y;(sp), ..., W, ()", and

-1

a, (s, Hy) = [1,0,,,] ZKHg(sk - )z, (5 — 5%
k=1

X Ky, (s = )z, (5, — 8)

Step 1.2: Smoothing individual functions 7, ;(-). We employ
the local linear regression technique again to estimate all indi-
vidual functions {#; ;(s)} by assuming certain smoothness condi-
tions on #,(s) [34], that is,

A(9) = Y Ry (5= 9w, (50 —u[ 0,501 (14)
k=1

where K i, (s) is the empirical equivalent kernel with the optimal
bandwidth H, selected using the GCV method, that is,

n, -1
Ry (5)=1[1,0] [ZKHW(s)an(s)m] Ky, ()2 (5)

k=1

Second, we consider the estimation procedure of the param-
eters of interest in (12) by the functional approximation
and profile local linear regression techniques [36]. For j =
1,2, we express f;(s) as a linear combination of KﬂlB—spline
basis functions Y (s) = (X4 (), ...,YKﬂJ ,j(s))T, that is, §;(s) =

K,
Zkflbk’ij’j(s), j =1,2, and therefore model (12) can be writ-
ten as

yi=uiTv+g((I>in)+5i, i=1,...,n (15)

where ®; = ({;,, '--7Ci,Kﬁ1,1’Ci,1,2’ "-sci,Kﬂz,z)T with ¢, =
folyll-,j(s)Yk,j(s)ds and b= (b, ...,bKﬁwl,bLz, ~--’bK”z,2)T' For
identifiability we assume that the coefficient b satisfies ||b|| = 1
and the first element b, ; > 0. For the transformed model (15),
we are interested in the coefficient o, the expansion coefficient
b, and the unknown link function g(-). We will estimate them in
an iterative way. At the rth iteration, given the estimation of b,
we estimate v and g(-) using kernel smoothing technique; given
the estimation of g(-) and v, the estimation of b is updated using
the profile local linear regression method. The corresponding
estimation procedure is summarized in Algorithm 1.

2.6 | Estimation and Inference on Causal
Estimands

First, we focus on the estimation procedures of ADE, AIE, and
SAIE in (7-10). For the estimation of ADE, a plug-in estimator
can be derived with the estimated parameter 7. However, thisidea
can not be applied to estimate AIE and SAIE due to the unknown
constant C, .. 5 involved in (9) and (10). To address this issue,
we consider estimating the expectation term E[Y (x@, y(s; x?))],
in which two choices of the pair (x?, x®) are of interest, that
is, (1,1) and (0, 1), via resampling strategies [37]. We first fit the
transformed outcome model (15) of 2SRM, conditional on expo-
sure x, mediators y(s; x), and confounders w, to the observed
data, and derive the estimated outcome function

h(x,w(s;x), w) = E{Y|X = x, ¥(s; x) = w(s; x), W = w}

2 1
=xT+w K+ §<2/ w(ss x)/?j(S)ds> (16)
0

j=1
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ALGORITHM1 | Estimation procedure for the transformed
model (15).

input: data {u;, y;}!_, projection coefficients of elastic shape
mediators {®,}"_,, tolerance e.
initialization: r = 1, g@(s) = 5, §9(s) = 1, and {v©@, b} >
estimation of v and b through the least square method.
for [[o® -0V <e, B -0V <e, and [gV() -
g" POl <edo

update g~V (-) and g*~V(-): estimate g(-) and g(-) via local
linear regression technique, which yields

(g D@6, gV (@[ b))

= X Ry, (@, = @) 60 ) 1y, = w000
i=1

where @b Vis in a small neighborhood of ®b"~" and
K »,(*) is the empirical equivalent kernel with bandwidth h,.

update o and b*: estimateo and b by minimizing the fol-
lowing profile least squares function

n
2 (= ulo =g V@) — g V(@] b )@ b

i=1

—<I>I.Tb("”))2

end for
output: the estimates of v, b, g(-), and reconstructed B(s).

where the observed values of the confounders for each individual
are assumed to be fixed and invariant to different values of the
exposure x and counterfactual mediator y(s; x). Next, we imple-
ment the resampling procedure as follows. For each individual
whose observed exposure level is X = x(®, we randomly sample
L counterfactual elastic shape mediators {¥,(s; x®)} L, from the
observed group with exposure level X = x) with replacement.
Then, the AIE can be estimated through the estimated expecta-
tion term:

L

Y O w(six®Dl = — 3 LY hex, B (s:xP)w) (A7)
Na irx;=x@ " I=1

where n, is the number of subjects with observed treatment X =
x@, In (17), the inner average accounts for the variability in the
sampled (counterfactual) mediator values while the outer aver-
age, across individuals with observed exposure level X = x@,
takes the empirical distribution of the confounders into account.
Once we have the estimated AIE, the spatial AIE, SAIE(s),
can be estimated as follows. We fit the mediator model (11) of
2SRM, conditional on exposure x and confounders w, to the
observed data, yielding the corresponding estimated functional
coefficients {@,(s) },2~=1~ Then, a plug-in estimator of C, ,. 5, é\x,x*, e
can be derived according to the definition of ATE in (9), that
is, €, .y = ATE(x,x*)/{(x = x")X_, [, &,(s)B,(s)ds}. Thus, the

estimated SAT E(s) is obtained as

~

2
SATE(s) = C, oy 20,()B;(5) (1s)
j=1

Second, we are interested in the inference procedures of ADE,
AIE, and SAIE. In particular, for a given confidence level
(1 - 9), we develop a bootstrap resampling method to construct
the (1 —9) CIs [38] of ADE and AIE, and the (1 —8) SCB of
SAIE(s). Specifically, we first generate independent B boot-
strap samples by randomly resampling observed subjects with
replacement. Then, for each of the generated bootstrap samples,
we utilize the proposed estimation procedures to get the esti-

)
mated ADE sequence, {ADE }b3=1, the estimated AIE sequence,

(b . S
{AIE ")} |, and the estimated SAIE sequence, { SATE(s)?}} .

For the ADE, its (1 — 9) CI is constructed as
(A/b\E —t1_gp(n—1) - (ADE),

ADE +1y_yp(n—1) - sAe(A/D\E)> (19)

where #,_g,(n — 1) is the (1 —9/2) quantile of Student’s t dis-
tribution with (n — 1) degree of freedom and s?z(ﬁ) is the
bootstrap-based estimated standard error of ADE. Utilizing
the bias-corrected and accelerated CI, the (1 — 9) CI of AIE can be
constructed as well. For the (1 — 9) SCB of SAT E(s), we construct
the sequence { R®) = SUDPefo.1) |SATE(s) — SATE(s)®)| }2 . and
the (1 — 9) critical-value-based SCB [39] of SAI E(s) is derived as

(S/AI\E(S) — G419 SAIE(s)+ @1_8) (20)

where §,_, is the (1 — 9) empirical quantile of { R®) }2.,- The pro-
posed bootstrap idea for constructing SCB has been used in sev-
eral existing literature [34, 40-42], where the proposed method
was demonstrated to outperform other SCB construction meth-
ods through both simulation studies. In particular, asymptotic
theorems have been also established to lay the ground for the
bootstrap-based method.

2.7 | Asymptotics of Estimation Procedure

We systematically investigate the asymptotic properties of all
estimators proposed in Section 2. Specifically, Theorem 1 and
Theorem 2 investigate the asymptotic properties of the estimated
functional coefficients §j, j =1,2, the estimated link function
2(-), and the estimated B-spline coefficients b, all of which pro-
vide the statistical guarantees in the estimation and inference of
the causal estimands, AIE in (9) and SAIE in (10). In addition,
Theorem 3 presents the asymptotic property of 7, which provides
the statistical guarantee in the estimation and inference of ADE
in (7). Assumptions used to facilitate the technical details and the
proof and Theorems can be found in the Supporting Information.

Theorem 1. Under Assumptions (A1-A10) in the Supporting
Information, the followings hold:

/2 [(U*TU*)’I/Zuec{éj(s) —E®,(5)) }]
j=12,5€]0,1]
where U* = (UTU) _IUT, weakly converges to a centered Gaussian

process with covariance matrix %, ;1. ,, in which X, ;. is the jth
diagonal element in Z,(s,8),j=12.
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Theorem 2. Under Assumptions (A1-A10), one has

w22 g(@fh) - g(@Fb) - 0.5u8(DLb) A |
-4 N(O, ‘Pg),
where ¥, = [ K2(t)ydt/ f (®b).

Theorem 3.
hold:

Under Assumptions (A1-A10), the followings

@ =1?*/@;0%) =4 1’1,

. . N2
where 62= 137 (7, - o@[B)+ ®Be@[))", and =
[1,0q+Kﬁl+Kﬁ2](VTV)‘1[1,0q+Kﬁl+Kﬂz]T, V=[v,..uv]" wih

v, =, 4@ DT

3 | Simulation Studies

To examine the proposed methods, we first generated the elastic
shape mediators from

u/[,j(sk) = x,-aj(sk) + wile(sk) + ni’j(sk) + ei,j(sk)
k=1,...,n, j=12,i=1,....n 1)

5=0<s,<---<s, =1, in which we independently simu-
lated 5, ~ U(0,1) for k =2, ...,n, — 1 and sorted them to obtain
{s, : k=2,...,n,—1}. The exposure x; ~ Bin(1,0.5), and the
3 confounders w; ~ N(0;,%) where X is a 3 X 3 matrix with
elements ¥,,, = p”~! for r,/’ =1,2,3 and p =0.6. To mimic
the shape mediators extracted from the real data, we fit the
model (21) to the ADNI CC contour data and adopted the esti-
mated coefficient functions {aj(s), 7 _(S)}j;=1 as the true values.
The 7, ;(s) admits the Karhunen Loeve expansion as #; ;(s) =
S ikbia(s) with &1 ~ N(0,1), &, ~ N(0,0.5), and the
eigen functions {¢;,(s)};, were determined via applying the
functional PCA [43] to the estimated individual functions {7 i
In addition, the random noises {¢; ;(s)}; ; were grid-wisely inde-
pendently generated from N (0,0.3%). Without loss of generality,
we assume that all the rotation, translation, and scaling trans-
formations are already removed from the coordinate functions.
Then, according to Section 2.2, the individual observed SRVF
representations were constructed through stochastic warping
functions, thatis, g; ;(s) = (w; ;°7,(s))1/7;(s), Where y,(s) = (e%® —
1)/(e% — 1) witha; ~ N(0,1),i =1, ..., n [28]. Next, we took the
generated elastic shape mediators y;(s) = (y; ,(s), 1//,.,2(s))T from
(21) as the predictors and generated the clinical outcome y, from

1
Y = xir+w,TK+g</ q/i(s)Tﬂ(s)ds> +6,i=1,....,n (22)
0

where  gu)=4(u—-1)/v2? t=1, &=(0.3,03,0.5T,
and 6, are measurement errors independently following
N(0,0.1%). Each element in the coefficient function B(s) =
(By(5). o(s)T is specified as f;(s) = Yi_ b;x@u(9).) =1.2,
where (b, ....by3,b,1, ..., by3)" = b/|[b|| with elements in b
independently following the uniform distribution U(0,1) and
{qok(s)}z:1 are B-spline basis function. Without special saying,
we set n = 500, n, = 50, and 100 simulation datasets were gen-
erated. We extracted the registered elastic shape representations
and fitted the models (21) and (22) to the simulated data set.
Table 1 presents the mean integrated absolute error (MIAE) and
mean integrated square error (MISE) of estimated functions and
mean absolute error (MAE) and root mean square error (RMSE)
of estimated parameters. All four metrics are of small values,
indicating our method’s great performance in model estimation.

Next, we consider assessing the estimation performance of our
method for the causal estimands, including ATE (6), ADE (7),
and AIE (9). We included two other competing methods, that
is, the linear functional mediation analysis (LFMA) and the
multiple mediation analysis (MMA) [4, 44], for comparison. In
the LFMA framework, since only observed functional mediators
are taken into account, we considered the mediator model and
the outcome model as follows:

v ;(8) = x;0;(s) + wiT/lj(s) +1;,()+e€ (), j=1,2  (23)

2 1
Vi=xXTHw K+ 2/ W ()B()ds +6, i=1,....,n (24)
0

Jj=1

which is a linear version of our model, that is, identity link func-
tion g(-), with registered elastic shape mediators. In the MMA
framework, it treats the observed mediators as multivariate vari-
ables instead of functional representations. Thus, we consider the
mediation analysis model with multiple mediators, that is,

v, =ax; +Aw; +¢€; (25)

yi=xir+wiTK+t[/,Tﬂ+5i,i=1,...,n (26)

where y; = (y;1(s1), ..., w1 (s, ) Win(sy), ...,y/,-’z(s,,p))T, €~
N(@©,%Z,) and 6, ~ N(O, a§) are mutually independent,
i=1,...,n For implementation, the Matlab code MVCM and
the R packages, refund, PLSiMCpp, and mma [34, 36, 44],
were used to estimate coefficient functions and parameters. To
estimate the causal estimands, we set the L = 100 for the number
of random draws of mediators and B = 500 for the number of
bootstrap replications. The corresponding estimation results
for each competing method are reported in Table 2, where the
computational time elapsed on a workstation with 28 cores
and 64G memory is reported as well. It can be found that our

TABLE1 | Estimation results based on our method from 100 replications.
a(s) A(s) 40) B(s) T Ky ) K3
MIAE 0.0731 0.0583 0.0624 0.0239 MAE 0.0737 0.0724 0.0721 0.0689
MISE 0.0084 0.0055 0.0101 0.0008 RMSE 0.3274 0.3413 0.3495 0.3230

Note: MIAE is the mean integrated absolute error, MISE is the mean integrated square error, MAE is the mean absolute error, and RMSE is the root mean square error.
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TABLE 2 | Estimation results of the causal estimands based on three competing methods.
2SRM LFMA MMA
ATE ADE AIE ATE ADE AIE ATE ADE AIE

Mean —0.5854 1.0000 —1.5855 4.3057 —6.9573 11.2630 —1.0049 0.2123 —-1.2172
SD 0.3025 0.1366 0.3033 2.2192 13.1947 14.5380 0.6861 0.3857 0.5840
Bias 0.0820 0.0119 0.0701 4.9731 —7.9454 12.9186 —0.3374 —0.7758 0.4384
Time (seconds) 65 25 17

Note: SD is standard deviation, bias is estimation bias, and time is the computational time (in seconds).

TABLE 3 | Empirical coverage probabilities of (i) (1 — 9) CIs of ADE and AIE and (ii) (1 — 9) SCB of SAIE.

n, =25 n, =50
39 ADE AIE SAIE ADE AIE SAIE
0.05 0.980 0.984 0.982 0.962 0.960 0.938
0.01 0.988 0.994 0.996 0.986 0.994 1.000
ADE AIE

Genetic Exposures

Shape ' Neurocognitive
Mediators d Outcome

(\Il N
Clinical Confounders R Unmeasured Confounde J — &1
< < A
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
il gl
(a) (b)
FIGURE3 | (a)DAG of examples of violation to sequential ignorability. The arrows among genetic exposures, the elastic shape mediator, clinical

confounders, and the neurocognitive outcome represent a causal relationship. The solid and broken lines represent measured and unmeasured rela-
tionships, respectively. (b) Sensitivity analysis for the true and estimated ADE and AIE by the sensitivity parameters £, and &. The black points are the
true ADE and AIE where &, = 0. The color-coded solid lines are the estimated ADEs and AIEs and the color-coded broken lines are the 95% CIs. The
blue, red, and green color-coded lines denote £,=0,0.50,1, respectively. The red shaded area shows the changes of Cls at each grid of £, where &, =0.

proposed method outperforms both competing methods in terms
of both the mean and variation of estimated causal estimands. In
particular, compared to both two traditional methods, LFMA and
MMA, our proposed 2SRM is successful in characterizing the true
shape representations and the potential nonlinear relationship
between neurocognitive outcomes and shape mediators.

We also evaluated the coverage probabilities of (1 —9) CIs for
ADE and AIE, and the (1 —9) SCB for SAIE with 1000 boot-
strap samples per replication. The 500 simulation datasets
were generated from models (21) and (22) by randomly
resampling observations with replacement for the number
of grids n, = 25,50. Table 3 displays the empirical coverage
probabilities for 9 =0.05,0.01, and the probabilities are get-
ting closer to 1 —9 when the number of grids n, is getting
larger.

Finally, we evaluated the effect of potential violations to
sequential ignorability assumption using sensitivity analysis
[45]. Sequential ignorability suggests there is no unmeasured
exposure-mediator confounder, exposure-outcome confounder,
and mediator-outcome confounder. Figure 3a explains cases of
violation of the assumption by DAG compared with the valid
assumption in Figure 1a. The arrows among genetic exposure, the
elastic shape mediators, clinical confounders, and the neurocog-
nitive outcome represent a causal relationship. The solid and
broken lines represent measured and unmeasured relationships,
respectively. The original models (21) and (22) expanded to (27)
and (28) with an unmeasured confounder ¢; and pre-specified
sensitivity parameters &, and &, for the model-based approach:

v (s) = x;0;(s4) + wiTllj(sk) + ¢+ () + e (se)

j=12k=1,....n 27)

v
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1
yi=xr+w K+l + g(/ ‘I’,-(S)Tﬁ(s)ds)
0
+06,i=1,...,n (28)

where £, and £, measure the correlation between the unmeasured
confounder and mediator and outcome, respectively.

Given the unobserved confounder ¢; ~ N(0,12) and a grid of val-
ues of the sensitivity parameters (£,, &) € {0,0.25,0.50,0.75,1} x
{0,0.50,1}, we generated simulation datasets from the models
(27) and (28) to estimate ADE and AIE for all combinations
of (¢, &,). Figure 3b presents the true and estimated ADE and
AIE on the specified grid of (&, £,), where the black points indi-
cate the true ADE and AIE where £, = 0. The color-coded solid
lines are the estimated ADEs and AIEs and the color-coded bro-
ken lines are the corresponding 95% CIs. The blue, red, and
green color-coded lines denote &, = 0,0.50, 1, respectively, and
the red shaded area displays the CIs where £, = 0. When both
¢, and &, are zero, sequential ignorability is valid and there
is no unmeasured confounder. When at least one in (£,,&)) is
nonzero, sequential ignorability is invalid so that we can observe
the change of estimates and CIs for ADE and AIE in case of poten-
tial violation to the assumption. The effect of £, for ADE is rela-
tively inappreciable compared with AIE at all grids of £,. The 95%
CIs become close to 0 so that both ADE and AIE have an insignif-
icant trend when £, > 0.75. The results of the sensitivity analysis
imply our simulation has sensitive parameters &, to the correla-
tion between the unmeasured confounder and mediator for both
ADE and AIE, and ¢, to the correlation between the unmeasured
confounder and outcome for AIE.

4 | Real Data Analysis

4.1 | DataDescription

Data used in the preparation of this article were obtained from
the ADNI database (http://adni.loni.usc.edu). The ADNI was
launched in 2003 by the National Institute on Aging, National
Institute of Biomedical Imaging and Bioengineering, Food and
Drug Administration, private pharmaceutical companies and
non-profit organizations as a $60 million, 5-year public-private
partnership. The primary goal of ADNI has been to test whether
serial magnetic resonance imaging (MRI), positron emission
tomography, other biological markers, and clinical and neuropsy-
chological assessment can be combined to measure the progres-
sion of mild cognitive impairment (MCI) and early Alzheimer’s
disease (AD). Determination of sensitive and specific markers
of very early AD progression is intended to aid researchers and
clinicians in developing new treatments and monitoring their
effectiveness, as well as lessening the time and cost of clinical
trials. The principal investigator of this initiative is Michael W.
Weiner, MD, at the VA Medical Center and University of Cali-
fornia, San Francisco. ADNI is the result of efforts of many coin-
vestigators from a broad range of academic institutions and pri-
vate corporations, and subjects have been recruited from over
50 sites across the U.S. and Canada. The goal was to recruit
800 subjects, but the initial study (ADNI-1) has been followed
by ADNI-GO and ADNI-2. To date, these three protocols have
recruited over 1500 adults, ages 55 to 90, to participate in

the research, consisting of cognitively normal older individuals,
people with early or late MCI, and people with early AD. The
follow-up duration of each group is specified in the protocols for
ADNI-1, ADNI-2, and ADNI-GO. Subjects originally recruited for
ADNI-1 and ADNI-GO had the option to be followed in ADNI-2.
For up-to-date information, see http://www.adni-info.org.

4.2 | Data Processing

‘We consider n = 700 MRI scans from both normal controls (NC)
and individuals with MCI or AD in the ADNI-1 study. The scans,
which were performed on a variety of 1.5 Tesla MRI scanners
with protocols individualized for each scanner, include standard
T1-weighted images obtained using volumetric 3-dimensional
sagittal MPRAGE or equivalent protocols with varying resolu-
tions. To obtain the contour of planar CC, we used FreeSurfer
[46] to process each T1-weighted MRI, including motion cor-
rection, non-parametric non-uniform intensity normalization,
affine transform to the MNI305 atlas, intensity normalization,
skull-stripping, and automatic subcortical segmentation. Some
quality control procedures were conducted on each output
image data, consisting of two steps: (i) pial surfaces correction
to remove any non-brain tissue and (ii) white matter surfaces
correction to include any missing white matter and remove any
errant grey matter. Then, through the package CCSeg [47], each
T1-weighted MRI image and tissue segmentation results were
used to extract the planar CC contour data on the midsagittal
slice, which contains 100 landmarks (Figures 2a,b). Given the
coordinate functions of landmarks (Figure 2c), we extracted
the aligned SRVF shape representation. The resulting aligned
SRVFs wy,(s) as shown in Figure 2d. In addition, the aligned
CC landmarks were also derived by mapping the aligned SRVF
representations back to the planar CC contour space with the
optimal warping function (Figure 2e).

Besides the planar CC shape data, we also considered the
subjects’ genotype variables acquired by using the Human
610-Quad BeadChip (Illumina, Inc., San Diego, CA) in the
ADNI database, which includes 620,901 SNPs. Quality control
procedures included (i) call rate check per subject and SNP
marker, (ii) gender check, (iii) sibling pair identification, (iv) the
Hardy-Weinberg equilibrium test, (v) marker removal by MAF,
and (vi) population stratification. The second line preprocessing
steps included the removal of SNPs with (i) more than 5% missing
values, (ii) MAF smaller than 5%, and (iii) Hardy-Weinberg equi-
librium p < 1075, The remaining missing genotype variables were
imputed as the modal value. After the quality control procedures,
700 subjects and 501,510 SNPs remained in the final data analysis.

4.3 | Data Analysis

Based on the aligned SRVFs, we applied the functional
genome-wide association analysis (FGWAS) [40] to detect poten-
tial causal SNPs with significant p-values. After the correction
for multiple testing by the wild bootstrap resampling techniques
[40], one SNP, rs11719939, from chromosome 3, which is close
to the AD-related high-risk gene, ATP2B2 [48, 49], was detected
with significant p-value (4.60E-07) and thus treated as the genetic
exposure in our study. Typically a SNP consists of a major

5706

Statistics in Medicine, 2024

85U80|7 SUOWWOD aA 810 (el (dde au Aq pausenob ae sejone VO @S JO Sa|nJ 10 A%eig)auljuO 3|1 UO (SUORIPUCO-pUe-SWLIR)AL0D A8 | Ae1q U1 [UO//:SANY) SUORIPUOD pUe SWe 1 8y} 88S *[202/2T/9T] Uo AriqiTaulluo A8|iMm eluio}ieD JO AseAluN Ag S9Z0T WIS/Z00T OT/I0p/W0d A8 | im Aleiq 1 eul|uo//Sdny Wwoiy pepeoumod ‘0g ‘v20Z ‘8520260T


http://adni.loni.usc.edu
http://adni.loni.usc.edu
http://www.adni-info.org
http://www.adni-info.org

allele (M) and a minor allele (m), and the genotype can be a
major allele homozygote (MM), a heterozygote (Mm), or a minor
allele homozygote (mm) [50]. Minor alleles are more likely to
be risk alleles in the published GWASs on complex diseases,
and AD (late onset) showed the highest risk allele frequencies
from NHGRI-EBI Catalog data [51]. When we dichotomized SNP
(0=MM, 1 =Mm, 2 =mm) as minor alleles are included (1 =Mm
and mm, 0 = MM), the odds ratio (OR) of rs11719939 for AD &
MClIis 1.164. In addition, the confounding factors w), include gen-
der, age, handiness, APOE-4, and education level. All these vari-
ables are commonly considered as confounding factors in imag-
ing genetics studies [40]. We also included the top 2 PC scores of
all the SNPs as confounders for population stratification, which
explained over 90% of the variance of the SNP data. The ADAS-13
score was adopted as the neurocognitive outcome y,. Table 4 sum-
marizes the demographic, clinical, and genetic information of all
the 700 subjects.

First, we treated the relative volumetric data, that is, volumes of
5 subregions of CC (anterior, mid anterior, central, mid posterior,
and posterior) divided by the total intracranial volume (ICV), as
the mediators and considered the MMA approach for mediation
analysis. All these volumetric data were calculated via the pre-
processing software FreeSurfer. The genetic exposure, confound-
ing factors, and the neurocognitive outcome are the same as we
defined above. The estimated ADE is 0.166 and the estimated AIE
is 0.386. Using 5000 bootstrap replications, the 95% CIs of the
ADE and the overall AIE are, respectively, (—0.433, 0.815) and
(-0.110, 0.926), while the 95% CIs of the marginal AIE for each
of the five mediators are (—0.128, 0.135), (—0.057, 0.305), (—0.027,

0.388), (—0.041, 0.447), and (—0.098, 0.239), where neither sig-
nificant direct nor (overall and marginal) indirect causal effects
are detected when taking the non-shape information (volumetric
data) as mediators.

Next, we considered the elastic shape representations as media-
tors and implemented our proposed 2SRM for mediation analy-
sis. In particular, to investigate how the number of PCs and the
registration step in elastic shape representations affect the media-
tion analysis, we considered three scenarios, that is, (i) registered
shape mediators & top 2 PC scores were involved; (ii) unregis-
tered shape mediators & top 2 PC scores were involved; (iii) regis-
tered shape mediators & top 5 PC scores were involved. For all the
three scenarios, we chose 2 B-spline basis functions for each of
the two coefficient functions {§;(s)} 521. Table 5 shows the estima-
tion and inference results of causal estimands in three scenarios.
Some findings can be concluded as follows. First, both significant
ADE and AIE are detected in Scenario (i), these significant find-
ings by our 2SRM are consistent with existing literature. The SNP
rs11719939 is related to the gene ATP2B2, which presses out cal-
cium from the cytosol into the extracellular space [52]. Calcium in
its ionized form (Ca?*) plays a vital role in neuronal development,
differentiation, and neuronal cell death, so that dysregula-
tion of Ca?* signals is associated with AD [49]. Compared to
age-matched control brains, the Ca?* sensitivity and activity of
the plasma membrane Ca?*-ATPases are reduced in the cortex of
AD brains [48]. Second, compared to results in Scenario (i), no
significant ADE is detected in Scenario (ii), which indicates that
the elastic shape registration step in Section 2.2 is vital in shape
mediation analysis. Third, compared to results in Scenario (i), no
significant ADE is detected when the top 5 PC scores are involved

TABLE4 | Demographic, clinical, and genetic information about ADNI data: SNP, gender, age (in years), handiness, APOE-4, education level (in

years), and range of ADAS-13.

Variable AD MCI NC Total
SNP (Mm&mm/MM) 74/82 150/196 81/117 305/395
Gender (F/M) 72/84 123/223 90/108 285/415
Age (years) [55.1,90.9] [54.4,89.3] [62.0, 89.6] [54.4,90.9]
Handiness (R/L) 146/10 315/31 184/14 645/55
APOe—4(0/1/2) 52/73/31 154/149/43 145/49/4 351/271/78
Education (years) [6.0, 20.0] [6.0, 20.0] [6.0, 20.0] [6.0, 20.0]
ADAS-13 [12.7, 50.0] [3.0, 39.7] [1.0,19.7] [1.0, 50.0]

TABLE 5 | Estimation and inference results of ADE and AIE based on three methods, that is, 2SRM, LFMA, and MMA.

ADE AIE
Model Scenario Est 95% CI Est 95% CI
2SRM 6 1.283 (0.013, 2.553) 3.025e—02 (9.301e—07, 4.636e—01)?
2SRM (ii) 0.702 (~0.489, 1.894) 2.956e—02 (7.606e—06, 3.436e—01)?
2SRM (iii) 0.944 (~0.370, 2.259) 2.987e—07 (8.511e—07, 4.952e—01)
LEMA 0.538 (~0.456, 1.531) 5.384e—01 (1.781e—01, 8.678e—01)*
MMA 0.136 (-0.603, 0.701) 1.687e—01 (—4.919e—-01, 1.574e+00)

Note: The three scenarios refer to our 2SRM with (i) registered shape mediators and top 2 PC scores involved, (ii) unregistered shape mediators and top 2 PC scores

involved, and (iii) registered shape mediators and top 5 PC scores involved.
2Denotes the significant causal estimands regarding 95% CIs.
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FIGURE4 | Estimation and inference results of SAIE from 2SRM Scenario (i): (a) the estimation (blue line) and the corresponding 95% SCB (red
shaded area) of SAI E(s). The subregion with significant SAIE is highlighted in green; (b) the CC is parcellated by the seven regional subdivisions: (I)

rostrum, (II) genu, (III) rostral body, (IV) anterior midbody, (V) posterior midbody, (VI) isthmus, and (VII) splenium. The significant subregion (green

points) corresponds to the CC splenium after mapping back to the planar CC contour space.

in Scenario (iii). The possible reason is that, when more PCs are
involved in the mediation analysis, potential over-fitting issues
might exist for the population stratification adjustment and the
genetic effect of top SNPs would be weakened. In comparison, we
also conducted the mediation analysis using LFMA and MMA.
The registered shape representations were adopted as functional
mediators in the LFMA framework while treated as multivariate
mediators in the MMA framework. The 95% CIs for ADE using
LFMA and MMA from 5000 and 1000 bootstrap samples are
(—0.456, 1.531) and (—0.603, 0.701), respectively, where no sig-
nificant ADE was detected in either of these competing methods.

Finally, we investigated the SCB of the SAIE from 2SRM Scenario
(i) using the bootstrap method to determine whether the SAIE is
significantly different from 0 in some grid points within the inter-
val [0, 1]. The 95% SCB for SATIE(s) is presented in Figure 4a
(red shaded area), which implies that the spatial average indi-
rect causal effect is significantly nonzero for s € [8,10],[97, 100]
of the 100 grid points (highlighted in green). Furthermore, we
mapped the inference result to the planar CC contour space. The
significant subregion (green points in Figure 4a) corresponds to
the CC splenium (subregion VII in Figure 4b), one of the seven
regional subdivisions according to the segmentation results [18].
Our inference result on the SAIE is consistent with the existing
literature, where significant atrophy of the CC splenium has been
detected among the AD groups [21] and mildly demented AD
subjects [22] compared with healthy controls.

5 | Discussion and Conclusion

In this study, we have proposed a novel shape mediation anal-
ysis framework to explore the causal relationships between
genetic exposure and clinical outcomes, whether mediated
or unmediated by shape-related factors while accounting for
potential confounding variables. Within our framework, we
have extracted the SRVF-based elastic shape representations and
introduced the 2SRM to characterize the relationships among

neurocognitive outcomes, elastic shape mediators, genetic expo-
sure, and clinical confounders. Both estimation and inference
procedures have been established for unknown parameters
along with the corresponding causal estimands. The asymptotic
properties of estimated quantities have been also investigated.
Both simulated studies and real-data analyses have shown the
superior performance of our proposed method in terms of esti-
mation accuracy and robustness when compared to existing
approaches for estimating causal estimands. There are a cou-
ple of issues in our proposed method, both of which will be
our future research topics. First, the linear assumption in the
model (11) may not hold in practice. Thus, it is meaningful to
extend it to a nonlinear version, such as the dynamic interaction
effects a;(s, wl.le) and the partial linear single-index model
v, () = x;a;(s) + f(wiTllj(s)) +n; ;(s) + € ;(s) with an unknown
link function f, which will be more feasible for real neuroimag-
ing datasets. Second, it is of great importance to extend our
proposed model to 3D shape mediators. Although we can extract
the elastic shape representations from the 3D objects for medi-
ation analysis, the inverse of the elastic shape transformation
back to the coordinate functional space is not unique, which
will bring challenges in local inference of mediation analysis.
We will put it as our future research topic. Furthermore, both
simulation studies and real data analysis have demonstrated
the important role of the elastic registration step. However,
misalignment issues may exist in the current registration step,
which would lead to opposite findings in the downstream medi-
ation analysis. To handle this challenge, we can consider the
strategy that conducts the registration and regression analysis
simultaneously [20, 53], which will be our other future research
direction.
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